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Abstract In this paper, we consider the stochastic mathematical program with equilibrium
constraints (SMPEC), which can be thought as a generalization of the mathematical program
with equilibrium constraints. Many decision problems can be formulated as SMPECs in practice.
We discuss both here-and-now and lower-level wait-and-see decision problems. In particular,
with the help of a penalty technique, we propose a combined smoothing implicit programming
and penalty method for the here-and-now decision problem and a comprehensive convergence
theory is also included. Furthermore, we remark that similar discussion applies to the lower-level
wait-and-see model as well.
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1 Introduction

Mathematical program with equilibrium constraints (MPEC) is a constrained optimization prob-
lem in which the essential constraints are defined by a parametric variational inequality:

minimize flz,y)
subject to € X, (1.1)
y solves VI(F(z,-),C(x)).

Here, X is a subset of R, f: R — R, F: R - R C - R — 2% are mappings, and
VI(F(x,-),C(x)) denotes the variational inequality problem defined by the pair (F'(z,-),C(z)),
i.e., y solves VI(F(x,-),C(z)) if and only if y € C(z) and

(v—y)'F(z,y) >0 Yvel(z).

Problem (1.1) can be regarded as a generalization of a bilevel programming problem and it
therefore plays an important role in many fields such as engineering design, economic equilib-
rium, multilevel game, and mathematical programming itself. In the recent optimization study,
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MPECs have been receiving much attention, see the monograph of Luo et al. [11] and the
attached references.

Stochastic programming is another important branch of mathematical programming that
deals with problems in which optimal decisions are sought under uncertainty. Modelling the
uncertainty by random objects may lead to diverse stochastic programming problems, a special
case of which is the so-called two-stage stochastic program with recourse:

minimize  p(z) + E,[Q(z, w)] (1.2)
subject to r € X,

where p : ®" — R, E, means expectation with respect to the random variable w € 0, and

Qr,w) = yeiylg’w)g(y,w)
with Y : R x Q — 2%" and g : R™ x Q@ — R. Problem (1.2) minimizes the sum of the cost
of the master decision and the expected cost of the recourse decision, where “recourse” means
the ability to take corrective action after random events have taken place. Many applications
of such problems can be found in practice, especially in financial planning. For further details,
see [2].

This paper deals with stochastic mathematical programs with equilibrium constraints (SM-
PECs). Our purpose is two-fold. The first is to give two formulations of SMPECs formally. The
second is to present an approach for solving SMPECs and study its convergence properties.

The bilevel nature of MPECs allows the uncertainty to enter at different levels. In our first
formulation, only the upper-level decision is made under an uncertain circumstance, and the
lower-level decision is made after the random event w is observed. This results in the following
problem, which we call the lower-level wait-and-see model:

minimize E,[f(z,y(w),w)]
subject to  x € X, (1.3)
y(w) solves VI(F(z,-,w),C(z,w)) Yw € 0,

where X C R, f: R x Q - R, F: R x Q — R, and C : R x Q — 2%, This type
of SMPEC was studied by Patriksson and Wynter [15], in which the existence of solutions, the
convexity and directional differentiability of an implicit objective function, and links between
(1.3) and bilevel models have been investigated. Note that the wait-and-see model [17] in the
classical stochstic programming study is not an optimization problem. However, the lower-level
wait-and-see model (1.3) of SMPEC is an optimization problem in which essential variables
consist of the upper-level decision x.

When C(z,w) = R for any x € X and any w € § in problem (1.3), the variational inequality
constraints reduce to the complementarity constraints and problem (1.3) is equivalent to the
following stochastic mathematical program with complementarity constraints (SMPCC):

minimize E,lf(z,y(w),w)]

subject to  x € X, (1.4)
y(w) >0, F(x,y(w),w) >0,
y(w) T F(z,y(w),w) =0 YweQ.



On the other hand, if the set-valued function C' in problem (1.3) is defined by
Clr,w):={y € R"| c(z,y,w) <0},

where ¢(, -,w) is continuously differentiable, then, under some suitable conditions, the variational
inequality problem VI(F(z,-,w),C(x,w)) has an equivalent Karush-Kuhn-Tucker representation

F(z,y(w),w) + Vyc(z,y(w), w)\(z,w) = 0,
Mz, w) >0, c(z,yw),w) <0, Mz,wle(zr,yw),w)=0,

where \(z,w) is the Lagrange multiplier vector [14]. As a result, problem (1.3) can be reformu-
lated as a program like (1.4) under some conditions, see [11] for more details. Hence, problem
(1.4) constitutes an important subclass of SMPECs.

Another formulation that we are particularly interested in is the following problem that
requires us to make all decisions at once, before w is observed:

minimize Eulf (z,y,w) + d" 2(w)]

subject to zeX,
y >0, F(z,y,w) + z(w) >0, (1.5)
Yy (F(a,y,0) + 2(w)) =0,
2w) >0 VweQ.

Here, both the decisions x and y are independent of the random variable w, z(w) is called a
recourse variable, and d € R is a vector with positive elements. We call (1.5) a here-and-now
model. Compared with the lower-level wait-and-see model (1.4), the here-and-now model (1.5)
involves more variables and hence seems more difficult to deal with. Moreover, a feasible vector
y in (1.5) is required to satisfy the complementarity condition for all w € Q, which is different
from the ordinary complementarity condition if 2 has more than one realization. Because of this
restriction, some results for MPECs cannot be applied to (1.5) directly. Special new treatment
has to be developed. In this paper, we will mainly be concerned with the here-and-now model
(1.5), as the obtained results may be applied to the model (1.4) by suitable modification.
The following example illustrates the two models.

Example 1.1 There are a food company who makes picnic lunches and a vendor who sells
lunches to hikers on every Sunday. The company and the vendor have the following contract:

C1: The vendor buys lunches from the company at the price x € [a,b] determined by the
company, where a and b are two positive constants.

C2: The vendor decides the amount ¥y of lunches that he buys from the company, where y must
be no less than the minimum amount ¢ > 0.

C3: The vendor pays the company for the whole lunches he buys, i.e., the vendor pays xy to
the company.

C4: The vendor sells lunches to hikers at the price 2z and get the proceeds for the total number
of lunches actually sold.

C5: Even if there are any unsold lunches, the vendor cannot return them to the company but
he can dispose of the unsold lunches with no cost.



We suppose that the demand of lunches depends on the price and the weather on that day. Since
the weather is uncertain, we may treat it as a random variable. More specifically, we suppose
that the demand is given by the function

¢(z,w) := D(w) —d(w)zr, w e,

where D(w) > 0 and d(w) > 0 are random variables. Therefore, the actual amount of lunches
sold is given by min(y, ¢(x,w)), which also depends on the weather on that day.

