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Preface

In this thesis, we study the block coordinate gradient methods for two kinds of the nonlinear
optimization problems with separable structure: the classical optimization problem and
the online optimization problem. These two optimization problems are highly constructed
models arising from practical problems in science and engineering, and the corresponding
applications are typically built on large scales. Hence, proposing efficient and practical
solution methods to solve them is a worth studying topic.

Due to the large scales, the classical second order methods, such as the Newton method,
the interior point method, can not be applied successfully. Practical experiments indicate
that the first order methods are more efficient. The block coordinate descent (BCD) method
is one of the oldest first order methods, whereby a part of the variable is updated at each
iteration. It is very efficient for large scale problems. However, its convergence requires re-
strictive conditions, such as the strict convexity and the differentiability. Thus, this method
did not get too much attention in the mathematical optimization field. Recently, as many
large scale problems in engineering arise, such as the machine learning, the image recon-
struction, etc., the block type methods have been revived. Although there are some existing
results on the block type methods for large scale problems, there still remain unknown prob-
lems. For example, most of the existing results are established on the assumption that the
subproblem is solved exactly. This assumption is difficult to satisfy in practice. How about
the case where the subproblem is solved inexactly? Moreover, the convergence rate of the
BCD method for the nonsmooth problem is still unknown.

The main contribution of this thesis is to propose efficient block coordinate gradient
methods for solving large scale nonlinear optimization problems with separable structure.
We propose two novel classes of methods. One is the inexact coordinate descent method,
where we give a new criterion for the inexact solution of the subproblem and only require
an approximate solution at each iteration. The other method is a class of block coordinate
proximal gradient methods with variable Bregman functions. In this class of methods, using
the variable kernels is the innovation, which offers great advantages to both algorithm anal-
ysis and practical implementation. We establish its global and R-linear convergence rate for

the nonconvex nonsmooth problem. With special kernels, we even show the R-linear conver-
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gence rate of the (inexact) BCD method, which is the first result on the linear convergence of
the BCD method for the nonsmooth problem. Moreover, for both proposed methods, some
numerical experiments have been carried out, which demonstrate the excellent performances
of the proposed methods.

Another contribution of this thesis is to propose a new Lipschitz continuity-like defini-
tion, called the “block lower triangular Lipschitz continuous”, which helps us to supplement
and improve the theoretical analysis of the block coordinate gradient (BCG) method. In
particular, we obtain a tighter iteration complexity bound of the BCG method for the non-
linear convex optimization problem with separable structure and improve the convergence
rate of the BCG method for the online and the stochastic optimization problem.

The author hopes that the results in this thesis will contribute for the further studies on
the block type solution methods for the nonlinear optimization problems and their related
problems.

Xiaoqin Hua
December 2014
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Chapter 1
Introduction

The mathematical optimization is one of the mature areas of the applied mathematics, which
aims at finding a solution to a given model by optimization algorithms or methods. It was
introduced by professor Robert Dorfman in 1940s, and became more and more active with
the rapid development of the computer technology. Recently, its theories and techniques are
used widely in the industrial designs, the computer science and the economics management.

In this chapter, we give an overview of the research problems, their characteristics, the
research motivations and contributions. We refer to some basic optimization terminologies

and names of the algorithms directly, whose precise definitions are given in Chapter 2.

1.1 Nonlinear optimization problem

The nonlinear optimization problem [8, 13, 41] is a main subfield of the mathematical pro-

gramming, which has the following general form.

minimize F(z)
subject to h;(z) =0,i € {1,...,p}, (1.1.1)
gj(x) <0,7€{1,...,m},

where x € R", function F' : R™ — R is the objective function (alternatively, the loss function
or the cost function), and functions h;, g; : R* = R, i =1,...,p, j = 1,...,m, are the

constraint functions. The set
F={xeR"|h(x)=0,gj(x) <0,i=1,...,p,j=1,...,m} (1.1.2)

is called the feasible set.
Note that problem (1.1.1) may or may not be a convex problem. In general, there are
significant differences in the characteristics of the solutions between the convex and the

nonconvex cases. The convexr optimization problem [6, 13] is relatively simple, in which
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both objective and constraint are convex functions. It has the following two important
characteristics [8]. One is that any local minimum of the convex optimization problem is also
the global minimum. Of course, its local minimum solution may not be unique. Another is
that the first order optimality condition (Theorems 2.2.1 and 2.2.2 in Subsection 2.2.3) is also
sufficient for guaranteeing the optimality. These two characteristics are the foundations of
the analysis of the theories and algorithms for the convex optimization problems. Moreover,
if additional conditions are satisfied for problem (1.1.1), the existence and uniqueness of the
optimal solutions can be guaranteed. For example, if the objective function is strictly convex
and the feasible set is convex, there exists at most one optimal minimum. Additionally, if the
feasible set is compact, there exists only one minimum. See [8, Proposition A.8] for details.

For the general nonconvex optimization problem [15, 34], in which the objective function
is nonlinear and/or the feasible region is determined by nonlinear constraints, the optimal
solution may not always exist, or it may have multiple locally optimal solutions. Hence,
the solutions in this case are more complicated. Generally, we study the stationary points
instead.

In addition, according to the differentiability of the functions in problem (1.1.1), the
nonlinear optimization problem can be divided into the smooth optimization problem and
the nonsmooth optimization problem. The most well known algorithm for the nonlinear
smooth optimization problem is the Newton method, which is extremely powerful in general.
Even today, Newton method is still the most widely used and studied algorithm. However,
this method is not perfect. For example, at each iteration we need to compute the Hessian
of the objective function, which needs O(n?) computation, generally. As the scale n becomes
large, the computation at each iteration will be very expensive. For this reason, it is not
worth to be applied to the large scale problems directly. For the nonsmooth optimization
problems, we usually try to find the source of the “nonsmoothness”, and further develop

some techniques for its particular structure.

1.2 Nonlinear optimization problems with separable

structure

In this thesis, we consider the mnonlinear optimization problems with separable structure,
which are highly structured optimization models. In these models, we minimize the sum
of a smooth function and a “simple” nonsmooth convex function, where the simple convex
function has block separable structure. Hence, they belong to the nonsmooth subfield of the
nonlinear optimization problem. In this thesis, we study two kinds of these nonlinear opti-
mization problems: the classical nonlinear optimization problem and the online optimization

problem, which are briefly outlined in the subsequent subsections.
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1.2.1 Nonlinear optimization problem with separable structure

The nonlinear optimization problem with separable structure, considered in this thesis, has

the following form.
minimize F(x):= f(z) 4+ 7¢(x), (1.2.1)

where function f is smooth on an open subset of R"™ containing dom v := {z € R" | {(x) <
o0}, T is a positive constant, and 1) : R" — (—o00, 0] is a proper, convex and lower semi-
continuous (1.s.c.) function with the block separable structure .

Such problems arise in various practical problems of science and engineering, such as the
machine learning [35, 77|, the data mining [55] and the network routing [19]. When function
f in problem (1.2.1) is convex, problem (1.2.1) becomes a convex optimization problem. In
this thesis, we propose several efficient methods for problem (1.2.1) with particular forms,

including the convex and nonconvex cases.

1.2.2 Online optimization problem with separable structure

The online optimization problem is a powerful learning model, which has attracted great
attention in many large scale optimization fields, such as the machine learning [3], the
network routing [3], and the investment decisions [27]. By this model, a decision maker
makes a sequence of accurate decisions for his/her practical problems, where his/her possible
options are given as a convex set in advance. The precise definition of the online convex
optimization problem is recalled by Definition 2.2.8 in Subsection 2.2.4. Roughly speaking,
its main characteristics include the following two aspects in contrast to the classical nonlinear

optimization problem.

e We minimize a sequence of dynamically generated loss functions {F*(z), t = 1,2,...}
in the online optimization problem, where ¢ denotes the time step when new function

is generated.

e We must make a decision at the time step ¢, denoted by z, before getting the true loss
function F*'(z).

In this thesis, we consider an online convex optimization problem with separable struc-

ture, whose loss function F*: ) — R at time step t is given as follows.

F'(z) = fi(x) +1(x), t=1,2,..., (1.2.2)

'We say that function ¢ is block separable with respect to nonempty subset J C {1,2,...,n} if there exist
some proper, convex, Ls.c. functions ¢ : RIY| = R and ¢5 : R/l — R such that ¢(z) = ¥s(z) + 5(27)
holds for all x € R™.
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where Q C (2, dom F*, f*: Q@ — R is smooth and convex, 7 is a positive constant, and
¥ Q — (—o00,00] is a proper, convex and lower semicontinuous (l.s.c.) function with the
block separable structure.

From the characteristics of the online convex optimization problem, we know that it is
impossible to select a point z' that exactly minimizes the loss function F*(x) at the ¢-th
time step, because we do not know the true loss function F*(x) until the prediction z* is
determined. Instead, the researchers, who study the online optimization problem, focus on
proposing an algorithm to generate predictions {zf, ¢t = 1,2, ...}, with which, for given 7" >
0, the practical total loss 3., F*(z*) is not much larger than the ideal total loss 3, F*(z*),
where z* is an optimal solution in some sense, e.g., z* € argmin, g+ ST Fi(z) [81]. For
convenience, we call the difference between these two values the “regret” [81], which is
formally defined by Definition 2.2.9 in Subsection 2.2.4. Hence, the goal of the online convex
optimization problem is to construct an algorithm, with which the generating decisions make
us to achieve a regret as low as possible. We say that an algorithm is a no internal regret
algorithm if the regret R(T') is an infinitesimal of higher order than 7" [27].

1.2.3 Applications

The problems (1.2.1) and (1.2.2) appear in many applications. Usually, functions f and
/! represent as empirical loss functions, and function v (z) acts as a regularization term to
introduce additional information or to prevent overfitting. Some examples of functions f

and f! in applications are described as follows.

(1) In the compressed sensing [77], which is a classical nonlinear optimization problem,
function f represents the error between the noiseless signal and the transformation of
the elementary signals. In this application, function f can be written by a quadratic

function with
1
() = 5l Az — i3

where A € R™*", the set {A;, j = 1,2,...,n} comprises the elementary signals, and

y € R™ denotes the noiseless signal.

In the online regression problem [14, 53], function f* is used for estimating the rela-
tionships among variables. In the simple linear regression model, function f! can be

represented by a quadratic function.
Z b — v — (Al ))
=1
where z = (w,v) € R" with w € R"_l and v € R. Forany t > 0, and i = 1,...,m,
bt € R, At € Rm=Dxm_ The set {(Af,b),i =1,...,m} denotes the data points at the

t-th time step.
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(2) In the data classification [35] and the data mining [55], which belong to the classical
nonlinear optimization (1.1.1), function f is used for predicting the outcome of a
categorical dependent variable based on many predictor variables or features. In these

applications, function f is given by the logistic function.
1 — . ,
= LS g1 4 exp( — (70 ).
f(x) s og(1+exp(— (w'¢ + vp’)) (1.2.3)

where 7 = (w,v) € R™ and ¢/ = p’27. Moreover, {(27,p/) € R x {-1,1},j =
1,2,...,m} is a set of training examples.

In the sequential investment problem [14], which is an online optimization problem

(1.2.2), f* denotes the logistic wealth ratio, given by a logistic function.

where vector z' € R™ with z! > 0,74 = 1,...,n, represents the price relatives for the
trading period ¢, and ! € R" denotes the investment proportions on the period ¢, such
that >zt =12>0,i=1,...,n.

The most common variants of function ¢ (z) are listed as follows.

(1) Ily-regularization [35, 38, 64, 65, 72], i.e.,
(x) = [l
(2) Elastic net regularization [82], i.e.,
D) = M|zl + Nofl2][3-

(3) Block ly-regularization [47, 78], i.e.,

2

U(@) =Y o

where {7, i =1,2,..., N} denote the disjoint subvectors of vector z.

(4) Mixed norm penalty [33, 36], i.e.,

2

N
V(@) =zl + ) g
i=1

where {x 7, i =1,2,..., N} denote the disjoint subvectors of vector z.
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(5) Indicator function. For the smooth optimization problem with simple separable con-
straints, e.g., box constraints [48] and separable simplex constraints [19], 1) can be

rewritten as an indicator function with respect to closed separable convex set X, i.e.,

(x) = ek (1.2.4)

oo otherwise.

Note that these regularization terms have their own respective characteristics in the ap-
plications. The [;-regularization [65] helps us to get relatively sparse solutions, i.e., many
elements of the variable x are 0. This is a good technique for obtaining sparse solutions,
but not perfect. If the solutions are strongly correlated, the [;-regularization does not work
well. In this case, the elastic net regularization is better [82]. The block ly-regularization
[47] is an extension of the [j-regularization. Its sparsity is obtained at the group level, that
is to say, a group is picked or dropped. But it does not yield sparsity within a group. The
mixed norm penalty [33, 36] yields solutions, which are sparse at both group and individual
elements. Apparently, the above regularization terms have different forms. However, from

the optimization point of view, all of them are special forms of models (1.2.1) and (1.2.2).

1.3 Solution methods

The applications of the separable optimization problems (1.2.1) and (1.2.2) are mostly built
on a large scale. In general, the number of the variables is of order 10* or even higher.
Roughly speaking, there are two approaches to deal with them. One is to solve an equivalent
reformulation problem, which is called the indirect solution method. The other is to solve
the original problem directly, which is referred to as the direct solution method. Next, we
take problem (1.2.1) as an example to introduce some existing solution methods.

For the indirect solution methods, when ¢(z) is an indicator function with respect to
a convex set, problem (1.2.1) is equivalent to a constrained smooth optimization. Then it
can be solved by some efficient methods, such as the gradient projection method, the trust
region method, the active set method, etc.

When problem (1.2.1) is an unconstrained /;-regularization problem, i.e., ¢(x) = ||z, it
can be reformulated as a 2n-dimensional bounded constrained smooth optimization problem
with the following form [69].

minimize f(y — z) + 7{(e,y + 2),

y?z

subject to y > 0, (1.3.1)
z >0,



1.3 Solution methods 7

where vector ¢ € R" is defined by e = (1,...,1)T. For the reformulated problem (1.3.1),
many effective methods or softwares have been developed, such as the L-BFGS method
[80] and the MINOS software [49]. The drawback of this type of reformulation is that the
dimension of the reformulated problem (1.3.1) is 2n, a double size of the original problem,
which is unfavorable for the large scale problems.

When problem (1.2.1) is an unconstrained problem with a general regularization term,
it can be reformulated as an (n + 1)-dimensional smooth optimization problem over a closed
convex set by some optimization techniques [69]. The new reformulation has the following

form.
minimize F(z) := f(x) + 79,
2,9 (1.3.2)
subject to  ¢(x) < 9.

Then the reformulated problem (1.3.2) can be solved by some state of art methods theo-
retically, such as the interior point method [46] and the sequential quadratic programming
algorithm [21]. Yet, such a reformulation still has its drawbacks. The main disadvantage
is that the existing methods can not exploit the block separable structure of the original
problem (1.2.1). Moreover, as the size n becomes large, the storage and the computation
of the Hessian will become huge, which shows that the second order methods [21, 46] can
hardly be carried out.

For the direct solution methods, in consideration of the computation time and storage,
first order methods are shown to be more efficient. The existing results on algorithms or

methods are developed from the following two aspects.