The decisions by the company and the vendor are x and y, respectively. The company’s
objective is to maximize its total earnings xy, while the vendor’s objective is to maximize its

total earnings 2z min(y, ¢(z,w)) — xy. The latter problem may be written as

maximize,;  z(2t —y)
subject to y>c, y—t >0,
D(w) —d(w)x —t >0,

whose optimality conditions are stated as

() (b)) —v(2) ()= 18
0<u L (y—c)>0,

0<wv L (y—t)>0,
0<w L (D(w)—d(w)x—t)>0. (1.7)

Here, ALy means Ay = 0. It follows from (1.6) that
u=x—v, w=2xr—u0.

This implies that w = x + u > a > 0, which together with (1.7) yields ¢t = D(w) — d(w)z. Thus
the above optimality conditions may further be rewritten as

OS(‘%'*U) 1 (9*0)20»

0<v L (y— D(w)+d(w)z)>0. (1.8)

Then the company’s problem may be written as the following stochastic MPEC:

minimize —xy
subject to a<zx<b well,
0<(z—v) L (y—c)20,
0<v L (y—D(w)+d(w)x) >0.

Now there are two cases.

Here-and-now model: Suppose that both the company and the vendor have to make decision
on Saturday, without knowing the weather of Sunday. In this case, there is no (x,v) satisfying
(1.8) for all w € € in general. So, by introducing the recourse variables, the company’s problem
is represented as the following model:

minimize —zy + BE,[2(w)]

subject to a < x < b,
0<(z—v) L (y—c)20,
0<v L (y—D(w)+dw)x+ z(w)) >0,
z(w) >0 Yw e Q,
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where 8 > 0 is a constant.

Lower-level wait-and-see model: Suppose that the company makes a decision on Saturday,
but the vendor can make a decision on Sunday morning after knowing the weather of that
day. In this case, the vendor’s decision may depend on the observation of w, which is given by
(y(w),v(w)) that satisfies

0<(z—-vWw) L (ylw)—c) 20,
0<v(w) L (y(w) — D(w) + d(w)x) >0

for each w € Q). Therefore the company’s problem is represented as the following model:

minimize FEq|—y(w)z]
subject to a < x < b,
0<(z—v(w)) L (y(w)—c) =0,
0<v(w) L (y(w) — D(w) +d(w)x) >0 VYw e Q.

Organization of the paper: In Section 3, we apply a penalty technique and present a smooth-
ing implicit programming method for the discrete here-and-now problem and, in Section 4, we
employ a quasi-Monte Carlo method for numerical integration to discretize the here-and-now
problem with a continuous random variable. Comprehensive convergence theory is also included.
In Section 5, we make some remarks to conclude the paper. Especially, we mention that the
proposed approach for here-and-now models can be extended to the lower-level wait-and-see
problems.

Notation used in the paper: Throughout, all vectors are thought as column vectors and x[i]
stands for the ith coordinate of x € R", whereas for a matrix M, we denote by Mi] the vector
whose elements consist of the ith row of M. If K is an index set, we let M[K] be the principal
submatrix of M whose elements consist of those of M indexed by K. For any vectors u and v
of the same dimension, we denote u_Lv to mean u’v = 0. For a given function F : " — R™
and a vector z € R, VF(z) is the transposed Jacobian of F' at z and Zp(x) := {i | F;(z) =0}
stands for the active index set of F' at x. In addition, e; denotes the unit vector with e;[i] = 1;
I and O denote the identity matrix and the zero matrix with suitable dimension, respectively.

2 Preliminaries

In this section, we recall some basic concepts and properties that will be used later on. First we
consider the standard smooth nonlinear programming problem:

minimize f(2)
subject to  ¢;(2) <0, i=1,---,¢, (2.1)
ci(2)=0, i=t+1,---,v.
We will use the standard definition of stationarity, i.e., a feasible point z is said to be stationary

to (2.1) if there exists a Lagrange multiplier vector A € R satisfying the Karush-Kuhn-Tucker
conditions



We next consider the mathematical program with complementarity constraints:

minimize f(z)

subject to  g(z) <0, h(z) =0, (2.2)
G(z) >0, H(z) > 0,
G(2)TH(z) =0,

where f : % — R,g: R° — RP,h : R — N9, and G, H : R° — R' are all continuously
differentiable functions. Let Z denote the feasible region of the MPEC (2.2).

It is well-known that the MPEC (2.2) fails to satisfy a standard constraint qualification (CQ)
at any feasible point [4], which causes a difficulty in dealing with MPECs by a conventional
nonlinear programming approach. The following special CQ turns out to be useful in the study
of MPECs.

Definition 2.1 The MPEC-linear independence constraint qualification (MPEC-LICQ) is said
to hold at z € Z if the set of vectors

{Vau(2), Vhe(2),VGi(2), VH;(2) | 1€Ty(2), r=1,-+,q, i € Ta(2), j € Tu(?)}
is linearly independent.

Definition 2.2 [16] (1) z € Z is called a Clarke or C-stationary point of problem (2.2) if there
exist multiplier vectors A € RP, i € R9, and @, € R such that A > 0 and
q
VIE)+ Y AilVei(z) + Y alilVhi(z) = Y alilVGi(z) = Y oli|VH(2) =0, (2.3)
i€Z4(2) i=1 i€Zg(2) €Ty (%)
alilv[i] >0, ie€Zg(z)NIu(Z). (2.4)

(2) z € Z is called a strongly or S-stationary point of problem (2.2) if there exist multiplier
vectors \, i, @, and ¥ such that (2.3) holds with

u; >0, v, >0, i€Zg(z)NIy(z).

It is easy to see that S-stationarity implies C-stationarity. Moreover, under the strict com-
plementarity condition (namely, Zg(2) N Zy(Z) = 0), they are equivalent.

Definition 2.3 [5] Suppose that M is an m x m matrix. We call M a P-matriz if all the
principal minors of M are positive, or equivalently,

max ylil(My)li] >0,  0#VyeR™,

and we call M a Py-matriz if all the principal minors of M are nonnegative, or equivalently,

max yli](My)l] 20, vy e R™

It is obvious that a P-matrix must be a Pg-matrix. However, the converse does not hold. In
addition, if M is a Pg-matrix and u is a positive number, then the matrix M + ufl is a P-matrix.



Definition 2.4 [5] A square matrix is said to be nondegenerate if all of its principal submatrices
are nonsingular.

It is easy to see that a P-matrix is nondegenerate.

For given N € R™*™ M € R™*™ ¢ € ™, and two positive numbers € and p, we define the

function

Ne+(M+el)y+q—w
Bl NoLg) = | W 2.5

byl wim))

where ¢, : 2 — RN is the perturbed Fischer-Burmeister function

dula,b) :=a+b—/a?+ b2+ 22 .

Then we have the following well-known result [3, 9].

Theorem 2.1 Suppose that M is a Py-matriz. Then, for given x € R, € > 0, and u > 0, we
have the following statements:

(i) The function ®., defined by (2.5) is continuously differentiable with respect to (y,w)
and the Jacobian matriz V(ij)CI)E#(x,y,w; N, M, q) is nonsingular everywhere;

(ii) The equation ®¢ ,(x,y, w; N, M,q) = 0 has a unique solution (y(x, €, n), w(x, €, 1)), which

1s continuously differentiable with respect to x and satisfies

y(z,6,1) >0, w(w,ep) >0,
y($a€7ﬂ)[l]w($,€aﬂ)[l] ::u27 221,,77’1

In the rest of the paper, to mitigate the notational complication, we assume € = p and denote
Pep, y(x, €, 1), and w(z, e, pu) by ®,, y(x, 1), and w(x, i), respectively. Our analysis will remain
valid, however, even though the two parameters are treated independently.

Suppose that M is a Pg-matrix and p > 0. Theorem 2.1 indicates that the smooth equation

®,(z,y,w; N,M,q) =0 (2.6)
gives two smooth functions y(-, #) and w(-, u). Note that
du(a,b) =0 <<= a>0,b>0,ab= u2.
As a result, the equation (2.6) is equivalent to the system

y>0, Ne+(M+pl)y+q>0, (2.7)
y[’i](NfC+(M+uI)y+q)[i]=u2, i=1,---,m

in the sense that y(x, u) solves (2.7) if and only if
©p (2, y(x, ), wlz, 1); N,M,q) =0
with

w(x,u) = Nx+ (M + pl)y(z,p) +q .



Since (2.7) with g = 0 reduces to the linear complementarity problem
y>0, No+My+q=>0, y" (Nz+My+q)=0, (2.8)

we see that y(x, ) tends to a solution of (2.8) as u — 0, provided that it is convergent.

In our analysis, we will assume that y(x, x) is bounded as g — 0. In particular, if M is a
P-matrix, then (2.8) has a unique solution for any = and it can be shown that y(z, 1) actually
converges to it as u — 0, even without using the regularization term pl in (2.7), see [3].

3 Combined Smoothing Implicit Programming and Penalty Method
for Discrete Here-and-Now Problems

In this section, we consider the following here-and-now problem:

minimize Zpg( x,y,wp) +d zg)

subject to  g(x) <0, h(zx) =

y >0, Nex+ My +qe+ 20 >0, (3.1)

y" (Nex + My + qo + 2¢) = 0,

20>0,0=1,---,L,
which corresponds to the discrete case where Q := {wi,ws, - -,wr}. Here, py denotes the
probability of the random event w, € €, the functions f : Rt — R, g : R® — R, h: R — Rs2
are all continuously differentiable, N, € R™*" M, € R™*™ g, € R™ are realizations of the
random coefficients, d is a constant vector with positive elements, and z, is the recourse variable

corresponding to wy. Throughout we assume py > 0 for all £ =1,---, L.
It is easy to see that problem (3.1) can be rewritten as

minimize Zpg( x,y,wp) +d Zg)
subject to  g(z) <0, h(z) =0, 2 >0,
Nex+ My +qe+2>0, {=1,--- L, (3.2)
y >0, N:U—I—My+q+zl]::1,zg >0,
y"(No+ My +q+ Y7 2) =0
with N := 2{4:1 Ny, M = Zle M, and q := Zlel q;, or equivalently,

L
minimize Zpgf(m, y,we) +dlz
(=1
subject to  g(x) <0, h(z)=0
y—Dy=0,2z>0, (3.3)

y>0, Noe+My+q+2z >0,
y'(Nz+My +q+2z) =0,
where

1 21 p1d I

YL 2L prd 1



and

N, M, ) q1
N := s M = e N e
Ny, @) My, qL

Note that both problems (3.2) and (3.3) are different from ordinary MPECs, because they
require y; = y2 = --- = yr. This restriction makes the problems harder to deal with than
ordinary MPECs. In particular, for any feasible point (z,y, 21, -, z1,) of problem (3.2), (Nz +
My + q+ YE ,2)[i) = 0 implies that (Nyx + Myy + q¢ + 2)[i] = 0 holds for every £. This
indicates that the MPEC-LICQ does not hold for problem (3.2) in general. On the other hand,
since L is usually very large in practice, problem (3.3) is a large-scale program with variables
(z,y,y,2) € RH0+2L)m o6 that some methods for MPECs may cause more computational
difficulties. In this section, we will develop a combined smoothing implicit programming and
penalty method for solving the ill-posed MPEC (3.2) directly.

A similar smoothing method for ordinary MPECs with linear complementarity constraints
has been considered in [3]. However, several differences should be emphasized here: (a) In [3],
the matrix M is assumed to be a P-matrix, whereas in this paper, we assume it to be a Pg-matrix
only; (b) In order to make the new method applicable, in addition to smoothing, we employ a
regularization technique and a penalty technique. We will investigate the limiting behavior of
local optimal solutions and stationary points.

In addition, as mentioned above, the MPEC-LICQ does not hold for problem (3.2) in general.
From now on, the MPEC-LICQ means the one for problem (3.3). On the other hand, because
the complementarity constraints in problem (3.2) are lower dimensional, we use them to generate
the subproblems.

3.1 SIPP method

Suppose that the matrix M in problem (3.2) is a Pp-matrix. We denote by A the matrix
(I,---,I) € Rm*™L For each (z,2) and g > 0, let y(x, Az, ) and w(z, Az, ui,) solve

D, (x, y(x, Az, ug), w(x, Az, ug); N, M, q + Az) =0. (3.5)

The existence and differentiability of the above implicit functions follow from Theorem 2.1. Note
that the implicit functions are denoted by y(x, Az, uy) and w(z, Az, uy), rather than y(z, z, ug)
and w(z, z, ug ), respectively. We then obtain an approximation of problem (3.2)

L
minimize pr (f(.’E, y(l‘a Az, :U'/C)v wf) + dTZf)
=1

subject to  g(z) <0, h(z) =0, (3.6)
Nyx + Myy(x, Az, ji,) + qe + 20 2 0,
2>0,6=1,---, L.