(a) Global convergence, i.e., the generated sequence converges to a solution of the separable
problems (1.2.1) and (1.2.2) in some sense. This is the most basic topic, and the global

convergence property ensures to obtain a solution from an arbitrary initial point.

(b) Convergence speed. Commonly, we evaluate the convergence speed of an algorithm for
problem (1.2.1) by the following two approaches. One is the local convergence rate,
such as the linear convergence, super linear convergence, and quadratic convergence,
which describes the speed of obtaining a solution when the generated point is near
the solution. However, the local convergence rate does not care about the whole
performance of the iterative method from the initial point. The other approach is
the iteration complexity, by which we estimate the order of the iterations required
by the proposed method to find a solution within ¢ error tolerance, such as O(1/e),
O(1/€?). In contrast to the convergence rate, the iteration complexity focuses on entire
information from the initial point, rather than the local behavior near the solution. For
the online optimization problem (1.2.2), we evaluate the proposed algorithm for the
regret by the iteration complexity in this thesis, since every decision 2,t =1,2,...,T,

is important during the 7" time steps.
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In the next subsections, we introduce existing results on the block coordinate gradient solu-

tion methods for problems (1.2.1) and (1.2.2), respectively.

1.3.1 Existing methods for problem (1.2.1)

In this subsection, we introduce existing work on the efficient solution methods for problem
(1.2.1), including the latest results on their convergence rates and iteration complexities.

When functions f and ¢ in problem (1.2.1) have particular forms, some special solution
methods are proposed. For the [;-regularized least square problem in the compressed sensing,
the software SpaRSA is well developed for finding the sparse approximate solution, which
can be downloaded from http://www.lz.it.pt/~mtf/SpaRSA/. For the Group LASSO, which
is a generalization of the lasso for group-wise variable selection, a software program, called
R package gglasso, has been implemented, which is publicly available from http://cran.r-
project.org/web /packages/qgglasso.

For a more general setting problem, due to its large size, practical experiments indicate
that first order methods are more suitable.

Among them, the (block) coordinate descent (CD) method, also called the nonlinear
Gauss-Seidel method, is an attractive one. In this method, the variable is partitioned into
several blocks and we only update one of the blocks at every iteration, while the other blocks
are held fixed. In particular, at the r-th iteration, we choose a nonempty set J C {1,2,...,n}
and obtain an update for the block vector x’fl by

o'/t = argmin F(z,, z75). (1.3.3)
z ERII
The subproblem (1.3.3) is a |J|-dimensional problem. When |J| < n, its computation is
much cheaper than the batch type method 2. When |J| = 1 for each r, the block coordinate
descent method reduces to the coordinate descent method, and it can be solved quickly by
some second order methods, such as the Newton method and the quasi-Newton method.
When |J| = n, problem (1.3.3) is the same as the original optimization problem.

The greatest advantage of the (block) CD method is that the storage requirement of the
calculation is small. In some special cases, it can be implemented in parallel. Due to these
properties, the block CD has been used for various large scale problems [7, 38, 43, 58, 59,
67, 69, 72, 78].

However, the global convergence of the (block) CD method requires restrictive conditions.
Mainly, it depends on two factors. One is the order (alternatively, the rule) of choosing the
block J at each iteration. The typical rules to choose block J are the Gauss-Seidel rule

2The optimization method is said to be a batch type method if it updates all elements of the variable

together at a time.
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[67], the Gauss-Southwell rule [69] and the random rule [50]. For details, see Section 2.4.
Note that the Gauss-Southwell rule is less appealing than the Gauss-Seidel rule, because it
requires the knowledge of the full gradient. For the random rule, the global convergence of
an algorithm is obtained in terms of statistic.

Another critical factor is the inherent property of the objective function F. Generally,
the global convergence of the CD method can not be guaranteed even for the smooth or
convex optimization problem. When ¢ (x) = 0 for any x € dom F, i.e., problem (1.2.1) is a
smooth problem, and the function f is not (pseudo) convex, Powell gave an example to show
that the CD method may not approach any stationary point [57]. When the cost function is
not differentiable, Auslender showed that the CD method may stagnate at a nonstationary
point even when it is a convex problem [1]. Therefore, in general, it is difficult to show the
global convergence of the CD method for an optimization problem, when it is neither convex
nor smooth. The existing results on the convergence of the (block) CD method are mostly
developed for some particular cases. For example, for the smooth optimization, if the cost
function is a strictly convex (or quasiconvex or hemivariate) function, it is shown in [43]
that the CD method is convergent. For the nonsmooth problem, when the nondifferentiable
part of the cost function is separable, Tseng [67] proved that the block coordinate descent
method is convergent under certain convexity and regularity assumptions. When problem
(1.2.1) is a convex problem, and function ¢ is an indicator function with respect to a special
box constraint z > 0, Luo and Tseng [43] proved that the block CD method has global and
linear convergence rate. For general separable problem (1.2.1), its convergence rate is still
unknown.

Moreover, the existing results on the global convergence of the CD method are established
on the assumption that the subproblem (1.3.3) is solved exactly [43, 67]. It is possible for
special problems, such as the [;-ly problem, but hard for the general separable optimization
problem (1.2.1), even if it is a [;-regularized convex problem. To get around this difficulty,
some variants of the CD method have been proposed, such as the inexact block coordinate
descent method [11], the block coordinate gradient descent (BCGD) method [69] and the
block coordinate proximal point method [74]. The BCGD method is executed with one step of
the gradient method for the subproblem (1.3.3), while the method [74] exploits the proximal
point method to find an approximate solution. Thus, they are regarded as the inexact CD
methods. Bonettini [11] proposed an inexact version of the CD method. He gave appropriate
conditions about the inexactness of the solution for the subproblem (1.3.3), and has shown
that the proposed method with the proposed conditions has global convergence. However,
he only focused on the smooth optimization problem, i.e., )(z) = 0, for all z € dom F', and

did not show the rate of the convergence of the proposed method.

In addition to the block CD method, the prozimal gradient (PG) method is also an
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efficient method, because it only requires the evaluation of the gradient at each iteration.
The search direction of the PG method at point 2" € R" is defined by
dyr(2") = argmin {(V f(2"),d) + B (2" + d,2") + (2" + d)}, (1.3.4)

deR™

where function B, (-,-) : X x intX — R is called the Bregman function defined by

By (z,y) ==n"(z) = n"(y) — (V0" (y),* — y), (1.3.5)

where function " : X — R, called the “kernel of B,-”, is assumed to be convex and
continuously differentiable on intX, and X C dom F C R" is a closed convex set. The
common selections for the kernel n(z) include 3||z|?, 127 V?f(2")x, xInx, etc. For different
regularization term v (z), the proximal gradient method reduces to many well known methods
with suitable kernel n(z). See Table 4.1 in Chapter 4 for details.

The proximal gradient method [37] has been widely studied on its convergence rate and its
iteration complexity. When function f in problem (1.2.1) is convex, the kernel n(z) = 1||z||?,
and the step size is set with the fix constant 1/Ly or chosen by the line search, it is shown
in [52, Theorem 2.1.14] and [70] that
Ly

F(z") —inf F < O
,

), (1.3.6)

where Ly is the Lipschitz constant for Vf, and inf ' denotes the infimum of function F.
Hence, the proximal gradient method has O(%) iteration complexity in the convex case,
where € donotes the approximation accuracy. Moreover, under the “local Lipschitz error
bound” assumption, its convergence rate can be further improved. It is shown that the
proximal gradient method with the quadratic kernel has the R-linear convergence rate [69]
even if problem (1.2.1) is nonconvex. Additionally, a series of accelerated proximal gradient
methods have been proposed. See [66, 68, 71] and references therein for details.

Although the proximal gradient method is very efficient for large scale problems, there
still have lots of problems for further improvement. For example, since the subproblem (1.3.4)
for getting the search direction is an |n|-dimensional problem, it is still time consuming as
n becomes very large.

Motivated by this, the block coordinate gradient descent (BCGD) method is proposed [69].
Namely, this method is a hybrid of the gradient method and the block coordinate descent
method. As mentioned before, the requirement of the convergence of the block CD method
is restrictive. Hence, to show the global convergence of the block coordinate gradient descent
method is nontrivial. In [69], Tseng and Yun studied a block coordinate gradient descent
method with the quadratic kernel " (z) = %xTH "z, where matrix A" € R™" is symmetric

and positive definite, and matrix H" is often chosen to be an approximation to the Hessian
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V2f(x"). In [69], at each iteration, we first choose a nonempty block J C {1,2,...,n}. Then

we get a search direction by solving the following subproblem.

dy(x; J) = argmin {(Vf(a;), d) + %dTHd + 7Y(z + d)‘ dy = 0} : (1.3.7)
deER™

Under the “local Lipschitz error bound” assumption, Tseng and Yun [69] showed that
the block coordinate proximal gradient method with the Gauss-Seidel rule or the Gauss-
Southwell rule also has the R-linear convergence rate for general separable optimization
problem (1.2.1).

Additionally, the topic of the iteration complexity of this method has also been extensively
discussed. For smooth convex problems, Beck and Tetruashvili [7] showed that the block
coordinate gradient projection (BCGP) method with a cyclic rule has the O(%) iteration
complexity, where Ly is the Lipschitz constant for V f, N is the number of blocks, and € > 0 is
the approximation accuracy. In [32], Hong et al. proposed a general block coordinate descent
(BCD) type method for general separable optimization (1.2.1), and proved that it obtains an
e-accurate solution in O(%) iterations when the blocks are updated with the cyclic rule.
However, for some special cases of problem (1.2.1), the iteration complexity bound can be
sharpened. For example, Saha and Tewari [62] showed that the iteration complexity of the
coordinate descent (CD) method for the lj-regularized problem can be improved to O(%)
under an isotonicity assumption. It is worth noting that this upper bound does not depend

on the number N of blocks and the size n.

1.3.2 Existing methods for the online problem (1.2.2)

The applications of the online optimization problem are mostly built on a large scale. Some
researchers have studied the performance of the gradient methods for the online convex op-
timization problem (1.2.2) [73, 81]. When ¢(x) in (1.2.1) is an indicator function, Zinkevich
[81] proved that the greedy projection method for the online convex optimization problem
has a regret O(v/T). When 1 (x) in (1.2.1) is a general regularization function, Xiao [73]
proposed a dual averaging method, which is first proposed by Nesterov for classical con-
vex optimization problems. He showed that the proposed method achieves the same regret
O(V/T) for the online optimization problem. However, both of these two methods are full
gradient methods, i.e., they update all components of the variable = at each iteration. When
the scale of the problem becomes very large, the evaluation for updating the gradient of each
iteration would take much time.

Recently, the “block” type methods are becoming very popular, especially for the large
scale classical optimization problems [59, 66, 67]. Compared to the full gradient methods,
the block type methods can reduce the calculation time at each iteration. Quite recently,

Xu and Yin [75] proposed a block coordinate stochastic gradient method with the cyclic rule
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for a regularized stochastic optimization problem, which relates to the online optimization

problem. Under the Lipschitz continuity-like assumption, they showed that the proposed

method converges with O(ti%?]\f ), where N is the number of blocks. Note that, as the

number of blocks reduces to 1, i.e., N = 1, this upper bound reduces to O( 1:/“%), which is

still bigger than the average regret @ = O(\/LT) of the greedy projection method [81].

1.4 Motivations and contributions

As mentioned above, the block type methods are verified to be very efficient for the large
scale optimization problems [7, 38, 43, 58, 59, 67, 69, 72, 78]. Although this type of methods
have been widely studied, there still exist unknown problems. For example, does the (block)
CD method converge linearly for the general nonsmooth optimization problem? Is there
any tighter iteration complexity bound for the BCPG method for the nonsmooth problem?
These problems motivate us to join the research on the block coordinate gradient methods.

In this thesis, we carry out our study from the following two aspects, one is to propose
new algorithms for problem (1.2.1), the other is to supplement and improve the theoretical
analysis of the existing block coordinate gradient methods. In particular, the contributions

of this thesis are itemized as follows.

(1) We present a new inexact CD method with an inexactness description for a class of
weighted [;-regularized convex optimization problem with a box constraint. Under the
same assumptions in [43], we show that the proposed inexact CD method is not only
globally convergent but also with at least R-linear convergence rate under the almost
cycle rule. At each iteration step, we only need to find an approximate solution for
a one dimensional problem, which raises the possibility to solve general [;-regularized

convex problems.

(2) We propose a novel class of block coordinate proximal gradient (BCPG) methods with
variable Bregman functions for solving the general nonsmooth nonconvex problem
(1.2.1). For the proposed methods, we establish their global convergence and R-linear
convergence rate with the Gauss-Seidel rule. The idea of using the variable kernels is
the innovation, which enables us to obtain many well-known algorithms from the pro-
posed BCPG methods, including the (inexact) BCD method. Moreover, some special
kernels allow the proposed BCPG methods to adopt the fixed step size, and help us to

construct accelerated algorithms.

(3) We improve the iteration complexity of the block coordinate gradient descent (BCGD)
method with the cyclic rule for the convex separable optimization (1.2.1). The great

point of the improvement lies in proposing a new Lipschitz continuity-like assumption.
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Furthermore, we study the relations between the proposed assumption and the Lipchitz
continuity, and show that M <+ NL; or M < 2Ly, where M is the constant given in
the proposed assumption, and Ly is the Lipschitz constant. These results yield that

the iteration complexity bound derived in this thesis is sharper than existing results.

(4) We investigate the performance of the block coordinate gradient (BCG) method with
the cyclic rule for the online and stochastic optimization problems. For the separable
online optimization problem (1.2.2), we show that the proposed method has the same
regret as the greedy projection (GP) method, where the GP method is a full gradient
projection method. For the stochastic optimization problem, the results in this thesis

are shown to be tighter than the existing results.

For convenience, we use the following abbreviations of some well known methods in the

subsequent sections.

Table 1.1: Abbreviations for the well known methods

Methods with full name Abbreviation

coordinate descent method CD method

inexact coordinate descent method ICD method
block coordinate descent method BCD method

proximal gradient method PG method
coordinate gradient descent method [69] CGD method
block coordinate gradient descent method [69] | BCGD method
block coordinate proximal gradient method BCPG method

1.5 Overview of the thesis

This thesis is organized as follows.

In Chapter 2, we introduce some notations, basic definitions, the proximal gradient meth-
ods and preliminary results, which will be used in the subsequent chapters.

In Chapter 3, we propose an inexact CD method with a new inexactness description for a
class of weighted [;-regularized convex optimization problem with a box constraint, and show
that the proposed method has global and R-linear convergence rate. Moreover we propose
a specific ICD algorithm, and report numerical results on the comparison of the proposed
algorithm and the CGD method.

In Chapter 4, we propose a class of block coordinate proximal gradient (BCPG) meth-

ods with variable Bregman functions for solving the general nonsmooth nonconvex problem
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(1.2.1). We establish their global convergence and R-linear convergence rate with the Gauss-
Seidel rule. Moreover, we propose a specific algorithm of the BCPG methods with variable
kernels for a convex problem with separable simplex constraints. The numerical results on
the proposed algorithm and the algorithm with a fixed kernel are reported.

In Chapter 5, we investigate the iteration complexity of the block coordinate gradient
descent (BCGD) method with the cyclic rule for the convex separable optimization (1.2.1).
With the new Lipschitz continuity-like assumption, we improve the iteration complexity of
the BCGD method.