Since the feasible region of problem (3.6) is dependent on py, (3.6) may not be easy to solve.
Therefore, we apply a penalty technique to this problem and have the following approximation:

minimize Or(x,2z) (3.7)

subject to  g(z) <0, h(z) =0, z >0,



where

L
Ok(l‘,Z) = Zpe.f(xvy(wv‘/\zvﬂk)7wf) +dTZ
/=1
L
oY w( — (Nez + Moy (x, Az, i) + qe + Ze)), (3.8)
/=1

Pk is a positive parameter, 1) : R™ — [0, 400) is a smooth penalty function, and z; := (z[(£ —
)ym +1],---,z[¢m])T for each ¢. Some specific penalty functions will be given later. Note that,
unlike problem (3.6), the feasible region of problem (3.7) is common for all k.

Now we present our method, called combined smoothing implicit programming and penalty
method (SIPP), for problem (3.2): Choose two sequences {u} and {pi} of positive numbers
satisfying

klim gk =0, klim Pk = +00, klim wrpr = 0. (3.9)
We then solve the problems (3.7) to get a sequence {(z*),z(*))} and let
y®) = y(@®, A2, ).

Note that, by Theorem 2.1, problem (3.7) is a smooth mathematical program. Moreover,
under some suitable conditions, (3.7) is a convex program, see Chen and Fukushima (2003)
for details. Therefore, we may expect that problem (3.7) may be relatively easy to deal with,
provided the evaluation of the function y,(x, py) is not very expensive.

In what follows, we denote by F and X the feasible regions of problems (3.2) and (3.7), respec-
tively. Moreover, particular sequences generated by the method will be denoted by {z(*)}, {y*)},
etc., while general sequences will be denoted by {z*}, {y*}, etc. Also, we use (3.4) to generate
some related vectors such as y®, y* z(*) z*, and so on.

3.2 Convergence results

We investigate the limiting behavior of a sequence generated by SIPP in this subsection. The
following lemma will be used later.

Lemma 3.1 Suppose the matric M in (3.2) is a Py-matriz and, for any bounded sequence
{(z%,2")} in X, {y(z¥ AZF, )} is bounded. If (x*,y*,2*) € F and the submatriz M[K*] is
nondegenerate, where KC* := { i | (Nz*+ My*+q+ Az*)[i] = 0}, then there exist a neighborhood
U* of (z*,y*,2*) and a positive constant ™™ such that

ly(z, Az, p) =yl < ™ (|lyll + v/m) (3.10)

holds for any (x,y,z) € U*NF and any k.
A proof of this lemma is given in Appendix A. Now, we discuss the limiting behavior of the
sequence of local optimal solutions of problems (3.7).

Theorem 3.1 Let the matriz M in (3.2) be a Py-matriz, 1 : R™ — [0, +00) be a continuously
differentiable function satisfying

Y(0) =0, (y) <Yy') for any y' >y in R, (3.11)
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and, for each bounded sequence {(x*,2z*)} in X, {y(z*, Az* )} be bounded. Suppose that the
sequence {(z®),y®) 20N} generated by SIPP with (z®),2(*)) being a local optimal solution of
problem (3.7) is convergent to (z*,y*,z*) € F. If there exists a neighborhood V* of (x*,y*, z*)
such that (2, z®)) minimizes 0}, over V*|x = {(x,2) € X| 3y s.t. (z,y,2) € V*} for all k
large enough and the submatriz M[K*] is nondegenerate with K* being the same as in Lemma
3.1, then (xz*,y*,z*) is a local optimal solution of problem (3.2).

Proof. By Lemma 3.1, there exist a closed sphere B C V* centered at the point (z*,y*,z*)
with positive radius and a positive number 7* such that (3.10) holds for any (z,y,z) € FN B
and every k. Since F N B is a nonempty compact set, the problem

L
minimize Zpgf(x, y,we) +dlz (3.12)
(=1
subject to (r,y,z) € FNB
has an optimal solution, say (Z,¥,2).
Suppose (z,y,z) € F N B. We then have from (3.8) and the mean-value theorem that
L
Oc(w,2) = Y po(f(2,9,w0) + (y(@, Az, i) = 9)"Vy f(, (1= t)y(w, Az, ) + ty, wp) )
/=1

L
+d"z+pp Yy ¢( — (New + Moy(z, Az, ) + qo + Ze)>, (3.13)
=

where ¢ € [0, 1]. Note that, by (3.10),

(1= t)y(z, Az, ) +tyll = [[(1 =) (y(x, Az, px) — y) + |
<y, Az, px) — yl| + ||yl
< e (Jlyll + vm) + |yl

This indicates that the set
{(w, (1= Oy(, Az, ) +1y) | (2,9,2) €FNBLE0 1]k =1,2,-}
is bounded. Similarly, we see that
{(@tM(y — y(z, Az, ) | (2,9,2) € FOBL=1,- Lt € 0,1,k =1,2,--}

is also bounded. Then, by the continuous differentiability of both f and v, there exists a constant
7 > 0 such that, for £ =1,---, L,

T, (3.14)
T (3.15)

Iy f(, (1= Oy(w, Az, i) + ty, )|
IV (EMey = y(w, Az, i) ) |

hold for any (x,y,z) € F N B,t € [0,1], and every k. Noticing that (z,y,z) € F N B implies
Nex + Mpy + q¢ + z¢ > 0 for each ¢, we have from (3.11) and (3.15) that

¢( — (Nez + Myy(x, Az, pig) + qo + Zé)) < ¢(Me(y - y(%AZ,Mk)))
= o(Mely — y(w, Az, i) — ¥(0)

’ T
Vo (¢ Moy — y(w, Az, i) Mi(y — y(a, Az, ) )
TlIMell lly = y(z, Az, ),

<
<

IN
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where ¢’ € [0,1] and the second equality follows from the mean-value theorem. This, together
with (3.13)—(3.14) and (3.10), yields

L

L
Okl 2) = Y pef (e y,wr) —dT2| < Tlly(e Az, ) =yl + (Tox 3 1Ml ) lly — y(a, Az, )|
=1 =1
L
< w7 (4 mon Y 1Ml (lyll + vim)
/=1
for any (z,y,z) € F N B and k. In particular,
L L
‘Qk(f, z) — > pef(,5,w) — dTZ’ < w7 (e + mon Y 1M (171 + V). (3.16)
=1 =1

Moreover, since v is always nonnegative, we have from the continuity of f that

lim 0(z*),z®) > hm (Zpgf B we) +dTz (k))

k—o00

Note that, by the fact that F N B C V*, (:c(k), z(®)) is an optimal solution of the problem
minimize Or(z,2)
subject to  (z,z) € X1 :={(z,2z) € X| Jy s.t. (z,y,2) € FNB},

provided k is large enough, and (Z,z) is a feasible point of this problem. We then have from
(3.16) that, for every k sufficiently large,
gk(x(k),z(k)) < Op(z,2)
L
< Yo pf @500 + dTa 4 7 (ju +ukpk2 1)) (gl +v/m).  (3.18)
/=1

Therefore, taking into account the equality (3.17) and the assumption (3.9), we have by letting
k — oo in (3.18) that

L
Zpef oyt we) + A7z <> pof (3, we) + A7z,

(=1

while the converse inequality immediately follows from the fact that (Z,y,z) is an optimal
solution of problem (3.12). As a result, we have

Zpef y* we) +dTz —Zpef (Z,9,w) +d"z,
=1

namely, (z*,y*,z*) is an optimal solution of problem (3.12) and hence it is a local optimal
solution of problem (3.2). This completes the proof. O

It is not difficult to see that the function

b(y) =Y (max(ylil,0)", (3.19)



where o > 2 is a positive integer, satisfies the conditions assumed in Theorem 3.1. This function
is often employed for solving constrained optimization problems. For more details, see [1].