In Chapter 6, we investigate the performance of the block coordinate gradient (BCG)
method with the cyclic rule for the online separable optimization problem and the stochastic
optimization problem. We show that the proposed method has the same regret as the greedy
projection method [81] for the online optimization problem (1.2.2). Moreover, we extend our
results to the regularized stochastic optimization problem, and show that the results in this
thesis are tighter than that in [75].

Finally, in Chapter 7, we summarize this thesis and mention some issues for the future

research.



Chapter 2
Preliminaries

In this chapter, we introduce some notations, definitions, some versions of the proximal

gradient methods and preliminary results, which will be used in the subsequent chapters.

2.1 Notations

For any vectors x,y € R", the Euclidean inner product (z,y) is defined by
(,y) = 2191 + oy + -+ + TnYn.

For a vector z € R" and a matrix G € R™", G > 0, the norms ||z||1, ||z]2, and ||z| ¢

are defined as follows.

[zl = Jaa] - -l

|zll2 == /{x,2) = \/m,

|z|la == v/ {z, Gx).

Unless otherwise stated, we let || - || denote the norm || - ||2. For a matrix A € R™™ "™, norm
I|A|| is defined by

| Az]]

z#0,zeR™ ||| '

1Al =

For a differentiable function h : R" — R, the gradient Vhi(z) € R" is defined by

Vh(z) =
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Moreover, if function h is twice differentiable, the Hessian matrix V2h(x) € R™ " is defined
by

9%h(x) . 9%h(x)
81‘% 0x10xn
V2h(z) = oo
0%h(x) . 9%h(x)
0x, 071 ox2

2.2 Definitions

In this section, we introduce some basic definitions, which will be used in this thesis. For
more details, see [13, 52, 60].

2.2.1 Convexity
In this subsection, we give the definitions and relevant properties related to the convexity.
Definition 2.2.1. Let X C dom f be a convex set and f : X — R be a scalar function.

(1) Function f is convex if it holds that
(2) Function f is strictly convex if it holds that

[t + (1= t)y) < (@) + (1 - Of(y), Yo,y € X,t € (0,1),
(3) Function f is pus-strongly convex on X, py > 0, if it holds that

b+ (1= ) < 6F(@) + (1= 0 () = 31 = Ol — oI, ¥y € X, € (0,1)

Additionally, if function f is differentiable, the (strong) convexity can be described as
follows.

Lemma 2.2.1 ([13, Section 3.1.3], [52, Theorem 2.1.9]). Let X C dom f be a convex set and
f: X = R be a differentiable function.

(1) Function f is convex if and only if
fy) = fl@) +({V[f(z),y —x), Vo,y € X.
(2) Function f is pus-strongly convex on X, puy > 0, if and only if

fly) = f(@) + (VS @)y =)+ lly = ol va,y € X.
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In other words, the convex differentiable function is lower bounded by its first order
Taylor approximation, while the strongly convex function is lower bounded by a quadratic
function.

When the function is nondifferentiable and convex, it has a similar character as Lemma

2.2.1 (1), where the gradient is replaced by the “subgradient”.

Definition 2.2.2. Let function f : R™ — R be convex. A vector & € R" is a subgradient of
function f at point x € dom f if

fly) > f(z)+ (& y —x),Vy € dom f.

The set of all subgradients of function f at point x € dom f, denoted by Of(z), is called the
subdifferential of function f at point x € dom f, i.e.,

Of (x) :={€| f(y) = f(x) + (& y — x),Vy € dom f}.

When function f is proper, convex and = € int dom f, subdifferential df(x) is nonempty,
bounded and convex [52, Theorem 3.1.13]. In addition, when function f is convex and
differentiable at z, the element of the subdifferential 0f () is unique, and 0f(z) = {V f(z)}.
We let 0;f € RI’I denote the subdifferential of function f with respect to variable .

2.2.2 Lipschitz continuity

In this subsection, we introduce the definition of some types of the Lipschitz continuities

and their related results.

Definition 2.2.3. Let function f : R™ — R be continuously differentiable and let {J', i =
1,..., N} be a partition of the set N' = {1,...,n} *. The gradient V f is said to be block-wise
Lipschitz continuous with respect to blocks {T*,i =1,...,N} if for anyi € {1,..., N} there

exists a positive constant L; such that
V525 (0) = Ve f(@)]| € Lilly — ] ¥,y € dom f with yz = 2 7. (22,1
The constant L; is called the Lipschitz constant of gradient ¥ f with respect to block J*.

Note that when the number N of blocks reduces to 1, Definition 2.2.3 reduces to the
standard Lipschitz continuity. In this thesis, we let constant L; > 0 denote the Lipschiz
constant of V f with respect to the whole variable x.

The Lipschitz continuity plays an important role for the linear convergence or the iteration
complexity. Next, we recall a lemma, which states the properties of function f with the

Lipschitz continuity.

LA family of sets {J%, i = 1,2,...,N} is said to be a partition of set N’ = {1,2,..., N} if (i) J* C
N,i=1,2,..., N, is nonempty. (ii) Ui\]:lji:{l,l...,n}. (iii) J'NJ7) = @,Vi,j € {1,2,...,N},i # j.
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Lemma 2.2.2 ([7, Lemma 3.2], [50, Lemma 2|). Let {J*, i =1,..., N} be a partition of the
set N = {1,...,n}. Suppose that the gradient Vf is block-wise Lipschitz continuous with
respect to blocks {J*,i=1,...,N}. Then, the following statements hold.

(i) Foranyiec{1,...,N} and anyy,x € dom f withx 7 =y, f(y) < f(2)+ (Vs f(x),y7i—
rgi) + % 2.

yji —Z'ji

N
(ii) There exists a positive constant Ly such that Ly < ZLi and ||Vf(y) — Vf(z)] <

L¢|ly — x|| hold for any y,z € dom f. -

Lemma 2.2.2 (i) implies that the gradient Lipschitz continuous function is upper bounded
by a quadratic function. If function f is both gradient block Lipschitz continuous and
strongly convex, it follows from Lemma 2.2.1 (2) and Lemma 2.2.2 (i) that puy < L; holds for
any ¢ € {1,..., N}. Lemma 2.2.2 (ii) states the relations between the Lipschitz constants
Lyand L;, i € {1,...,N}.

Next, we give a new Lipschitz continuity-like definition, which helps us to improve the

iteration complexity of the block type methods.

Definition 2.2.4. Let {J',i=1,..., N} be a partition of the set N ={1,...,n}. We say
that gradient Y f is block lower triangular Lipschitz continuous with respect to blocks {J°,

i=1,2,...,N}, if there exists a nonnegative constant M such that
lg(z,y) = V()| < M|y — z||,Vx,y € dom f, (2.2.2)
where g : R™™ — R™ with

gjz-(x,y) = vjif(yjl,...,yjz‘—l,:vji...,JZJN), 1= 1,...,N. (2‘2.3)

Note that the constant M in inequality (2.2.2) of Definition 2.2.4 is different from the
Lipschitz constant L. The relation between the constants M and Ly is summarized by the

following remark.

Remark 2.2.1. When N =1, we have g(z,y) = V f(x), which yields that M = 0 in (2.2.2).
When N > 1, it is shown in Section 5.4 that M < 2L¢ holds for many classes of functions
f. For general continuously differentiable function f, we have M < \/NLf, which is proven
i Section 5.4.

2.2.3 Optimal solution and optimal conditions

In this subsection, we give the definitions of optimal solution, stationary point, as well as
the first order optimality condition of problem (1.2.1). For details, see [8, 13, 52, 60] and

references therein.
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Definition 2.2.5. (1) A vector x* € dom F is a locally optimal solution of problem (1.2.1)
if there exists a scalar R > 0 such that

F(z*) < F(z), Ve € {z |||z — 2"|| < R,z € dom F'}.
Function value F(z*) is called the local minimum of problem (1.2.1).
(2) A vector x* € dom F is a globally optimal solution of problem (1.2.1) if it holds that
F(z*) < F(x), Vo € dom F.
Function value F(x*) is called the global minimum of problem (1.2.1).

When problem (1.2.1) is a smooth problem, i.e, function ¢(z) = 0 for any = € dom F,

we provide its first order necessary optimality condition as follows.

Theorem 2.2.1 ([8, Propositions 1.1.1 and 1.1.2]). Suppose that 1 (z) = 0 in problem (1.2.1)

for any x € dom F. If vector x* € dom F' is a locally optimal solution, then we have
Vf(z*)=0.

Moreover, if function f is convex, then condition V f(x*) = 0 is a necessary and sufficient

condition for a vector x* € dom F' to be a globally optimal solution.

When problem (1.2.1) is a nonsmooth convex problem, its optimality condition can be
described as follows.

Theorem 2.2.2 ([52, Theorem 3.1.15], [12, Propositions 2.1.1 and 2.1.2]). Suppose that
problem (1.2.1) is a convex problem. A wvector x* € dom F' is a locally optimal solution of
problem (1.2.1) if and only if one of the following statements holds.

(1) 0 € OF(z*), i.e., vector 0 € R™ is a subgradient of F' at x*.

(2) F'(z*;d) > 0 holds for any d € R"™, where F'(x*;d) is a direction derivative at the vector
F(z* +td) — F(x*
x* with respect to the direction d € R", i.e., F'(z*;d) := lim (2" +td) (@ )

t—0+t t
The condition 0 € 9F (z*) reduces to Vf(z*) = 0 if p(z) = 0 for any z € dom F. When

problem (1.2.1) is a general nonconvex nonsmooth problem, the vector x* € R" satisfying

the condition in Theorem 2.2.2 (2) is referred to as a stationary point.
The next theorem states the optimality condition of the constrained nonsmooth convex

problem.

Theorem 2.2.3 ([8, Proposition B.24 (f)]). Let F': R™ — R in problem (1.2.1) be a convex
function. A vector z* € dom F minimizes F' over a convex set Q0 C R"™ if and only if there

exists a subgradient nn € OF (z*) such that

(n,x —x*) >0, Vo € Q.
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2.2.4 Convergence rate and regret

In this subsection, we give several definitions on the convergence speed, such as the linear
convergence and the iteration complexity. Moreover, we give a precise definition of the online
optimization problem and the related definition regret. See [52, 56, 81] and references therein

for details.

Definition 2.2.6. Let {z"} be a sequence generated by an iterative method. Suppose that

the sequence {x"} converges to the vector z*.

(1) The sequence {x"} is said to converge Q-linearly, if there exists a constant u € (0,1)
such that

In this case, we also say that the iterative method has QQ-linear convergence rate.

(2) The sequence {x"} is said to converge R-linearly, if there exist constants p € (0,1) and
¢ > 0 such that

[ — 2% < ep”.
In this case, we also say that the iterative method has R-linear convergence rate.

Unless otherwise stated, “linear convergence” means the “Q-linear convergence” in this
thesis. The following theorem states the relation between the Q-linear and R-linear conver-

gence.

Theorem 2.2.4 ([56, Proposition 1.3]). If sequence {z"} converges Q-linearly, then it con-

verges R-linearly, but not vice versa.
The iteration complexity can be defined formally as follows.

Definition 2.2.7. Let {«"} be the sequence generated by an iterative method. Let F* be
an optimal value and € > 0 be an approrimation accuracy. The global iteration complexity

bound of the iterative method is an iteration number rq > 1 such that, for any r > rq,
F(z")—F*<e.
We also say that the iterative method has ro iteration complexity.

For example, if there exist constants ¢ > 0 and p > 0 such that

1

F(z") = F* <ecr v,
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by setting ro = (£)?, for any r > ry, we have F'(2") — [ < e. Hence, the corresponding
iterative method has (£)P iteration complexity. For simplicity, we say that the iterative
method has O(Z) iteration complexity, or say that the sequence {F(2")} converges to F*
with O().

Next, we introduce the formal definition of the online optimization problem.

Definition 2.2.8 ([81]). An online convex optimization problem consists of a feasible set
Q CR"™ and an infinite sequence {F*, F? ...}, where F': Q — R is a convex function. At
each time step t, an algorithm selects a vector x* € Q. After the vector is selected, it receives

the loss function F*.

As mentioned in Chapter 1, for the online optimization problem, a primary concept is

the regret, which is defined as follows.

Definition 2.2.9. For the online optimization problem (1.2.2), for given T > 0, the regret,
denoted by R(T), is defined by

T T
R(T):= ) F'(a') =) F'(z"), (2.2.4)

t=1 t=1
where {z', ..., 2T} are decision vectors generated by an iterative method, and x* is an optimal

solution in some sense.

Note that the common selection of the optimal solution z* for the online problem is
o* € argmin, o>, F'(z) [81].

2.3 (Block) proximal gradient methods and related re-

sults

In this section, we take problem (1.2.1) as an example to introduce several existing versions
of the (block) proximal gradient methods with Bregman functions and the related results.
The (block) proximal gradient method with Bregman functions for the online problem (1.2.2)

can be described similarly.

First, we introduce the framework of the proximal gradient method with Bregman func-
tions without block for problem (1.2.1).
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Proximal gradient (PG) method with Bregman functions:
Step 0: Choose an initial point 2° € intX and choose a kernel function 7. Let r = 0.

Step 1: Solve the following subproblem and obtain a direction d" = d, («").

d,(z") = al(;%rélgn {Vf(a"),d) + By(a" + d,2") + mp(2" +d)}, (2.3.1)

Step 2: Choose a stepsize a” > 0. Set 27! = 2" + a"d” and r = r + 1. Go to Step 1.

The most common and easy setting for the kernel 7 is the quadratic function g||z||*>. The

following existing methods can be looked on as special cases of the above PG method.

(1) The gradient projection method, i.e., when function ¢ (x) is an indicator function with

respect to a convex set X, the sequence {z"} is generated by
g™ = Px (2" — a,Vf(z")),
where Px is a projection operator, defined by Px(x) = argrﬁin |u — z]|3.
ue
This method is included in the PG method with kernel n(z) = ||z|*.

(2) The soft-thresholding method, i.e., when function ¢(z) = ||z||;, the sequence {z"} is
generated by

a = To,r (2" — a,Vf(z")),
where mapping 7, : R™ — R" is the soft-thresholding operator, defined as follows.

u; — a7 if u; > a7,
Tor(w)i =140 if — a7 <y < a,, (2.3.2)

w; + a7 if u; < —a,T.
This method can be deduced from the above PG method with kernel n(x) = ||z||?.

(3) The exponentiated gradient method, i.e., when function ¢(z) is an indicator function
with respect to a simplex > »  x; = 1, 2; > 0, i = 1,...,n, the sequence {z"} is

generated by

r o —a,V;f(z")
,’,,+1 - xle T 2

7 - n T —arV; ) *
D i TjeT f@r)

xT

This method is a special PG method with kernel n(z) = >"" | z;Inz;.
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Note that in the case (1), subproblem (1.3.4) must be solved by an iterative solution
method. In the cases (2) and (3), subproblem (1.3.4) has a closed form solution (alternatively,
analytic solution).

Next, we introduce the existing block coordinate gradient descent method for problem

(1.2.1), which is proposed in [69]. The particular framework is described as follows.

Block coordinate gradient descent (BCGD) method:

Step 0: Choose an initial point 2° € dom F and let r = 0.

Step 1: Choose a nonempty J” C {1,2,...,n} and a symmetric matrix H” € R™" H" > 0.
Step 2: Solve the following subproblem and obtain a direction d" = d,-(z").

d,(z") = argmin {(Vf(mr), dy + %dTHTd + 7(x" + d)’ dj = O} : (2.3.3)
deR™

Step 3: Choose a stepsize a” > 0. Set 2" = 2" 4+ o"d” and r = r + 1. Go to Step 1.

Note that matrix H" > 0 is usually chosen to be an approximation of the Hessian
V2f(z"). This BCGD method is closely related to the PG method. If we choose kernel
n"(z) = s2"H"z in the PG method, we have By (2" + d,z") = 3d"H"d. With different
matrix H", the directions d,-(2") in (2.3.3) are different. The following existing methods

can be regarded as special cases of this BCGD method.

(1) The Newton method, i.e., when function ¢ (z) = 0 for any = € dom f, the sequence {z"}
is generated by

xr-i—l =" — ar(v2f(l_r))—lvf(wr)'

This method can be regarded as a special case of the BCGD method with H” = V2 f(z")
and J" ={1,2,...,n}.

(2) The regularized Newton method, i.e., when function ¢ (z) = 0 for any = € dom f, the

sequence {z"} is generated by
o =2 — o (VA7) + )TV f (7).

This method can be deduced from the BCGD method with H" = V2f(x") + ul and
J=1{1,2,....n}.

In the existing works on the convergence of the (block) proximal gradient method, the

following lemma is necessary, which is called the “three-point property”.

Lemma 2.3.1 ([68, Property 1]). For any proper l.s.c. convex function ¢ : X — (—00, 00|
and any z € X, if

2y = argmin {p(7) + By(z,2)},
zeX
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where By (x,z) :=n(x) —n(z) = (Vn(z),x —2) and n: X — (—o0, 00| is differentiable at z,
then

o(x) + By(z,2) > ¢(24) + By(2+, 2) + By(x, z4), Vo € X.

The existing results on the iteration complexity of (block) proximal gradient methods
are summarized in Table 2.1, where the constant N denotes the number of blocks, L is the

Lipschitz constant for V f, and ¢ is the approximation accuracy.

Table 2.1: The existing iteration complexity of the (block) proximal gradient methods

when f is convex or strongly convex

Method Complexity (convex) | Complexity (strongly convex)
proximal gradient method[45] O(%) O(log 1)
BCGD method [7, 50, 59, 70] O(%) or O(% log 1) O(Nlog?)

2.4 Rules for choosing blocks

In this subsection, we introduce the rules to select a block for the block type method.
The following generalized Gauss-Seidel rule [69, 71] is an extension of the classical cycle
rule [41].

Generalized Gauss-Seidel rule: Choose {J"} to satisfy the following condition.
There exists an integer B > 1 such that J°, J', ... collectively cover the set N' = {1,2,...,n}

for every B consecutive iterations.

This rule implies that the index set J" satisfies
7 JrtyYrrr =N =01, (2.4.1)

Note that the blocks {J"™/, j =0,1,..., B — 1} in the generalized Gauss-Seidel rule can be
overlapping.
The following restricted Gauss-Seidel rule [69] is a special case of the generalized Gauss-

Seidel rule.

Restricted Gauss-Seidel rule: Choose {J"} to satisfy the following condition.
There exists a subsequence I' C {0, 1, ...} such that

0el, N = (disjoint union of J©, J'T, ..., Je-l ) Vrel, (2.4.2)

where () is defined as ¢(r) := min{r’ € I' | ' > r}.
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It is worth mentioning that the blocks {J™7 j = 0,1,...,(r)—1,7 € T'} in the restricted
Gauss-Seidel rule cannot be overlapping. Thus, if the convex function ¢ in problem (1.2.1)

is block separable with respect to each block J", then v (z") can be rewritten as

p(r)—1
Y(a") = Y (), vrel. (2.4.3)
The following cyclic rule [41] is the simplest Gauss-Seidel rule, which is a special case of
the restricted Gauss-Seidel rule with ¢(r) =7+ N and I' = {0, N, 2N, ... }.

Cyclic rule: Let {J*, i =1,..., N} be a partition of the set N = {1,...,n}. Choose blocks

in a cyclic order.

The Gauss-Southwell rule [69] is a general name for the Gauss-Southwell-r rule and the

Gauss-Southwell-q rule, which are described as follows.

Gauss-Southwell-r rule: Choose {.J"} to satisfy the following condition.
ldpr (2" )l = vldpr (273 N) oo,

where direction dp-(z"; J") is defined by (1.3.7) with H = D" € R™ ™ such that D" is
diagonal with D" > 0 and constant v € (0, 1].

Gauss-Southwell-q rule: Choose {J"} to satisfy the following condition.
qpr (2" J") > vapr (2" N,

where value gy (z; J) is defined by

qu(z; J) = ((Vf(x), d) + %dTHd + 7(x + d))ddH(x;J) — 1Y (x),

direction dy (x; J) is defined by (1.3.7), constant v € (0, 1], and matrix D" € R™*" is diagonal
with D" > 0.

Note that in the Gauss-Southwell-r rule and Gauss-Southwell-q rule, we need to compute
dpr(z"; N'), which needs to solve an n-dimensional problem.

The random rule [59] is described as follows.

Random rule: Let {J%, i =1,..., N} be a partition of set N = {1,...,n}, and let {p;,i =
1,...,N} be a set of probability vector such that, for any i € {1,2,..., N}, p; > 0, and

N
Zpi = 1. At each iteration, we choose a block J° € {jl, J? ..., jN} with probability p;.
i=1







Chapter 3

An inexact coordinate descent
method for the weighted [{-regularized

convex optimization problem

3.1 Introduction

In this chapter, we consider the following weighted [;-regularized convex optimization prob-

lem with box constraints.

minimize F(x) := g(Ax) + (b, x) + Zﬂ|$z|
P (3.1.1)

subject to | < x < u,

where g : R™ — (—o00, 00| is a strictly conver and continuously differentiable function, A €
R™™ and b € R"™. Moreover, 7, [ and u are n-dimensional vectors such that [; € [—00, ),
u; € (—o0,00],7; € [0,00) and [; < u; for each i = 1,...,n. The nonnegative scalar constant
7; is called the weight and the term " 7;|z;| is called the l;-regularization function. For
convenience, we denote the differentiable term of F' by f, that is, f(x) := g(Ax) + (b, z).

When [; = —o00, u; = oo and 7; = 7 hold for any ¢ = 1,2,...,n, problem (3.1.1)
reduces to the unconstrained separable optimization problem (1.2.1). Additionally, it is
worth mentioning that problem (3.1.1) is a convex problem since function g is assumed to be
strictly convex. However, the optimal solutions are possibly not unique because the matrix
A may not have the full column rank.

As described in Subsection 1.2.3, the applications [29, 35, 55, 77] of problem (3.1.1)
typically have large scales, and the CD method [38, 43, 67, 72| is shown to be an efficient
method to solve it. Luo and Tseng [43] proved that it has global and linear convergence
for a smooth problem, that is, 7; = 0 for all . For more complicate regularization problem,

in 2001, Tseng [67] showed the global convergence of a block coordinate descent (BCD)
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method for minimizing a nondifferentiable function with certain separability. However, its
convergence rate is still unknown. Moreover, in the most of the existing works, we assume
that the exact minimizers of the subproblem can be found at each iteration in [67, 43]. It is
possible for the [;-ls problem, while usually it is hard for the general [;-regularized convex

problem.

In order to improve the applicability of the CD method, some inexact CD methods are
proposed [11, 69, 74|, such as the inexact block coordinate descent method [11], the coordi-
nate gradient descent (CGD) method [69] and the coordinate proximal point method [74].
The CGD method is executed with one step of the gradient method for the subproblem
of the CD method, while the method [74] exploits the proximal point method to find an
approximate solution. Thus they are regarded as the inexact CD methods. Bonettini [11]
proposed an inexact version of the CD method. He gave some appropriate conditions about
the inexactness of the solution for the subproblem, and has shown that the proposed method
with these conditions has global convergence. However, he only focused on a smooth op-
timization problem, i.e., 7; = 0, for all ¢, and did not show the rate of convergence of the

proposed method.

In this chapter, we present a new inexact coordinate descent (ICD) method with a new
inexactness description, which is an extension of the result of Luo and Tseng [43]. In par-

ticular, we extend in the following three aspects.

e The smooth convex problem is extended to that with the [-regularized function.

e At each iteration, we accept an inexact solution of the subproblem instead of the exact

solution.

e The linear convergence rate is proven for the nonsmooth problem.

Under the same assumptions in [43], we show that the proposed ICD method is not only
globally convergent but also with at least R-linear convergence rate under the almost cycle
rule (Theorem 3.4.2 in Section 3.4 for details).

This chapter is organized as follows. In Section 3.2, we derive optimality conditions for
problem (3.1.1) and also define e-optimality conditions which are related to an inexact solu-
tion. In Section 3.3, we present a framework of the ICD method and make some assumptions
for the “inexact solutions”. The global convergence and linear convergence rate are estab-
lished in Section 3.4. In Section 3.5, we report some numerical experiments for the proposed
ICD method and show the comparison with the coordinate gradient descent (CGD) method
[69]. Finally, we conclude this chapter in Section 3.6.
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3.2 Preliminaries

Throughout the chapter, we make the following basic assumptions for problem (3.1.1).

Assumption 3.2.1. For problem (3.1.1), we assume that

(a) A; is a nonzero vector for all j € {1,2,...,n}.

(b) I; <0 <wu; forallie{l,2,...,n}.

(c) The set of the optimal solutions, denoted by X*, is nonempty.

(d) The effective domain of g, denoted by dom g, is nonempty and open.

(e) g is twice continuously differentiable on dom g.

(f) V2g(Ax*) is positive definite for every optimal solution x* € X*.

We make a few remarks on these assumptions. In Part (a), if A; is zero, then 7 of the

optimal solution z* can be easily determined. Thus we can remove z; from problem (3.1.1).

Part (b) is just for simplification. If both [; and u; are positive for some i € {1,2,...,n}, we
may replace x;, [; and u; by z; + l”;“"', lb_;“ and “- L Then problem (3.1.1) is reformulated

into the case without [;-regularized term for the index ¢. If g is strongly convex and twice
differentiable on dom g, then Parts (e) and (f) are satisfied automatically. For example,
a quadratic function, an exponential function, and even some complicate functions in the
l;-regularized logistic regression problem satisfy (e) and (f). Note that we do not assume
the boundedness of the optimal solution set X*.

Next, we present some properties under Assumption 3.2.1 that are used in the subsequent
sections. From (e) and (f) in Assumption 3.2.1, there exists a sufficiently small closed
neighborhood B(Az*) of Az* such that B(Az*) C domg and V?¢ is positive definite in
B(Azx*). Furthermore, it implies that g is strongly convex in B(Az*), i.e., there exists a
scalar py > 0 such that

9(y) —9(2) = (Vg(z),y — z) > %Hy — 2|, Vy,z € B(Az"). (3.2.1)

3.2.1 Optimality conditions
The KKT conditions [60] for problem (3.1.1) are described as follows.
Vlf(x) + Tza|xz| — W +V; D 0,

x; < v > 0,v(u; — ;) =0,
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where J| - | is the subdifferential of the absolute value function. Since problem (3.1.1) is
convex, z satisfying (3.2.2) is an optimal solution of problem (3.1.1). The KKT conditions

(3.2.2) can be rewritten as follows.

Lemma 3.2.1. A vector x is an optimal solution of problem (3.1.1) if and only if one of
the following statements holds for each i € {1,...,n}.

() Vif(z) > 7 and z; = ;.

(i) Vif(z) =7 and ; < z; < 0.
(iii) |Vif(z)| <7 and z; = 0.

(iv) Vif(z) = -7 and 0 < z; < u,.
(v) Vif(z) < =7 and x; = u;.

Next, we represent these conditions as a fixed point of some operator. To this end, we first
use the soft-thresholding operator, given in Section 2.3, to define a mapping 7, : R" — R"

Tr(x); == (2| — 75)4sen(x;), (3.2.3)

where the scalar function (a), is defined by (a) := max(0, a), and sgn(a) is a sign function

defined as follows.

-1 ifa <0,
sgn(a) :==40 ifa=0,
1 ifa > 0.

It can be verified that mapping T’ is nonexpansive, i.e., | T-(y) — T-(2)|| < ||y — z||, for any
Y,z € dom F.

Let [z] [tu] denote the orthogonal projection of a vector x onto the box [I,u]. This projec-
tion is also nonexpansive and its i-th coordinate can be written as [xz][zul] = mid{x;, [;, u; },
where mid{x;, l;, u;} is defined by mid{x;, ;, w;} := max{l;, min{w;, z;}}.

_l’_

s We define a mapping P;;,(z) : R™ — R" by

By using the mappings T, and [
Priu(z) = [T (z — Vf(:p))]ﬁ“u] (3.2.4)
Since [x][Jlru] and T’ are nonexpansive, we have that

1Priu(y) = Prau(2) < lly =2 =V f(y) + Vi(2)l, Vy,z € dom F. (3.2.5)

Now, the optimal solutions can be described as a fixed point of the mapping P, ;.
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Theorem 3.2.1. For problem (3.1.1), a vector x belongs to the optimal solution set X* if
and only if v = Pry,(2), i.e., X* ={z| v € domg,x = P ;,(x)}.

Proof. This theorem is a direct consequence of Theorem 3.2.2 that will be shown in

Subsection 2.2. -

Since the solution set X* is not necessarily bounded, the level set of F' may not be
bounded. Nevertheless, as an extension of [43, Lemma 3.3], we can show the compactness
of the set Q(¢) :={t| t = Az, F(z) < (,z € [l,u]}.

Lemma 3.2.2. For a given constant value (, the set (C) is a compact subset of dom g.

Proof.  The [;-regularized convex problem (3.1.1) can be transformed into a smooth

optimization problem with box constraints.

minimize F(z,27) = g(Az™ — Az™) + (b,at —27) + ZTZ(Ij_ + ;)

zt, z—€R™
subject to 0 <z <wy,i=1,...,n,

0<z; <|l|,i=1,...,n.

Note that if (z,z7) is feasible for problem (3.2.6), then z = 2™ — 2~ is also feasible for
problem (3.1.1) due to | <z < w.
Let Q(¢) be defined as follows.

Q(¢)={Az" — Az7| F(z*,27) < (2" € [0,u], 2™ € [0, U]}
={Ax|z =2t — a2 F(zT,27) < (2" € [0,u],2~ € [0,]l]]},

where |I| = (|li], ..., |l.])T. Then Q(C) is a compact set of dom g from Appendix in [43].

In the rest part, we only need to show Q(¢) = Q(¢). In fact, for every t € Q((), there
exists (z,77,27) such that t = Aw,z = 2+ —a~, F(z*,27) < (,2* € [0,u], and 2~ € [0, |{]].
Then we have z € [l,u] and ¢ > F(z*,27) > F(x). It further implies that ¢ € Q(¢), i.e.,

Q(¢) € Q(¢).

Conversely, for every t € ((), there exists a vector x such that t = Az, F(z) < ¢, and
r € [l,u]. Let z;7 := max{x;,0} and x; := max{—x;,0} for each i = 1,...,n. Then we have
vt € [0,u),z= € [0,]l]], # = 2+ —2~, and F(z*,27) = F(z). Therefore, we deduce that
t € Q(¢), which implies that Q(¢) C Q(¢). Consequently, the relation Q(¢) = Q(¢) holds. =

Next, we show that Vg is Lipschitz continuous on some compact set including 2(¢). For
this purpose, we define a set Q(() + B(eo) as Q(¢) + B(ey) == {p+v| p € Q), ||v]] < €},
where ¢ is a positive constant. It is easy to see that the set Q(() + B(ep) is compact.
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Lemma 3.2.3. There ezist constants L, > 0 and €9 > 0 such that Q(¢) + B(ey) € domg
and [|Vg(y) = Vg(2)|| < Lylly — 2|l for ally, z € Q(C) + B(eo).