We have discussed the convergence of local optimal solutions of problems (3.7). In practice,
it may not be easy to obtain an optimal solution, whereas computation of stationary points may
be relatively easy. Therefore, it is necessary to study the limiting behavior of stationary points
of subproblems (3.7).

Theorem 3.2 Suppose the matriz M in (3.2) is a Py-matriz, the function 1 : R™ — [0, +00)
is given by (3.19) with ¢ = 2, and (z®),2®) is a stationary point of (3.7) for each k. Let
(z*,y*,2*) € F be an accumulation point of the sequence {(x*),y*) 2z )} generated by SIPP.
If the MPEC-LICQ is satisfied at (z*,y*,y*,2z*) in the MPEC (3.8), then (z*,y*,z*) is a C-
stationary point of problem (3.2). Furthermore, if y* satisfies the strict complementarity condi-
tion, then (z*,y*,z*) is S-stationary to (3.2).

Although the results established in this theorem are interesting and important, its proof is
somewhat lengthy and technical. To avoid disturbing the readability, we therefore give a detailed
proof of the theorem in Appendix B.

4 Here-and-Now Problems with Continuous Random Variable
In this section, we consider the here-and-now problem

minimize E,lf(x,y,w) + dl z(w)]

subject to  g(z) <0, h(z) =0,
0<y L (N@)z+ M)y +q(w) +2()) >0, (4.1)
z(w) >0 YweQ,
zeR", yeR™, 2(-) € C(Q),

where w is a continuous random variable, Q := [a1,b1] X -+ X [ay,,b,] C RV, and C(Q2) is the
family of continuous functions from €2 into R". Here, g, h,d are the same as in Section 3,
f iRV x Q — R is uniformly continuous with respect to (z,y) and continuous with respect
tow, N:Q — R M :Q — R and q : Q@ — R™ are all continuous. Without loss
of generality, we assume that 2 := [0,1]". Let ( : © — [0, 4+00) be the continuous probability
density function of w. Then we have

Bulf @)+ d"2@) = [ (f.9,0) +d72(0))¢(w)de:

We next employ a quasi-Monte Carlo method [12] for numerical integration to discretize
problem (4.1). This method uses an uniformly distributed infinite sequence Qs := {w1,wo, -} C
Q, i.e., for any subinterval S of §2, there holds

1
LILHSOZ;&SW) = L(9), (4.2)

where dg denotes the characteristic function of the set S and £(.S) means the Lebesgue measure
of S. Since the Lebesgue measure of any nonempty open set is positive, it is easy to see from (4.2)
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that Q. is dense in §2. Therefore, the following problem is an appropriate discrete approximation
of problem (4.1): For a given integer L > 0 and a given subset Q7 := {w1, -, wr} C Qoo

L
minimize % Z C(we) (f(% y,we) + dTZ(‘#))

subject to  g(z) <0, h(z) =0, (4.3)
0<y L (N(wo)z+ Mwp)y+ qlwe) + 2(we)) >0
z(wg) >0, £=1,---,L

This problem has been discussed in the last section.

L L L( 1)7_.

Suppose that (z ,y -, 2% (wy)) is an optimal solution of problem (4.3) for each L

and the sequence {(z%,y")} converges to a point (z*,3*) as L — +oco. Let us define
) = max{ — (N(wp)z™ + M(wo)y™ + qlw)), 0}, (=1L, (4.4)
Z¥(w) = max{ — (N(w)z" + M(w)y* + q(w)), 0}, w e N (4.5)
Since Qf, C Qy, for all L < L', we have
Jim 2 (wp) = 2% (wr) (4.6)

for any fixed wy. Moreover, there holds

ii((wz)( Loyt we) + dl - ) i we( ayLaWZ)TLdTgL(W))

L
Z " (2 (wp) — 25 (w))

L

Z T min { N (we)z® + M(wo)y® + g(we) + 25 (we), 2H(we)} >0,

where the second equality follows from (4.4) and the inequality follows from the feasibility
of (xl,yl 2F(wy), -, 25 (wr)) in (4.3). Thus, (X, y", 2F(w), -, 28 (wy)) is also an optimal
solutlon of problem (4.3). We next show that (z*,y*) together with z*(-) is an optimal solution

of problem (4.1). Note that z*(-) € C(2) by the definition (4.5). Moreover, since 2 = [0, 1]*,
any continuous function must be integrable on €.

Lemma 4.1 Suppose the function & : Q@ — R is continuous. Then we have
lim —
Jim Zf (we)¢(we) / {(w

It is not difficult to prove this lemma by the results given in Chapter 2 of [12]. We then have
from Lemma 4.1 immediately that, for any z(-) € C(£2),

L
Jlim % ;cwe)(f(w, y,wr) +d" z(wp)) = /Q (f(@,y,0) + d"2(w) )¢ (w)dw (4.7)
and particularly,
Lll_}n;o - ZC (wp) /Qg‘(w)dw =1 (4.8)
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Theorem 4.1 The point (z*,y*) together with z*(-) is an optimal solution of problem (4.1).

Proof. We first prove that (z*,y*, 2*(:)) is feasible to problem (4.1). To this end, since
N(w)z* + M(w)y* + q(w) + z*(w) > 0 holds by the definition (4.5), it is sufficient to show that

W) (N)z" + M)y + qw) + (@) =0 WweQ. (4.9)
In fact, by the feasibility of (¥, y*, 25 (w1),-- -, 2%(wr)) to problem (4.3) for each L, there holds
WhT (N(wozh + M(wo)y® + qwe) + 24(w)) =0,  £<L,
In consequence, letting L — +oo and noting that (4.6) holds for each fixed wy, we have
()" (N(wo)z" + M(we)y" + qlwe) + 2"(we) ) = 0. (4.10)

Since the sequence {wy} is dense in ©Q and N(-), M(-),q(-), z*(-) are all continuous, we obtain
(4.9) from (4.10) immediately.