Proof.  Since set Q(() is closed from Lemma 3.2.2 and dom g is open, there exists a
positive constant €y such that (¢) + B(eg) € dom g. Furthermore, since g is twice continu-
ously differentiable on dom g, and Q(¢) + B(eg) is compact, we have that V2g(z) is bounded
in Q(¢) + B(eo), that is, there exists a constant L, > 0 such that ||[V3g(z)|] < L, for all
x € Q(C) + B(ep). Then, this lemma holds from the mean value theorem. "

Similar to [44, Lemma 2.1], we can prove the following invariant property of the optimal
solution set X*. For simplicity, we omit the proof here.

Lemma 3.2.4. For any x*,y* € X*, we have Ax* = Ay*.

3.2.2 c-optimality conditions

In this subsection, we give a definition of the relaxed optimality conditions, and show a

relation between the conditions and the mapping F; .

Definition 3.2.1. We say that the e-optimality conditions for problem (3.1.1) hold at x if

one of the following statements holds for each 1.
(i) Vif(x) =1 > —c and |x; — ;] <e.

(i) |Vif(zx) —n| <eandl; —e <ux; <e.

(iii) |Vif(z)| < mi+e and |z;] <e.

(iv) |Vif(x)+ 1| <eand —e <x; <wu;+e.
(v) Vif(z)+7 <eand |z; —u| <e.

Definition 3.2.2. We say that x is an e-approximate solution of problem (3.1.1) if the

e-optimality conditions hold at x.

Note that the optimality conditions in Lemma 3.2.1 can be obtained by Definition 3.2.1
with € = 0.

For convenience, we define the following five index sets.

{il Vif(x) =7 > —¢, o — li] < e}

{i] |[Vif(x) =7i| <e,li—e < <ely
{i[ IVif(@)| < 7+ e || < el

{i| IVif(x)+ 7] <e,—e <z <w+e};

Jl X,

Js
Jy

X,

(z,e)
Jo(z,€) :
(z,€) :
(z,e)

X,
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Js(x,e) ={i| Vif(x)+ 7 <e |z, —w| <e}.
Then the e-optimality conditions hold at z if and only if |J7_, Ji(z,¢) = {1,2,...,n}.
Throughout the chapter, for simplicity, we assume that

1
€<y '_Hllin {=li,u;}. (3.2.7)

.....

The next theorem gives an equivalent description of the e-optimality conditions, which
will be used for constructing an inexact CD method and investigating its convergence prop-

erties.

Theorem 3.2.2. The c-optimality conditions hold at x if and only if |x; — Prju(z)i| < €
holds for each i € {1,2,...,n}.

Proof. By the definitions of 75 (z) and P, ,(z) in (3.2.3) and (3.2.4), we have that

|z; — Pryu(2)i| = |z — mid{l;, u;, max {0, |z; — V,f(x)| — 7 }sgn(x; — V,f(z))}|
(|2 — 1 if 2, — Vi f(z) € (—o0,1; — 7,
\Vif(r) —n| if vy = Vif(z) € (I — 7, —7l, (3.2.8)
=9 |z if x; — V;f(x) € (=7, 7],
IVif(z) + 7| if 2 — Vif(z) € (1, wi + 7,
7 — wil if z; — Vif(z) € (u; + 75,0)

We firstly consider the “ if 7 part of this theorem. It is sufficient to show that if |z; —
P .(x);] < e holds for each ¢ € {1,2,...,n}, then for each i € {1,2,...,n} there exists a
Jj€{1,2,...,5} such that i € J;(x,e). We can prove this according to the distinct cases in
(3.2.8). If z;—V,f(z) € (—o0,l;—7], then it follows from |z; — P;; . (x);| < € and (3.2.8) that
;= Pryu(x)i] = |xi—1;| < e, thatis, x;—1; > —e. Moreover, since 2, —V, f(z) € (—o0,l;—T7]
implies that V, f(z) — 7, > x; — l;, we have V, f(z) — 7; > —e. Therefore, i € Ji(x, ) holds.
Similarly, we can show that if x; — V, f(z) is located in other intervals, the corresponding
results also hold.

Conversely, suppose that z is an e-approximate solution, i.e., for each ¢ € {1,2,...,n},
there exists a j € {1,2,...,5} such that ¢ € J;(z,e). Thus, it is sufficient to show that for
each ¢ and j such that ¢ € J;(x,¢), the inequality |z; — Py .(x);| < € holds.

Case 1: i € Ji(x,¢) or i € J;(x,e). First suppose that i € Jy(z,e). Then we have
Vif(x) =71 > —cand |x; — ;] <e. (3.2.9)

They imply that z;—V, f(x) < l;—7;+2¢. It then follows from (3.2.7) that x;—V, f(x) €

(—o0, —7;). Thus, we focus on (3.2.8) in two intervals (—oo,l; — 7;] and (I; — 7, —7;]. If
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z;—V,f(x) € (—o0,l; — 7], it follows from (3.2.8) that |x; — Py .(z);| = |x; —;|. Then
the inequality |x; — Pr.(x);| < e holds due to (3.2.9). If z; — V,f(z) € (I; — 7, —7],
then we have V, f(x) — 7, < x; —; and |z; — Pryu(z);| = |Vif(x) — 7| , which together
with (3.2.9) imply |z; — Prju(2);| < e. A symmetric argument can prove the case with
i€ Js(x,e).

Case 2: i € Jy(x,¢) or i € Jy(x,e). First suppose that i € Jy(z,e). Then we have

Vif(z) —7| <ecandl;—e < <e. (3.2.10)

We obtain —7; — e < —V,f(x) < e — 7; from the first inequality. Adding these
inequalities and the second inequalities of (3.2.10), we have [; —7; —2¢ < x; — V, f(z) <
2e — 7;. With the assumption (3.2.7) on €, we have x; — V, f(z) € [l; — 7 — 2¢, u;).
Now we show |z; — Prj.(2);] < € from (3.2.8) and (3.2.10) by dividing the interval

[lz — T — 25, UZ) into [lz — T, — 25, lz — Ti], (lz — Ty, _Ti]; (—TZ‘, Ti] and (TZ‘, uz)

(i) fx; —V,f(z) € (l — 7 — 2e,1l; — 7], it follows from (3.2.8) that |z; — Pry.(x):] =
|z; —1;|. Meanwhile, we obtain z; —I; < V;f(x)—7;. Then we have x;—[; < ¢ from
the first inequality in (3.2.10). On the other hand, we have z; —[; > —¢ from the
inequalities [; — e < x; < ¢ in (3.2.10). Hence, the inequality |x; — Py .(2);| < ¢
holds.

(ii) If z; — V,f(x) € (I; — 7, —7], then the inequality |z; — Py ;. (2);| < € holds due to
(3.2.8) and (3.2.10).

(iii) If 2;,—V,f(z) € (=7, 1], then we have |z;— P, (2);| = |z;| by (3.2.8). Moreover,
it yields xz; > V,f(z) — 7;. It then follows from the inequality |V, f(z) — 7| < ¢
in (3.2.10) that x; > —e. Furthermore, we have z; < ¢ from (3.2.10). Hence,
|z; — Pryu(x)i] = |z <e.

(iv) If z; — Vif(z) € [, u;), we have |x; — Pry(x);| = |Vif(z) + 7| from (3.2.8).
Thus, |z; — Prju(z);| < € is equivalent to —7; — ¢ < V,;f(z) < e — 7. First,
we have V,f(zx) < z; — 1, < € — 7, where the first inequality follows from the
assumption x; — V; f(x) € [1;,4;], and the second inequality follows from (3.2.10).
Next, we obtain V,f(x) > —e + 17, > —e — 7;, where the first inequality follows
from (3.2.10), and the second inequality holds due to 7; > 0.

In the case where i € Jy(x,¢), a similar analysis shows |z; — Py, .(z);| < e.

Case 3: i € J3(x,¢). Then we have

\Vif(x)]| <7 +¢e and |z;] <e. (3.2.11)
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These inequalities imply —7; —2¢ < x; —V, f(z) < 7;+2¢. Moreover, we have by (3.2.7)
that [; — 7, < x; — V;f(z) < u; + 7. Then we prove |x; — P, (x);| < € by dividing
the interval (I; — 7;, u; +7;) into the following three intervals: (I; — 7;, —7;], (—7, 7] and

(73, ui + 7).

(i) Ifl, —n <z, — V,f(x) < —7, then we have |z; — Pr;.(v):| = |Vif(z) — 7| from
(3.2.8). Thus, |z; — Prju(x);| < e is equivalent to 7, — e < V,;f(z) < 7, +e. We
first have 7; — e < V,;f(z) from (3.2.11) and the ineqaulity z; — V;f(z) < —7.
Next, we have V; f(z) < 7; + € since the inequality |V, f(x)| < 7, + € in (3.2.11)
holds.

(i) If - < z; — Vif(x) < 7, then we have |x; — P, (2);| = |z;] from (3.2.8). It
then follows from (3.2.11) that |x; — Py ()| <e.

(iii) f , <z, — Vif(x) < 7; + w;, then we have |z; — Py (x);| = |V, f(z) + 7| from
(3.2.8). Meanwhile, V,f(z) < x; — 7; holds. Then the inequality V,f(z) <e — 7
holds due to x; < ¢ in (3.2.11). Moreover, we have V, f(x) > —7; —e by (3.2.11).
Hence the inequality |x; — Pr;.(2);| < € holds.

Upon the preceding proof, the necessary condition of this theorem is confirmed. [

3.3 Inexact coordinate descent (ICD) method

In this section, we first present a framework for the ICD method, and then give some
assumptions for the “inexact solutions”.

A general framework of the ICD method can be described as follows.

Inexact coordinate descent (ICD) method:

Step 0: Choose an initial point 2V € [[,u] and let r = 0.

Step 1: If some termination condition holds, then stop.

Step 2: Choose an index i(r) € {1,...,n}, and get an approximate solution :L‘:(t )1 of the

following one dimensional subproblem:

Sar s ror r r r
minimize F(27, 25, o T 1, Ti(r)s Ti(ry 15 - - -5 Ty)- (3.3.1)
() E{Li(r) ST () St () }

Step 3: Set 2" = a7 for all j € {1,...,n} such that j # i(r), and let r = r + 1. Go to
Step 1.

Note that the exact solution of the subproblem (3.3.1) is unique from Assumption 3.2.1(a)
and the strict convexity of g. We use the notation i(r) for the index chosen at the r-th

iteration. For simplicity, we use ¢ instead of i(r) when i(r) is clear from the context.
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For the global convergence of the ICD method, it is important to define the inexactness
of the approximate solutions of the subproblem (3.3.1) and to choose an appropriate index
i(r) in Step 2.

For the inexactness, we require the following assumptions.

Assumption 3.3.1. We assume that the following statements hold:

: T r r+1 _.r r : T T r r
(i) F(af,ah, ... 2] o) 2, . ..,2n) < min F(a],ah, ..., 2 1,2, %)4,...,2,).

n n
x;€{1;,0,u;,x7 }

(ii) 2[™" is feasible, i.e., 2T € [l;, ).

%

r4+1

(iii) 2/ is an " -approzimate solution of the subproblem (3.5.1).

(iv) Conditions on c™*': e < min{4,, o, |2/ — 27|, "}, where {5,} is a monotonically

decreasing sequence such that lim 6, = 0, and a,. € [0, @] holds with a positive constant
r—00

Q.

v 4

(v) Conditions on «a,: o, < holds for sufficiently large r, where pg is

ar,max || A;]|* + 2
J

a positive constant defined in (3.2.1), and L, is the Lipschitz constant of Vg given in

Lemma 3.2.3.

Here we make a simple explanation. Part (i) enforces not only that {F(z")} is decreasing
but also that {F(2"*!)} is less than F(«7, 2%, ..., 2} |, x;, 2%, ..., ) at the point where F
is nonsmooth. This condition is easy to check when computing. It also plays a key role for
the convergence of {z"} when the objective function is not differentiable. In Part (iii), recall
that the e-optimality conditions for the one dimensional subproblem (3.3.1) is that one of
(i)-(v) in Definition 3.2.1 holds at x;(). The assumptions (i)-(iv) are necessary for the global
convergence while the assumption (v) on «, is used to guarantee the linear convergence rate
of {z"}.

Note that if we obtain the exact solution of the subproblem (3.3.1) at each iteration, then
the sequence {z"} satisfies Assumption 3.3.1 automatically. Hence, the classical CD method
is a special case of the ICD method.

For the choice of the coordinate i(r) in Step 2, we adopt the “generalized Gauss-Seidel
rule” [69, 71] with [J"| = 1,7 = 1,2,..., which is precisely defined in Section 2.4. For

simplicity, in this chapter, we call it the “almost cyclic rule”, which is described as follows.

Almost cyclic rule:

There exists an integer B > n, such that every coordinate is iterated upon at least once

every B successive iterations.

In the next section, we will show the ICD method with the almost cycle rule converges

R-linearly to a solution under Assumptions 3.2.1 and 3.3.1.
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3.4 Global and linear convergence

In this section, we show the global and linear convergence of the ICD method. Compared
with the classical exact CD method, the ICD method has many “inexact” factors. Thus we
need some preparations.

First of all, we illustrate a brief outline of the proof.

(1) lim {2"' — 2"} = 0. (Lemma 3.4.3)

r—00
(2) Az" — Ax*, where x* is one of the optimal solutions. (Theorem 3.4.1)

(3) Sufficient decreasing: F(z") — F(z"™!) > n|jz" — 2"||? for some positive constant 7.
(Lemma 3.4.8)

(4) Error bound: ||Az" — Az*|| < kl|2" — Pryu(2”)| for some . (Lemma 3.4.9)
(5) Linear convergence. (Theorems 3.4.2 and 4.5.2)

Note that since it is not necessary for the matrix A to have full column rank, Az"™ — Ax*

(Theorem 3.4.1) does not imply =" — z*.

1

For convenience, we define two vectors 2”1 and 2”1 as follows.

[%7'-1-1 = (,’,U"{, I'g, e ,x;ﬂ(r)717 f%:(—:)l, I':(r)+1, Ce 7.’,5';)7 (341)
and
[ET-I-l = (.’,U;, I’g, c. ,ZL’;‘(T)_17 :E:(t)l, l':(r)+1, Ce 7.T:L)7 (342)

m+l_approximate solution and the exact solution of the sub-

where x:(t )1 and i:&f )1 are an €
problem (3.3.1), respectively.
In the first part of this section, we show lim {F(3") — F(2")} = 0 and lim {z"*' — 2"} = 0.
7—00 T—00

To this end, we need the following function h; : R™ x R™ — R and Lemma 3.4.1.

hi(y, 2) = Vif (2) (4 — z) + 7ilyal = [z])

(Vif () + )y — =) if g > 0,2 > 0,
- Vif(2)(yi — z) + 7y + 2) ify; > 0,2 <0, (3.4.3)
Vif(2)(yi — zi) + 7=y — 21) iy <0,2 >0,
((Vif(2) —7)(yi — 2) if 1, <0,2; <0.
Lemma 3.4.1. There exists a positive constant M such that |x:(t)1 - ~:(J;)1] < \\jﬁll for all

r.
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Proof. By lemma 3.2.2, we have that the set Q(F(z°)) is compact. Since {Az"™'},
{Az"1} C Q(F(2°)) holds, we further obtain that {Az"*'} and {AZ"*'} are bounded, that
is, there exists a constant M > 0 such that [|Az" ™|, |[Az"|| < M for all r. Then we deduce

HA H’xr-i-l ~r+1| — HA.CET—H AZI?H_l” S ||A$r+1|| 4 |’Air+1‘| S 2./\/1,

i(r)

which implies the conclusion since A; is nonzero for all i. ]

Lemma 3.4.2. lim {F(Z") — F(2")} = 0.

r—00

Proof. Since xr(”L )1 is the exact solution of subproblem (3.3.1), the inequality

F(@) — F(2") <0 (3.4.4)

always holds. On the other hand, by the convexity of f, we have

F(QTH) B F( r+1) > V f( r+1)(g~yz(t)1 :(t)l) + Ti(r) (|xr+1\ - |:cr+1|) (3 4 5)
= higy (22

Let index sets Z4 and Z” be defined by

Y=L |E gy — 2l < &Y, 28 = {r| |3, — iy > "),

z('r

respectively. First we consider the subsequence {z" "'} 4 of {z"}. Since {Az"} is bounded,
{Vf(2")} is also bounded from the continuity of Vg. It then follows from (3.4.4), (3.4.5)
and et — 0 that  lim {F(@""") - F(2")} =0.

r—oo, r€ZA
Next we consider the subsequence {z" ™'} ,5. We will show the following inequality

higy (@ 2" > Pt Vr+ 1€ Z7 (3.4.6)

holds, where P = HA ”+2TZ(T)+25T“ Then it is easy toshow ~ lim {F(z FY — Fz™ ™} =0
r—00, T€Z
from (3.4.4), (3.4.5), (3.4.6) and " — 0.

Recall that x:af )1 is an e""l-approximate solution of the subproblem (3.3.1), i.e., there
exists a j € {1,2,...,5} such that i(r) € J;(z"*,e"*!). Suppose that r+1 € ZB. In
the rest part, we show that (3.4.6) holds for i(r) € J;j(z"*', &™), j € {1,2,...,5}. For
simplicity, we only show the cases i(r) € J;(z" ™, ™), j € {1 2,3}. The cases j € {4,5}

can be deduced in a similar way.
Case 1: i(r) € Jy(z", ™). We have V() f(2" ) =73y > —"t! and |m”+1 Ligy| < et

1
Since g™ < = 5 min{—l;(), wi(r }, the inequality x’““ < 0 holds.
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(a) If Zif) > 0, then it follows from (3.4.3), Lemma 3.4.1 and V¢ f(2™) — 7y >
—e" 1 that

hz(r) (‘%eru xr+1) = (vz(r)f< T+1> + Tz(r)) (+)1 - ( r)f( TJrl) — Ti(r ))xr(J;)l

(QTz(r) r+1)x;"(t)1 . I:(t)l( €r+1)

IV

> =" E — i)
Z _art+l 2M .
o]
(b) If &} < 0, then &} — xr(’L)l > 0 holds by ]x:(t)l —Lim| < e and r+1 € Z5.

from (3.4.3), Vi@ f(z"!) — 75y > —e"*! and Lemma 3.4.1. Therefore, the inequality
(3.4.6) holds when i(r) € Jy(z"+ e 1).

We further have h; (3, 2™ = (Vi f(z™H1) — Ti(r))(l‘:(t)l —aify) >~ IIZﬁ:H

Case 2: i(r) € Jo(z", ™). We have |V f(2") — 7| < €™M and I —e" ! < :v:(t)l <

g™, Now,

hiy (B 2" = (Vi F(2™) = m) (@0 — 2i) + Tl 250 min)s (3.4.7)

where
T(xjly ity s Titr) = Titr) ( Ty + 10| =iy - ‘x:(tl’)
(

0 1ffJrl <0, x:(t)l <0,
2%‘(@@25;)1 it 0 < :L’r+)1 xrﬂ <0, (3.4.8)

- r+1 ~r+1 r+1

—ZTi(T)xiaﬁ) if Ty + <0,0< .IZ(J;),

] ~r+1 _ r+l ~r+1 r+1

\27’2(@ (xi(r) xi(r)> if 0 < T3y O<z T3 -

Suppose first that one of 7 x and Ty ) is nonpositive. It is easy to see that T'(x T(Jr)l, NZ(J;)I Titr))

is no less than —QTZ(T)€T+1. It then follows from |V, f(z" ™) — 7| < &', Lemma
3.4.1 and (3.4.7) that

2M
[ i

hz‘(r) (§r+1,xr+1) > _

r+1( + 27—2(7"))

Next suppose that both :1/;7"(Jr )1 and :c”)l are positive. Then

hz(r) (jr+l7 xr-l—l) = (vi(r)f(wr—’—l) + Ti(r)) :(—::)1 - "L‘T(—’—)l<vz(r)f( T—H) + Tz(r))
Z (27_Z o gr—i-l) :(—::)1 :(—&;)1(27_1(r) + 8r—&-l)

2M
. r+1( + xﬂrl) _ xf+1<27_i  + 8r+1)
||Az(7’)H i(r) i(r) (r)

v
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2M

~ (g + 2 270

where the first inequality follows from |V f(z"t!) — 7| < ™t xz(t )1 > 0 and
:(J; )1 > 0, the second inequality follows from xT(Jr )1 > 0 and Lemma 3.4.1, and the last

inequality follows from 0 < :c:(f, )1 < &™"!. Thus, the inequality (3.4.6) is confirmed.

Case 3: i(r) € Jy(z"™, ™). We have [V f(2+)| < 73+ and |2 )| < &', More-
over, we deduce V() f(2") + 73y € [—€", 273 + "] from the first inequality. Next
we only show that the inequality (3.4.6) holds when 0 < x:(t )1 < el A symmetric
argument can prove the case —e" ™! < :U:(t)l <0.

(a) Suppose that Zi 5 > 0. If V; f (2"+") + 7y € [—€"*",0), then we have from Lemma

3.4.1 that

hz(’r‘) (i‘T+1, xr+1> (vi(r)f(‘rr—i_l) + TZ("‘))( :(47_‘)1 - xr(—::)l)

> — (Vi) f(@) + 7 [ — i
> r+1 2M .
= i

If Vif(IT—H) + Ti(r) € [O,QTZ'(T) + €T+1] then JI:{;;( i(r)f(x’"“) + Ti(r)) > 0. Since
0 <2l <t we have
=Ty = )

h’L(T) (jr+17 $r+1) - i‘:(—‘;)l (Vz(r)f< T+1) + Tz(r)) - xT—H( i( r)f( T—H) + Tz(r))

i(r)
Z _€r+1(€r+1 +27—i(7')>-

(b) Suppose that ) < 0. Then it follows from |Vig) f(z"™)| < 7y + €™, 0 <

:(*;)1 < ™! and Lemma 3.4.1 that

hi) (B 27 = (Vi F(2™) = 1)y — 25 (Vif (27 + 7))
> 8r—&-l r+1 T+1<27—1(7’) +Er+l)

Litry = i(r)

-l -

2M
2—5r+1( —&—2717«).
Al

It is clear that A (2""!, 2"*1) in both cases (a) and (b) satisfies (3.4.6). n

r+1
=& QTi(T)xz’(t)

Using the above lemmas, we can show that {z"*! — 2"} converges to 0.

Lemma 3.4.3. For the sequence {x"} generated by the ICD method, we have lim {z" ™ — 2"} = 0.

r—00
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Proof. We argue it by contradiction. Suppose that 2"t —2" - 0. Then there exists at
least one coordinate i € {1,2,...,n}, a scalar 4 > 0 and an infinite subset Z of nonnegative
integers such that |27+t — 27| > ~ for all » € Z. Since v > 0, the index i is the index i(r)
chosen in Step 2 of the ICD method at the r-th step. Therefore, for any j # i(r), we have

r+1 __ r+l

x " = x}, which together with the assumption |x

f \ > ~v implies that

z(r

JAG™ =) = A lllaft) = 5] 2 [Aiplly r € 2. (3.4.9)

i(r)

Since {Az"} is bounded, there exist t%>°, #>*° € R”™ and an infinite set H C Z such that

lim  Az" =t"°, lim Az"t =>>. (3.4.10)

r—o0, r€EH r—o00, r€EH

Note that t°° # % due to (3.4.9). It then follows from the continuity of g on Q(F(x?))
and (3.4.10) that

lim  g(Az") = g(t">), lim g(Az"t") = g(t*>). (3.4.11)

r—o00, T€EH r—o0, r€H

Since F'(z") is monotonically decreasing from Assumption 3.3.1(i) and F(z") > F(x*)
holds for any optimal solution x*, the sequence {F'(z")} is convergent. Let F'* be its limit.

Then we have

lim F(2")=F>®, lim F(z")=F>. (3.4.12)

r—o0, r€EH r—o0, r€EH

Moreover, by Lemma 3.4.2 and (3.4.12), we obtain

lim F@E™) = lim F@E™) - lim (F@™h) - F@Eh)) = F>, (3.4.13)

r—oo, reH r—o0, reH r—oo, r€H

where 77! is defined in (3.4.1). Since F is convex and F(z"™!) < F(2™1) < F(2") hold, we

have

T r+1 1 1
F(~r+1) < F (i) S §F(xr) + 5F(ajr-i-l) < F(:L‘T).
Taking a limit on these inequalities, we obtain
r+1 r
lim F(ﬁ—i£>=F® (3.4.14)
r—o0, reEH 2

On the other hand,

r+1 r
im P (u)
r—o00, reH 2

Ax™ L Ag” r+1 r n il
< lim g(x—Jraz:)+ lim sup {(bau>+2n(r)

Titry T Tigr)
2

r—o0, T€H 2 r—00, TEH 2 i=1
1=

}
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tl,oo z52,00 1
< g(;) — limsup {(b,z2") + ZTZ(T |[Zi |} —l— = hm sup {(b, 2"t + ZTZ T)|xT+1
2 2r_>oo reH i—1 7"—>oo reH
tl,oo +t2,oo 1 : T r 1 : r+1 r+1
= g(——5—) + 5 limsup {F(2") — g(Az")} + 5 limsup {F(2""") — g(Az""")}
2 2rﬁ\oo, reH 2rﬁ\oo, reH
tl,oo + t?,oo 1 [e%S) ) 1 ) [e%9)
= g(——5—) + S (F* — g(t'>)) + S (F> — g(t*>))
2 2 2
< () 9(*)) + S — glt)) + S(F* — g(t*))
= >,

where the second inequality follows from the continuity of ¢ and (3.4.10), the first equality
follows from the definition of F', the second equality follows from (3.4.11) and (3.4.12), and
the third inequality follows from the strict convexity of g and t1°° # t*°°. But this inequality
contradicts (3.4.14). Thus rlinoz{xr+1 — 2"} =0. n

In the second part of this section, we will show the convergence of {Ax"}. Since {Ax"}
is bounded, there exist t>*° € R™ and an infinite set X such that

lim  Ax" =t=. (3.4.15)

r—o00, reX

Then with the continuity of Vg, we have

dim V(") =d>, (3.4.16)
where
d> = ATVg(t>®) +b. (3.4.17)

For the set X', we have the following result with Lemma 3.4.3, which provides an inter-

esting property associated with {V f(z")}.

Lemma 3.4.4. For any s € {0,1,..., B — 1}, where B is the integer defined in the almost
cycle rule, we have lim Vf(z"™%) = d™.

r—00, TEX
Proof. For any s € {0,1,..., B — 1}, we have Az"~ = S77_ L A(g" =5tk — gr—sthtl) 4
Az". Tt then follows from Lemma 3.4.3 and (3.4.15) that
s—1
lim Az = lim A(x"sTh —grmstREL) L lim Ag” = 1.
r—o0, reX r—00, reXk: r—oo,reX
From the continuity of Vg, we have lim Vf(z"%) = lim A'Vg(4z"%) +b =

r—oo, reX r—o00, reX

ATV g(t>®) + b, which together with (3.4.17) shows this lemma. "
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Lemma 3.4.4 implies that for each ¢ € {1,2,...,n}, and s € {0,1,..., B — 1}, we have

lim V;f(z"%) =d°. (3.4.18)

r—00, reX

For a fixed coordinate 7, let ¢(r,4) denote the largest integer 7, which does not exceed
r, such that the i-th coordinate of x is iterated upon at the 7-th iteration, that is, for all

r € X, we have

a! = 2P, (3.4.19)

3 K3

Since the coordinate is chosen by the almost cycle rule, the relation r — B+ 1 < ¢(r,i) <r
holds for all » € X. From (3.4.18), we further obtain

lim  V,f(z?")) = 4. (3.4.20)

r—o00, reX

Now we define the following six index sets associated with df° as

I = {ul d5° > 7

J3° = {i] d° < —7;};

Jg° =il |d7°] < 7}
J=A{i| d* =7, 7 >0}
J52 =i d° = -7, 7 > OF;

Jgo =A{i| d* =0, 7, = 0}.

Note that |J?_, J* = {1,2,...,n}. Next two lemmas give sufficient conditions under which

{zl'}x is fixed or lies in some interval.

Lemma 3.4.5. Suppose that Assumption 3.3.1(i) and (iii) hold. Let L, and ¢y be the
constants given in Lemma 3.2.3. If e#(™) < g4, then the following statements hold for any
fized 1:

0) If Vif (a90) — 15 > L[| A;]%e70) and o < €200 11; hold, then 27 = 1.
g ) %
s T, T, T, (ry) o(r,i)
(ii) If Vif(x?0D) + 1 < —Ly|| Al 29T and u; — e < 22" hold, then 2" = u;.
(iii) If Vif (2°TD) + 75 > Ly||Ai]| 29T and |777] < £20D hold, then 27" < 0.
(iv) If Vif(2#"9)) — 1, < — L, || A;]|?e#™9) and |xf(T’i)| < e?) hold, then l‘f(r’i) > 0.

Proof. Here, we only show (i) and (iii). The rest can be obtained similarly.
To show (i), we argue by contradiction. If it is not true, then we have [; < xf(m) < gprd) 4

l; by Assumption 3.3.1(ii). From the Lipschitz continuity of Vg in Lemma 3.2.3, we obtain
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that [V f (#70)) — Vi f(2200)] < Ly|| Ayl 2|l — 2f "7, where 3909 .= (a7, 2]y, liy 2],

.., 2"). We further can ensure V, f(£¥")) — 7, > —L,|| A;]|2e?™) 4V, f (2#)) — 7, > 0 with
the assumptions [; < 77" < e2(") 4 [; and V, f(z¢")) —7; > L,||A;|| 229, Tt then follows
from the KKT conditions in Lemma 3.2.1 that [; is the exact solution of the subproblem

(3.3.1). Since the solution of the subproblem (3.3.1) is unique, we have F(z#("))— F(3#(0)) >

A — .