Let (x,y, z(-)) be an arbitrary feasible solution of (4.1). It is obvious that (x,y, z(w1), - -, 2(wr))
is feasible to problem (4.3) for any L. Since (z*, y”, #/(w1),- -+, 2%(wg)) is an optimal solution
of (4.3) as shown earlier, we have

L
%ZC(W)( oy we) +d' 2 *(wz)
=1

< iiC(we)(f(x*ay*,wé)+de*(wg))—i C(w@(f( JyE wp) +dT L(w4)>
=1 =1
L
= 23 clwn (£t — Sty w) + dF (2w - 2|
/=1
= iZL:C(W)(‘f(SC*,y*,w) — Ft " w)| + |d7 (2" (we) - EL(U)g))D. (4.11)
/=1

Note that f is uniformly continuous with respect to (z,y) and, by (4.8), the sequence {% Zngl C(we)}
is bounded. This yields

L
Jim % > Cwo)|Fa,ytwe) — Fa,y",w)| = 0. (4.12)
/=1

On the other hand, it is easy to see from the definitions (4.4) and (4.5) that
| (2" (we) = 25 (wn)) | < a7 (N(wi) (@ = a5) + M@y = y™)|,  €=1,--,L.

By the boundedness of the functions N(-) and M(-) and the sequence {1 SSE L ¢(we)}, we have

lim —ZC Wy ‘dT( EL(wg))‘ =0. (4.13)

L—oo L
Thus, by letting L — +o0 in (4.11) and taking (4.7) and (4.12)—(4.13) into account, we obtain
| (6" w) + a7 @) @) < [ (F(o,,0) + d7 () ¢(w)de, (4.14)
which means

Eu[f(a",y" w) + d"2"(w)] < Eu[f(z,y,0) +d"2(w)].

This implies that the point (z*, y*) together with 2*(-) constitutes an optimal solution of problem
(4.1). O
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5 Concluding Remarks

We have presented a combined smoothing implicit programming and penalty method for the
here-and-now problems with linear complementarity constraints. For the lower-level wait-and-
see problems, we may consider a similar but somewhat simpler approach. In particular, for the
discrete model

L
minimize Z pef(z,ye)
/=1

subject to  g¢(z) <0, h(zx) =0, (5.1)
ye >0, Nex + Mpy, + qe > 0,
?JET(NKIE+M£ZJ€+Q€):07£:17,L

with pg, Ny, My, and g; being the same as in Section 3, the subproblem corresponding to (3.7)
becomes
L
minimize Zpef(m, ye(x, p))
/=1
subject to  g(x) <0, h(z) =0,

where y,(x, p) satisfies the equation ®,,(z,ye(z, 1), we(x, w); No, Mg, qe) = 0 with wy(z, pn) =
Nyx + (Mg + pl)ye(x, 1) + qe for each . Therefore, we do not need the penalty steps for (5.1).

On the other hand, recall that SMPECs contain the ordinary MPECs as a special subclass.
As a result, all the conclusions remain true for standard MPECs. Comparing with the results
given in the literature, the assumptions employed in this paper are relatively weak.

References

[1] D.P. Bertsekas, Constrained Optimization and Lagrange Multiplier Methods, Academic
Press, New York, 1982.

[2] J.R. Birge and F. Louveaux, Introduction to Stochastic Programming, Springer, New York,
1997.

[3] X. Chen and M. Fukushima, A smoothing method for a mathematical program with P-
matriz linear complementarity constraints, Computational Optimization and Applications,
27 (2004), 223-246.

[4] Y. Chen and M. Florian, The Nonlinear Bilevel Programming Problem: Formulations, Reg-
ularity and Optimality Conditions, Optimization, 32 (1995), 193-2009.

[5] R.W. Cottle, J.S. Pang, and R.E. Stone, The Linear Complementarity Problem, Academic
Press, New York, NY, 1992.

[6] A. Fischer, A special Newton-type optimization method, Optimization, 24 (1992), 269-284.

[7] H. Jiang and D. Ralph, Smooth SQP methods for mathematical programs with nonlinear
complementarity constraints, STAM Journal on Optimization, 10 (2000), 779-808.

[8] P. Kall and S.W. Wallace, Stochastic Programming, John Wiley & Sons, Chichester, 1994.

16



[9] C. Kanzow, Some noninterior continuation methods for linear complementarity problems,
STAM Journal on Matrix Analysis and Applications, 17 (1996), 851-868.

[10] G.H. Lin and M. Fukushima, New relazation method for mathematical programs with com-
plementarity constraints, Journal of Optimization Theory and Applications, 118 (2003),
81-116.

[11] Z.Q. Luo, J.S. Pang, and D. Ralph, Mathematical Programs with Equilibrium Constraints,
Cambridge University Press, Cambridge, United Kingdom, 1996.

[12] H. Niederreiter, Random Number Generation and Quasi-Monte Carlo Methods, SIAM,
Philadelphia, 1992.

[13] J.M. Ortega and W.C. Rheinboldt, Iterative Solution of Nonlinear Equations in Several
Variables, Academic Press, 1970.

[14] J.S. Pang, Complementarity problems, Handbook on Global Optimization, R. Horst and P.
Pardalos (eds.), Kluwer Academic Publishers, B.V. Dordrecht, 1994, 271-338.

[15] M. Patriksson and L. Wynter, Stochastic mathematical programs with equilibrium con-
straints, Operations Research Letters, 25 (1999), 159-167.

[16] H.S. Scheel and S. Scholtes, Mathematical programs with complementarity constraints: Sta-
tionarity, optimality, and sensitivity, Mathematics of Operations Research, 25 (2000), 1-22.

[17] S. Vajda, Probabilistic Programming, Academic Press, New York, 1972.

[18] H. Xu, An MPCC approach for stochastic Stackelberg-Nash-Cournot equilibrium,
manuscript, University of Southampton, Highfield Southampton, 2003.

Appendix A: Proof of Lemma 3.1. For any (z,y,2z) € grtmtml we denote w := Nz +
My + g+ Az. Since (z,y,2z) € F implies

Oo(x,y,w; N, M,q+ Az) =0, (A1)
we have from (3.5) and (A.1) that
0 = &y (z,y(x, Az, ug), w(z, Az, pui); N, M, q + Az) — Oo(x,y, w; N, M, q + Az)
_ M + il —1 y(z, Az, ) —y ) —y
a ( I —D(z,z, ) D(z,z, py) ) < w(z, Az, ) — w > i ( 2ura” ) - (A2
Here, D(x, 7, i) := diag(a*[i)(y(z, Az, ) [i] + y[i]) ) and
1
@ Az, 1) 1) + (o, Az, ) 1) + 202 + /G + (@)
1

=yl A )] + (@, Az, ) + o)+ wli) (A3)

akli] =

where the last equality follows from (3.5) and (A.1). Moreover, it is easy to see that, for any i
and k,

0 < a’li](y(a, Az, ) [i] + yli]) < 1.
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We next prove that there exist a neighborhood U* of (z*, y*,z*) and a positive constant 7* such

that
M + I T -
I —D(z,2,u) D(z,2, )

holds for any (x,y,z) € U*NF and any k. Otherwise, there must be a subsequence {k;} of {k}
and a sequence {(27,47,27)} C F such that

<7* (A.4)

lim (xj Y, zj) (x*,y*,2z"),

j—00
. M + . I 1 M -

1 Ry T — N ~ =H
jL%(I—D(.TJ,ZJ7/ij) D(x?, 2, ;) ) <I—D D ’

where D := diag(d[1], - - -, d[m]) satisfies 0 < d[i] < 1 for each i and the matrix H is singular.
Note that, by (A.3),
5 y(xj7 AZj? M, ) [Z] + yj [Z]

dli] = Jli{go y(xd, Azd, g, )[i] + w(wd, Azd, g, ) [3] + o7 [i] + wili]

By the assumptions of the lemma, the sequence {y(x7, Az/, Mkj)} is bounded and then so is the
sequence {w(x7, Az/, juy,;)}. Tt is not difficult to see that

dij=1 = lim (w(@/, A2/, )] +w'[]) =0 = lim wI[i] =0.
j—00 j—00
This indicates that K* D K := {i| d[i] = 1}. Taking into account the assumption that the
submatrix M[K*] is nondegenerate, we deduce that the submatrix M[K] is nonsingular and
then it is not difficult to show that H is nonsingular. This is a contradiction and hence we
obtain (A.4).
Moreover, we have from Theorem 2.1(ii) that, for each k and ¢,

2upatli] < 24tk
" \/(y(a:, Az, 1) [1])2 + (w(z, Az, pg) [i])2 + 243
< =l (A5)
\/2y(:v, Az, ) [iJw(z, Az, p)[i] + 245,

= 1.

Thus, it follows from (A.2), (A.4), and (A.5) that

- y(x, Az Mk:)
ly(z, Az, i) =yl < H( w(z, Az, p1y,) )H

-1
M + NkI —I -y
I —D(z,z, ) D(z, 2z, py) 2pupa®

< e (lyll + vm).

This completes the proof of Lemma 3.1. O

Appendix B: Proof of Theorem 3.2. Assume without loss of generality that the sequence
{(z®,y*) 2} converges to (z*,y*,2z*). By the MPEC-LICQ assumption, problem (3.7)
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satisfies the standard LICQ at (x(k), z(k)) for all k sufficiently large and so, by the stationarity of

(), z(*)), there exist unique Lagrange multiplier vectors \¥, v*, and o* := ((o/f)T, . (o/z)T)T
such that
Vg (z®) Vh(z®) O - O
Vop(z®), 20 + ? A 4 ? V- I ? ok =0, (B
0 0 O 1
ha®) =0,  0<A L (—g=®)) >0, 0<af L2® >0 (B.2)
In the rest of the proof, we suppose k is large enough so that (B.1)—(B.2) and
Zy(a®)) C Ty (2") (B.3)
are satisfied and furthermore, for each £ = 1,---, L, there hold
7, = {i| 4 =0} € 15 = {i \ #1i) = 0}, (B.4)
B, = {o] (s )=
C Ty, = {i | (New* + Moy + g0 + 27)li] = 0}, (B.5)
o= {i|yWi=0} ¢ i = {i|ylil=0}, (B.6)
oy = {i| (Ne® 4 My® 4 g+ 420 [i] = 0}
C Ty = {i ’ (Nz*+ My + g+ Az")[i] = 0}. (B.7)
It is clear that
Ty = Ny Ly, - (B.8)

Note that @, (z,y(z, Az, pur), w(x, Az, puy); N, M, g + Az) = 0 is satisfied. By the implicit func-
tion theorem [13], we have

v(a:,z)y(x(k)v Az(k)’ MR)T
V(a:,z)w(x(k)a Az¥) ) Nk)T

_ _ ( vy(bﬂk(m(k)’y(k)aw(k),]va M7Q+Az(k))

-T
(k) (k) (k). (E)\T
Vw%k(x(’“),y(k),w(k);N, M, q+ Az*)) ) Viaa 2 (T y w N Mg + A2

-1
) (50
where
w® = Nz® 4 My® 4 g4 AzP),
D* = diag <y(k) [f](i[ﬂ(k) 1 y® [Tg](ki[z]m [m] >

and the existence of the inverse matrix follows from Theorem 2.1. Furthermore, since

M+l —1\ E* Dk E*
I-DF DF “\ I+ (M + pI)EFD* (M + pI)E*
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-1
with EF .= (DkM +7—(1- ,uk,)Dk> , it follows from (B.9) that

NT Dk(ER\T
V(x,zw(w"“),f\z(k),uk)__( e )

Dk (Ek)T
As a result, we have

Voy(z® Az®) ) = —NTDFERT, (B.10)
V.y(z® Az®) ) = —DFEMT. (B.11)
Thus, from the definition of 6, (B.10)—(B.11), and by a straightforward calculus, (B.1) becomes
Zél:l pg(vzf(l'(k), y(k)7 wf) - NTDk(Ek)Tvyf(x(k)7 y(k)> wf))
prd = S peDMER)TV, f (20, 40, wp)

prd — Xt peDR(EF)TV, f(2®), 8 wy)
(

N{ — NTD*YEMTMT ... NI — NTD*EMTMF
I—DKEMTMT - —DF(EFTMT
- —DF(ERT MT e —DM(EMTMT gk
—DFER)T M - I-DFEMTM]
Vg (zk)) Vh(z®) O --- 0O
@) O I O
+ e 4+ . vk — o
o) o @) I

T
Here, 8F € R™L is given by gF := ((ﬁf)T, el (ﬁf)T) with

BF = 2p, max ( — (Ngw(k) + Mey™® + g + Zék))u 0)

for each ¢. We then have

St PV f (28, y®) wy) Vg(z®) Vh(a®))
0 = p%d + O PLIE O Ak
pid O O
O O NT NF NT
o I FU O S B I (.12
O o I O - I I

where v* is defined by

L
ok = DRERT Y (peVy £ ®), 5™, wp) = M7 8F). (B.13)
0

Il
—

Furthermore, by letting

L L
S peVyf @™y 8wy = ST M B - uF — MToR =0, (B.14)
=1 /=1
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we have

L
Wb = 3 (Y F @,y B, wp) — M BE) — M7
/=1

M=

= ((BMT = MTDM)(ENTY (e f @B,y ™, wp) — M 5F)