0, which contradicts Assumption 3.3.1(i). Therefore, we have x

For (iii), we also prove by contradiction. Suppose that the contray holds, i.e., xf(r’i) €

(0,9D]. Let #¢"9) = (af,...,27_1,0,2%,,...,2%). Then, by Lemma 3.2.3 and the as-

rrn

sumption z7"" € (0,£°)], we have
[Vif (@00) = Vif @] < Ly | AilY0 = 2777) < Ll Aif 22,
which implies
—Ly|| 42?70 + ¥, f (a900) < Vi f (@900).

By the convexity of f, 0 < J:f(r’i) < e?0) and V, f(29")) 41, > L[| A]|2e#™9), we further
have that

F(a#r9) = F(##09) > Vi f(@#00) (@™ = 0) + maf ™ > 0, (3.4.21)

which contradicts Assumption 3.3.1(i). "

Lemma 3.4.6. Suppose that Assumption 3.3.1 holds. Then, for sufficiently large r, we have

{2} r =1;,Vie I, (3.4.22
{z}x = uy, Vi € J5°; (3.4.23
{a]}x =0,Vi € J5°; (3.4.24
i <A{aj}x <0,Vi € J&; (3.4.25
0 <A{zl}r <wyVie JZ; (3.4.26
L <A{xl}xr <wu,Vie Jgo. (3.4.27

)
)
)
)
)
)

Proof. Here we only show (3.4.22) and (3.4.25). Since the rest part can be shown in

a similar way, we omit the proof.
Case 1: i € J{°. To show (3.4.22), it is sufficient to show
{af" Ny =1, (3.4.28)

since a7 = #¥"" holds by (3.4.19). From (3.4.20), we have that for & = %7 > 0,

1 € J7°, there exists a nonnegative integer 7 such that

d* — & <V f(z?")) <d® +& Vr>F,reX.
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It is easy to see that d}° — 7; — £ is positive. Then we have
Vif(@?")) — 7, > d° — 7, — & > max{1, L,||A]|*}e?) > o) (3.4.29)

for sufficiently large r, since " — 0 and V,f(z¥™)) — d>° hold. Furthermore, we
f(”) is an e?(™)_approximate solution of the sub-
problem (3.3.1). It implies that |xf(r’i) —1I;] < %), Then by the Assumption 3.3.1(ii)

and (3.2.7), we have

ensure i € J; (2, e#(m)) since x

I < 2?0 < e 4 <0, (3.4.30)
Thus, the equality (3.4.28) follows from (3.4.29), (3.4.30) and Lemma 3.4.5(i), and
hence (3.4.22) holds.

Case 2: i € Jy. In this case, we have d* = 7; and 7; > 0. Let € = 3. It then follows from
(3.4.20) that there exists an 7, such that 37 < V,f(2#") < 27, hold for all r € X,

r > 7. Then for sufficiently large r, the inequalities

. 3 ‘ .
Vif (@) + 1, > 57 > max{1, L,|| A]|*}e?") > g#(rd) (3.4.31)

3

hold due to € — 0. We further obtain 7 € U J; (2D 2Dy from Definition 3.2.1.
j=1

Therefore, we have

2P o [1;, 2] (3.4.32)

)

It finally follows from (3.4.31), (3.4.32) and Lemma 3.4.5(iii) that 27" € [I;,0]. Then,
(3.4.25) holds from (3.4.19).

Next, we will show that Ax" — Ax*, where x* is an arbitrary optimal solution of problem

(3.1.1). For this purpose, we recall Hoffman’s error bound [31].

Lemma 3.4.7. Let B € RF™, C € R¥™ and e € R¥, d € R*. Suppose that the linear
system By = e,Cy < d is consistent. Then there exists a scalar 0 > 0 depending only
on B and C such that, for any T € [l,u], I, u € R", there is a point § € R™ satisfying
By=e,Cy<dand ||z —g| <0(|Bz —e¢|+ [|(Cz —d),||), where (z;)+ := max{0, z;} .

Theorem 3.4.1. Let x* be an optimal solution of problem (3.1.1). Then we have

lim Az" = Az*.

T—00
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Proof. In the first step, we show that Ax" — Ax* holds for r € X, where X is an

infinite set given in (3.4.15). To this end, we consider the following linear system of y:

It follows from (3.4.22)-(3.4.27) that 2" is a solution of this system for sufficiently large
r, that is, the system is consistent. For any fixed point z in [/, u|, by Lemma 3.4.7, there
exists a solution y" € [l,u] of the above system and a constant €, which is independent of

2", such that

ly" —z|| <6 (HA@ — A"+ ) @ -+ ) max{0,7;} + Y max{0, —@}> .
i€J1UJ2UJ3 1€y i€Js
From the boundedness of {Az"} and (3.4.22)-(3.4.24), we further have that the right-hand
side of this inequality is bounded. It implies that {y"}y is also bounded, and hence it has at
least one accumulation point. We denote it by y*°. Furthermore, from (3.4.15) and Lemma

3.4.6, we have that y> satisfies the following system:
Ay =t y* =L (ie i), y > =u; (i€ Jy), y*=0(i¢€J;3),

It then follows from (3.4.17) that Vf(y>®) = ATVg(Ay>) + b = d*. Moreover, the
relation y> = P;;,(y>) holds from the above system and Lemma 3.2.1. Thus, y™ is an
optimal solution of problem (3.1.1) by Lemma 3.2.1. From Lemma 3.2.4, we have Ay> =
Ax* ie., t>*° = Ax*.

In the second step, we show lim Ax" = Az*. Since {Az"} is bounded, it is sufficient to
r—00

show that any accumulation point of {Az"} is Az*. Let X be any subset of nonnegative
integers such that {Az"} is convergent, and let > be a limit of {Az"} ;. Then we can show
that £ = Az* holds for the set X as Lemmas 3.4.4-3.4.6. Moreover, the first step of the
current proof, i.e., {Az"}; — Ax* holds. Thus, {Az"} — Az* holds for r — oo. "

Theorem 3.4.1 implies that there exists a scalar 7 > 0, such that Az" € B(Az*) for any
r > 7, where B(Axz*) is the closed ball defined before (3.2.1). Note that g is strongly convex
on B(Az*).

In the third part of this section, we show the sufficient decreasing of {F'(z")} for suffi-

ciently large r.

Lemma 3.4.8. Under Assumption 3.3.1, there ezists a scalar n > 0 such that F(x") —
F(z™) > n||la" — 2" TY|? holds for sufficiently large r.



3.4 Global and linear convergence 47

Proof. Note that Az", Az"*! € B(Az*) holds for sufficiently large r. It then follows

from Assumption 3.2.1 that g is strongly convex in B(Az*). Furthermore, we have

F(a") = F™) = g(As") - <Axr+1>—<ATv9<Axr+l>,xr— 2

+ (V@) 2" — 2™ + 7 ) [T — ‘x:(tl
/1/ T ‘s ‘s r T ‘s
> B0 A — 2™+ (Vi f ), 2y — 220) + 7y (0] — 1251
/’l/ T T T
= S A P12y = @iy [* + iy (27, 27)
> ’“;gmmHA Plle” = "I + by (a”, 27+,
where h;(;, is defined in (3.4.3), and i(r) denotes the index chosen on the r-th step.
Next, we show the inequality
higy (2", 2" ) > —arf/(x:(r) — x:(t)l) (3.4.33)

where L := max{1, L,||4;]|*}, and a, is given in Assumption 3.3.1(v). Note that L > 1.
J

We show it by considering 6 cases: i(r) € J*°, j = 1,2,...,6. First, we have from Lemma
3.4.6 that

iy (2", ") = 0, Vi(r U J3.

Hence, (3.4.33) holds for i(r) € J5°, j = 1,2,3. Then, we only need to consider the other
three cases ¢ € Jg°, ¢ € J° and 7 € J§°. Here, for simplicity, we only show the case 7 € J§°.

The rest two cases can be obtained in a similar way.

Ifi(r) € Jg°, then it follows from Lemma 3.4.6 that for the sufficiently large r, Tiys mf(*;)l €
lir), 0] holds. Then we have
hz(r) (xr7 ‘Tr_‘—l) - <Vi(r)f<xr+1> — Ti(r), L z(r) - x:(—::)l> <3 4 34)
2 - |vi(7”)f(l‘r+l) - Tl (r) ||‘rz('r - mT+1|
3
From the proof of (3.4.25) in Lemma 3.4.6, we have i(r U 2" ™). Thus we show

7=1
(3.4.33) by considering the following three distinct cases.

Case 1: i(r) € Jy(z"™,e"™). We have by Assumption 3.3.1(ii) that

Vigy f(a™) = Ty 2 =™ and Ly < 2§}y < ligy + €7 (3.4.35)

The first inequality means that Vg f(z7+!) — 7y € [—e", 00) = [+, Le™] U
(Le™1', 00). First suppose that Vi f(@™) = 1y € [—e™H, Le™+1]. Tt then follows
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from (3.4.34) and Assumption 3.3.1(iv) that hqy(z", ") > —I~/5’"+1|m§(r) - :a:l| >
—arl?|xf( — x7"+1|2 which satisfies (3.4.33).

Next suppose that Vg f(2™+!) — 7y € (Le™',00). Then x:(t)l = li») holds from

Ly < xT“ < iy + 5’”“ and Lemma 3.4.5(1). Therefore, we get hy(z", 2" ) =

i(r)

(Vigy f(a™th) — Tl(r) — li(ry) > 0, which implies (3.4.33) obviously.

Case 2: i(r) € Jy(z"t! 57”“) In this case, we have |V, f(2") — 7| < e and I,y <
:(J;)l < 0. From Assumption 3.3.1(iv) and (3.4.34), we have h;( (2", 2" ) > —5r+1|xf(r)—
:+1’ > —an |2,y — :(4;)1\2, which also implies (3.4.33).

Case 3: i(r) € Jy(z" ™, &™), We have |V, f(2™)| < iy + €™ and —e" < x:(t)l <0,
hen~ce we have Vi f(a™) — 7 € [ 27y — €T e I Vi f(a™™) — 73y €
[—Le™ g™+ then (3.4.33) holds from Assumption 3.3.1(iv). If Vi f(2™) — 7 €
[~ 27—+, —Le"™*1), then we have :cT(H = 0 from Lemma 3.4.5 and x’”“ € [—e",0].

Hence, we have hi) (2", 2") = (Vi f(2™) — 7300)) 2], i =02 ogTL(x oy~ x:(t)l)Q
Consequently, the inequality (3.4.33) holds.
womin [ 4,
amax{1, Ly[| A"}
sumption 3.3.1(v). Then the inequalityj of this theorem holds for sufficiently large r with
= min | 4,7 — aomax{1, L,]| 4,7} > 0. -

The sequence {«, } satisfies a, <

for sufficiently large r from the As-

In the last part of this section, before showing the global and linear convergence of {z"},
we first recall a kind of the Lipschitz error bound in [66, 67, 44].

Lemma 3.4.9. There exists a scalar constant k > 0 such that
|Az" — Az™|| < kl|2" — Pryu(a)|] (3.4.36)
holds for any Ax" € B(Ax*).

Proof.  Since g is strongly convex on B(Az*) and Vg is Lipschitz continuous, there
exists a constant # > 0 such that ||z" — 2*(r)|| < &||2" — Pry.(2")||, where 2*(r) is a nearest
solution from z" [44, Lemma 4.4]. It then follows from Lemma 3.2.4 and ||Az" — Az*|| <
I|A]|||=" — «*|| that (3.4.36) holds with  := ||A]|%. "

The following result is a direct extension of [43, Lemma 4.5(a)] to problem (3.1.1).

Lemma 3.4.10. Under Assumption 3.3.1, there exists a constant w > 0 such that the
r+B-1

inequality ||Ax" — Az*|| < w Z 2" — 2" || holds for sufficiently large r.
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Proof. Toshow this lemma, by Lemmas 3.4.9, it is sufficient to show that there exists a
constant @ > 0 such that ||2" — P, (2")] < ZHB Ml — 2Pt Since ||z — Pry (2] <
Vn n max |z} — Pry4(2");], we only need to show that there exists a constant @ > 0 such that
|27 — Prya(2)i] < @305 — 2"+ holds for each i € {1,2,...,n}.

Note that Ax" € B(Ax*) for sufficiently large r. For any fixed index i € {1,2,...,n}, let
¥ (r, i) be the smallest integer N (N > r) such that z] is updated on the N-th step. Then,

we have

|z} — PT,l,u<xT>i’

P(ri)—1
=| Y [(@h = Prau(e™)) — (@ = Pru(a™))] + @7 = Py (a¥09),)
h=r
P(ri)—1 ‘
< Z H(x? . PT,z,u(ﬂl?h)i) _ (x?+1 _ Pr,l,u(JChH } w(m _ PT,z,u(xw(”))i :
h=r

where the inequality follows from the triangle inequality.
It then follows from the the nonexpansive property (3.2.5) of the projection Pr;,(x),
Assumption 3.3.1(iv) and Theorem 3.2.2 that

1/) i)—1
2] — Pryu(z Z (2 |f — 2l + [Vif (@) = Vif (2" )]) + o |

h=r

P(ri) I;Z)(r,i)—l

i

Since r + 1 < 4(r,i) < r + B holds by the almost cycle rule, we obtain

r+B-1

o = Praa(a)il < ) (2faf =2+ [Vif (a") = Vif (")) + ar |2

h=r

;p(m') _ xzp(r,i)—l‘ '
It then follows from the Lipschitz continuity of Vg and Assumption 3.3.1 that

r+B-1
27 = Prsa(a il £ 2+ ALY 37 [Jof = a1+ ¥ — g1 |

pmin || AP\ remo
S ) + HAH2L + J xh . $h+1 ’
" (L LAY ) & | ”

where the first inequality follows from || — 2| > |zF — 2.

: 2
uomiin [ Ay

Let @ = 2+ ||A|]*L, + 2max{]1, LA Then it is easy to see that o > 0. Thus the
j

inequality of this lemma holds with w = k/nw, where « is given in Lemma 3.4.9. [

Now we are ready to show the linear convergence of {F'(z")} and {z"}.
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Theorem 3.4.2. Suppose that {x"} is generated by the ICD method with the almost cycle
rule. Let F* denote the optimal value of problem (3.1.1). Then {F(z")} converges to F'* at
least B-step Q-linearly.