/=1
L
= (1= (1= m)D*)(ENTY (peVy £ ®,y®), wp) — MT5F), (B.15)
=1
where the second equality follows from (B.13). Combining (B.12) and (B.14) yields
S eV f (20, y®), wy) Vo) Vh(z™)
25:1 pfvyf($(k)> y(k)7 wf) 0 o
0 = pid + 0 AF 4 0 F
prd O O
O O NI -+ NT O NT
O O MT MF I M7
- I O |of - I 0 gk | O |yk— 1 oF, (B.16)
O .. 1 o .. I o) I
We can show that, when k is large sufficiently,
B[] =0 aslongas i¢ Ty, (B.17)

In fact, if i ¢ Zjy,, namely, (Nez™ + Mpy* + q¢ + 27)[i] > 0, then, when k is large enough, there
must hold (Nyz®) + My®) + ¢, + zék))[i] > 0 and hence

BEl) = 20 max { — (N ® + My® + g, + 2{)i], 0} =0.

Taking into account (B.2)—(B.7), we can rewrite (B.16) as

S 1pNa,-f(w(’“ y™®), w) 0 Nli]
St 2oV f (20, 48 wp) €i Mli]
pid -S| 0 |- X | e
: igTy : i¢Ts, :
prd 0 €;
0
Vgi(z®) Vhi(z®) _
k 0 S 0
= = 3 A : = > 2" _ +> > arlil| e
i€Ty(a*) ~ i=1 : (=1ieTy, :
0 0 ‘
0
Nyi] .
M]i] 0 N[Z]
I : €; M[i]
S IR/ I EED DRAU U D DT U] B (B.18)
(=1i€Ty, ! €T3 : €T, :
: 0 e;
0
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We next prove

i¢ Ty = khjgouk[z'] =0, (B.19)
i¢ Ty = lim v*[i] = 0. (B.20)

To this end, since (B.15) and (B.13) imply that

®) ] + w®)]j L
wil = Mk%){%frw( i BTN (peVy f@®,y ™, w) - MIBE),  (B21)
=1
Uk[z'] = ﬂ Ti( v, f(z (k) W)—MTﬂk) (B.22)
y®)[i] + wk) H e DeVy , We 7 B ), )

it is enough to show that the sequence

{H(E’f)Ti (e @0, 5™, wp) — 7 8E) |}
(=1

is bounded. For the purpose of contradiction, taking a further subsequence if necessary, we
assume

k—o0

lim |[(E") TEL: (peVy f (29, 5™ wp) — M BF) || = +o0. (B.23)
(=1

Note that (B.21) implies

) < ST 5 (9, a0~ 7 )|
/=1

for each ¢ and k. In consequence, we have

pey i) + w i)

¢ Iy = i =0
e Ly Foe y®[] + wP ]
= lim L 1] ——=0. (B.24)
k=oo ||(ER)T Y0, (pévyf(ﬂf(k)vy(k)wé) - M, @) |
Similarly, we can show that
k B
i¢ T, = lim Gl — 0. (B.25)

k=00 |(BR)T i, (péVyf(fU(k),y(k),wé) - MgTﬁf) |

Let d* denote the vector on the right-hand side of equality (B.18). It then follows from (B.18)
and (B.23)-(B.25) that

dk
lim =
koo |[(B9)T SSE (peVy f (28, y®), wp) — M7 BF)|

(B.26)

Since the MPEC-LICQ holds at (z*,y*,y*,z*) in problem (3.3), the vectors on the right-hand
side of (B.18) are linearly independent when k is sufficiently large and so, by (B.26), all the
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sequences generated by dividing the multipliers that appear on the right-hand side of (B.18) by
the number

L
|ENTS (pevy £@®), 5™, wp) — MEBF)|
(=1
are convergent to 0 as kK — oo. This fact, together with (B.24) and (B.25), implies that
k
lim L w'li =0, (B.27)
P [(BR)T iy (Pevyf(x R,y we) — MgTﬂf) |
k
iU (B.28)

lim I =
k=0 (B0 SSE (peVy £ (a®),y®), wp) — M7 ) |
hold for any 7. However, noticing that
’“['Hv’“ﬂ
(BT Sy (¥ £ (28, y®), wp) — M7 ) |
_ (s 1y ® ] ) eL(EMT S (peVyf (2 ®,y®), wp) — M7 BF)
y Wi+ 0B |(BRT S (pVy f (28, y®),wp) — MTBE) |

holds for any 4 and k, there exists an index ¢ such that

i 41+ o] i (14— 0y 1
2 (BT Sy (peV F®),y ), wp) — MTE) | 2 o, (4 S ) = v
This contradicts (B.27) and (B.28). As a result, the implications (B.19) and (B.20) are true.
Consider equality (B.18) again. By (B.19) and (B.20), the left-hand side of equality (B.18)
is convergent. Moreover, from the assumption that the MPEC-LICQ holds at (z*, y*,y*,2*), we
can prove that all the sequences of the multipliers that appear on the right-hand side of (B.18)

are bounded. In fact, by letting uf := <I - (1- uk)Dk) (Ek)T(ngyf(:c(k),y(k),oug) — MeTﬁf)
for 0=1,.--, L,

> 0.

o b
vk = gl ok = |
’Uk uli
and
a* = u*+MT(GF+vh)
bk _ uk7
Ck — ﬂk +v
we obtain from (B.16) that
i peVef (20,40, w0) Vg(®) Vh(z™)
_ Eé:l pévyf(x YUY, wf) @ k O k
0 = 0 + 0 AY + o v
d @) @)
@) ) O N7
T
- g of + ? ak — ? bk 1\% ck (B.29)
I 0 @) I



Applying (B.19) and (B.20), it is not difficult to show that

y*[i] >0 = lim u®[i] =0,

k—o0
(Na* +My" +q+27)[i] >0 = lim vE[i] = 0.

From (B.8), (B.17), and the MPEC-LICQ assumption, we see that all the sequences of the mul-
tiplier vectors in (B.29) are bounded, which implies the boundedness of the multiplier sequences
that appear on the right-hand side of (B.18). In consequence, assuming these vector sequences
are all convergent without loss of generality and letting k& — oo in (B.18), we obtain the equality
corresponding to (2.3).

In addition, since both y¥)[i] and w®*)[i] are positive, we have from (B.21) and (B.22) that

This yields the results corresponding to (2.4). Therefore, (z*,y*,z*) is a C-stationary point of
problem (3.1). If, in addition, y* satisfies the strict complementarity condition, then (z*, y*, z*)
is a S-stationary point by the definitions of C-stationarity and S-stationarity. This completes
the proof of Theorem 3.2. O
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