Proof. 1In the first step, we show the global convergence of the sequence {F'(z")}. Let
x* be an optimal solution of problem (3.1.1). Then we have F* = F(z*). It follows from
the mean value theorem that there exists & € R", which is on the line segment that joins x”
with z*, such that g(Az") — g(Ax*) = (ATVg(AE), 2" — x*).
Since Az" — Az*and V f(z") — d> hold, we have
d™ = lim Vf(2") = lim ATVg(Ax") + b= ATVg(Az*) + b= Vf(z*). (3.4.37)

T—00 T—00

Thus, we have
F(z") — F*

= (ATVg(AE) — ATVg(Az"), 2" — a7) + (ATVg(A™) +b,2" —a) + Y mill2]| = |a]])

i=1

< Ly|| A& — Ax®||[| A(a" — 2*)|| + (AT"Vg(Az®) + b,a" — &%) + Y _7il|a}| - |]])

=1
< Ly A" = 2)|* + (4, 2" — 2*) + > _m(|af| — |a]])
=1
= Lyl A(x" — ")+ Y [d° (2] — 2}) + mil|} | — [27])] (3.4.38)

=1

where the first inequality follows from the Lipschitz continuity of Vg, and the second in-
equality follows from (3.4.37).
With the special structure of problem (3.1.1), we can show that for sufficiently large r,

dX(z] —x}) + m(|zf| — |z7|) =0, Vi e {1,2,...,n}. (3.4.39)

We prove this by considering the distinct cases about the index sets J7°, j = {1,2,...,6}
since {1,2,...,n} = U?:l J3°. For simplicity, we only prove the cases ¢ € Ji* and i € Jg°.
The other cases can be shown in a similar way. If ¢ € J°, i.e., d?° > 7;, then it follows from
Lemma 3.4.6 that 2] = [; for sufficiently large 7. On the other hand, we have V,f(z*) > 7,
by (3.4.37). It then follows from Lemma 3.2.1 that 7 = [;. These two relations imply that
(3.4.39) holds. If i € Jy, i.e., d° = 7;, it then follows from Lemma 3.4.6 that for sufficiently
large 7, [; <z} < 0. On the other hand, we have 7, = V, f(z*) by (3.4.37). It further implies
that [; < z* < 0 from Lemma 3.2.1. Combining these three relations, we have that (3.4.39)
holds.
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Consequently, we have 0 < F(z2") — F* < L,||A(z" — *)|*> by (3.4.38) and (3.4.39). It
implies F(z") — F*, since Az" — Az* holds, that is, {F'(z«")} is globally convergent.
In the second step, we show the B-step Q-linear convergence rate of {F(z")}. To this

end, we need to ensure that there exists a constant ¢ € (0, 1) such that
F(z™B) — F* < c(F(z") — F7). (3.4.40)

From (3.4.38), (3.4.39) and Lemma 3.4.10, we have

r+B—1 2
F(z") — F* < Lyw? ( >l - :vh“ll) :
h=r

Letting £ = h — r + 1, we further have that

B 2
F(z") — F* < ng2 (ank—&-r—l _ xk—l-r”)
k=1

B
< ngzBZ (||$k+r—1 _ xk+r||>2 .
k=1

It then follows from Lemma 3.4.8 that

F(z") — F* < ngzBZ (F(xlm-r—l) _ F(ka))

3
b
l.

ngzB

By rearranging the items of the above inequality, we have

F(z™B) — F* < c(F(z") — F7), (3.4.41)
where ¢ =1 — ngL2B‘ Since LQWLQB > 0 and ¢ < 1, it means that {F(z")} converges to F™* at

least B-step Q-linearly. [

Theorem 3.4.3. Suppose that {z"} is generated by the ICD method with the almost cycle

rule. Then {z"} converges to an optimal solution of problem (3.1.1) at least R-linearly.

Proof. First we show that {2} is convergent. Let F* be the optimal value of problem
(3.1.1). Since F'(x") converges to F* at least Q)-linearly by Theorem 3.4.2, we have that
F(z") converges to F'* at least R-linearly, that is, there exist constants K > 0 and ¢ € (0, 1)
such that

F(z") — F* < K¢ (3.4.42)
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From Lemma 3.4.8, we have for sufficiently large r,

ogwﬂ—ﬂﬂﬁg%w@q—Fﬂ+lww—mﬂH»g (F(") — F*),  (3.443)

Ui
where the last inequality holds since F* — F(2"1) < 0.
By combining (3.4.42) with (3.4.43), we have that ||z" — z"||* < %é’", that is, [|z" —

| < [ 5. Letc:=és. Then, we have ¢ € (0,1). Moreover, we obtain, for any positive
integer m,n and m > n,

m—n—1 mnl
K Kc"— K
m __ n|| < m—k _ _ m—k-1 < el el
lz™ =" < kZ_OH:C LA Vs 1_5 \/nl_éa

I | =

n

which implies that {«"} is a cauchy sequence due to 0 < ¢ < 1. Therefore, {z"} is convergent.
In the rest, we show that {2"} converges to an optimal solution at least R-linearly. Let
2> denote the limit point of {z"}. Since [[z™ —a"[| < |/ K&=" we have

Kecr—¢cm K
Wm—ﬂW:MWﬂ%mWSHmM ¢ f /=
m—o0 m—o0 —C nl-— ¢

which implies that {z"} converges to x> at least R-linearly since 0 < ¢ < 1 holds.

Finally, we complete the proof by showing that the x> is an optimal solution. With the

continuity of F', we have lim F'(z") = F(2*). It then follows from F(x") — F* in Theorem
T—00

3.4.2 that F(2*°) = F*, that is, 2™ is also an optimal solution of problem (3.1.1). "

3.5 Numerical experiments

In this section, we present some numerical experiments of the ICD method (the proposed

method) for the following unconstrained [;-regularized logistic regression problem.
minimize F(x) := leg(l + exp(—(w' ¢ +vp’))) + pl|w|, (3.5.1)
weR" 1 veER mj:1

where z = (w,v) € R™ and ¢/ = p/2/. Moreover, (z7,p’) € R ! x {-1,1},j=1,2,...,m

are a set of training examples. For simplicity, we let f(x) = %2311 log(1 + exp(—(wT¢? + vp?)))

and 7 = (p,...,p1,0)7 € R™. Note that the computational costs of evaluating f(z), V,f(x)

and VZf(x) are O(m) if we update only one variable x; on each step and store 3 = Bz,

where B = [Q,p] with QT = [¢',...,¢™] and p = (p',...,p™)T € R™. This is because

F(z) = LT log(1 + exp(—4;)) and ¥ = o4 4 (gbew — g914) 3,

We report some numerical results on randomly generated problems for various inexact

criteria satisfying Assumption 3.3.1. We also show the comparison with the CGD method
[69].
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3.5.1 Implementations

We exploit the following gradient method with line search to solve the one dimensional sub-
problem (3.3.1) in the ICD method.

Algorithm 3-1:
Step 0: Let i :=i(r) and G, := V,f(2"). If mid{G; + 75, G; — 7, 27} = 0, then set 2/ ™ = 7
and return. Otherwise let k =0, GY = G;, and y° = z". Go to step 1.

Step 1: Choose a scaling factor s¥ > 0. Calculate a search direction d* as follows.

k
d" = argmin {Gfd + 7lyF +d| + ﬁd2}.
der 2

Step 2: Determine a stepsize o* by the Armijo rule in [69] with v = 0.

Step 3: Set yF ™ = yF +aFdF, y;-““ =z for all j # i, and G =V, f(y**"). If the inexact
criterion is satisfied, then set 7™ = ¢ and return. Otherwise let k = k 4 1. Go to Step
1.

The difference between the ICD method and the CGD method [69] lies in Step 3 of
Algorithm 3-1. The CGD method does not check the inexact criterion in Step 3 and always
returns to the main algorithm with & = 0. On the other hand, the ICD method returns to
the main algorithm only when the inexact criterion holds. Note that if the criteria are weak,
then the ICD method may be regarded as the CGD method.

In the numerical experiments, we choose the scaling factor s in Step 1 according to the

following three options.
(i) s = Vif");

(ii) s =1

Gh—gi!
(iii) s% =1 and sk, = ST for k > 1.

i

The choice (i) corresponds to the Newton method, while choice (ii) conforms to the steepest
descent method. The option (iii) is motivated by the quasi-Newton method.

Additionally, we exploit the under/over-relaxation technique in the numerical experi-
ments. Note that P, (z) = Ty(z — Vf(r)) when | = —0o and u = +oc0. Let /™" be an
g™l approximate solution of subproblem (3.3.1), i.e., |2/T! — T (2™ — Vf(2"1));] < &L,

r+1

and Z"7! be an under/over-relaxation estimator to 2"+ with parameter w such that

—r+1 __ r+1 r
T =wrl T+ (1 —w)al,

(3.5.2)
T =2tV A
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If the gradient of the function f in (3.5.1) is Lipschitz continuous with Lipschitz constant

L¢, we have

2 = T (2 = V@)l < ot = T = V()] + 24 Ly) |(w = )] = a)|
<ML @ Lo — 1] [o]H — a)
< (ar+ 2+ Lf)|lw—1]) ‘:v;”“l —

— )

Y

where the last inequality follows from Assumption (3.3.1). Let a, = a,+(2+Ly)|lw—1|. If 6, >

r+1 —r+1 —r+1

a,|zi Tt — 27|, then 7™ is an & *1-approximate solution, where &+! = min{4,, a, |2 —z7|}.

This condition usually holds when &, slowly converges to 0, e.g., §, = O(%).

T

3.5.2 Test problems

We generate the training examples randomly as in [35]. In our implementation, we have
generated 8 random problems. Four of them have the scale of n = 1001, m = 100, and
the others are n = 101, m = 1000. All training examples have an equal number of positive
(p! = 1) and negative (p/ = —1) training examples. Each feature ¢/ of positive (negative)
examples ¢’ obeys independent and identical distribution. In our implementation, we adopt

the normal distribution N (v, 1), where the mean v is drawn from a uniform distribution on
0, 1] for positive examples ([—1, 0] for negative examples).
1 m_ my

1 jjm= J m4 J
m H m Hapi=19 + . Hgpi—_19 Loa

where m_ denotes the number of negative examples, and m_ denotes the number of positive

We choose the regularized parameter p based on i =

examples. It is shown in [35] that the vector x = 0 € R™ is the optimal solution of problem

(3.5.1) if 4 > fimax. In our implementation, we let g = 0.1pmax or pt = 0.01 ftpmax.

3.5.3 Numerical results

In this subsection, we give some numerical examples to illustrate the performances of the
ICD method. The algorithm is implemented in MATLAB (Version 7.10.0), and run on an
Intel(R) Core(TM)2 Duo CPU E6850 @3.00GHz. We terminate the algorithms when

|z" — Ty (z" — Vf(z"))]|oo < 1072 (3.5.3)

To save the CPU time, we check the termination condition in every 100 iterations. Through-
out the experiments, we choose all initial points 2° = 0, and adopt the simple cycle rule to
choose ¢ for the ICD method and the CGD method.
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Investigation of the inexact criteria

To see the performances of the ICD method on various inexact criteria, we solve two random

problems with

10 r
e = min{——, abed|zi+t — a7}, (3.5.4)
Ttn

where a varies from 0.1 to 0.8. Here, we use [ -] to reduce its sensitivity to r. In these
k

1

experiments, we choose s¥, = V2 f(y*) in Step 2 of Algorithm 3-1. We also use the same s
for the CGD method.

Table 3.1: Performances of the ICD method with various a in (3.5.4) and the CGD method.

ICD (a=0.1) | ICD (a=0.3) | ICD (a=0.5) | ICD (a=0.8) | CGD

Problem 1 n = 1001, m = 100, u = 0.01 ptax
iteration 9200 9200 9200 9200 9200
fofg 10334 9974 9856 9856 9199
fof f 2002 1485 1316 1316 1316
CPU time (s) 1.3125 1.1875 1.0469 1.0468 0.9531

Problem 2 n = 101,m = 1000, g = 0.1 ptmmax
iteration 3300 3300 3300 3300 3300
fofg 9904 9299 8634 6014 3299
fof f 14262 13493 12235 5432 5432
CPU time (s) 3.9218 3.5781 3.3593 1.9062 1.6406

Table 3.1 presents the total number of evaluating G¥ and f, the iteration r, and the CPU
time (in seconds) for these two problems. From Table 3.1, we find that the ICD method
performs better when a approaches to 1, yet it is worse than the CGD method. The results
indicate that the solution of the subproblem (3.3.1) with high accuracy does not always
improve the convergence. Note that the number of the gradient evaluations for the ICD
method is larger than that for the CGD method. This is because the ICD method evaluates
both G? = V,f(3°) and G} = V,f(y') even if the Algorithm 3-1 is terminated at Step 3
with & = 0. However, the CGD method only evaluates GY at each iteration.

Comparison of the ICD method and the CGD method

We first show some numerical results for the ICD method and the CGD method with the Hes-

sian information, that is, s¥ = V% f(y*). The ICD method is implemented with under the re-

i

laxation technique (w = 0.5 ~ 1.0 in (3.5.2)) and " = max{10~* min{10/rL=] 0.8L%] |27 —
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xl|}}. Table 3.2 reports the numerical results for four instances. From Table 3.2, we see
that the performances on the ICD method with w = 1.0 and the CGD method are roughly
same since both of them exploit the Hessian information. The ICD method with appropriate
relaxation factor (w < 1.0) is faster than the CGD method for some problems. The perfor-
mances of the ICD method with over relaxation, i.e., w > 1, is worse for these four instances
and hence we omit them.

Next we consider the case where the Hessian V7 f(y*) is not available. Then we may
k

choose s as in the steepest descent method (s = 1) or in the quasi-Newton method. Note
that the CGD method can not adopt the quasi-Newton method since it returns with £ =0
in Algorithm 3-1. Table 3.3 reports the performances of the ICD method combined with the
quasi-Newton method and the CGD method with s% = 1. We also give results for the CGD
method with s = V2 f(y*) for the better understanding.

From Table 3.3, we find that the ICD method combined with the quasi-Newton method
performs similarly as the CGD method with s = V2 f(y*), but much better than the CGD
method with s¥ = 1. Hence, if the Hessian computation for the function f is expensive,
then the ICD method combined with the quasi-Newton method is an efficient alternative

approach.

3.6 Conclusion

In this chapter, we have presented a framework of the ICD method for solving /;-regularized
convex optimization (3.1.1). We also have established the R-linear convergence rate of this
method with the almost cycle rule. The key to the ICD method lies in Assumption 3.3.1 for
the “inexact solutions”. At each iteration, we only need to find an approximate solution,
which raises the possibility to solve general [-regularized convex problems.

If we set ¢ = 0 in Assumption 3.3.1, then the ICD method reduces to the classical CD
method. It then follows from Theorem 4.5.2 that the classical CD method has R-linear

convergence rate for the [;-regularized optimization problem (3.1.1) as well.
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Table 3.2: Comparison of the ICD method and the CGD method for st = V2 f(y").

ICD ICD ICD ICD ICD ICD
(w=05)| (w=06)| (w=0.7) | (w=0.8)| (w=1.0) | CGD
Problem 3 n = 1001, m = 100, u = 0.01 ptymax
iteration 13200 12200 9200 11200 13200 13200
fofg 15299 13945 10377 12620 14247 13199
fof f 4064 3494 2358 2844 2098 2098
CPU time (s) | 1.8281 1.6406 1.2187 1.5468 1.5000 1.4375
Problem 4 n = 1001, m = 100, x = 0.1 ftmax
iteration 28400 28400 31000 31000 34100 34100
gofg 32504 32174 34507 34115 36086 34099
gof f 8212 7552 7018 6234 3976 3976
CPU time (s) | 3.6093 3.5156 3.7968 3.562 3.7031 3.6406
Problem 5 n =101, m = 1000, u = 0.01 ptax
iteration 400 500 500 600 700 700
fofg 747 915 899 1070 1204 699
fof f 698 834 802 944 1012 1012
CPU time (s) | 0.2656 0.2968 0.3906 0.3437 0.5156 0.3750
Problem 6 n = 101,m = 1000, u = 0.1 ptmmax
iteration 1700 1900 1900 2600 2700 2700
fofg 3191 3570 3554 4896 4882 2699
fof f 2986 3344 3312 4596 4368 4368
CPU time (s) | 1.1093 1.2812 1.2656 1.6718 1.6250 1.4687
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Table 3.3: Performances of the ICD method and the CGD method when V7 f(y*) is not
available.

ICD (quasi-Newton) | CGD (sf =1) | CGD (st = V4f(y*))
Problem 7 n = 1001, m = 100, g = 0.1 ptmax
iteration 33100 95000 34100
fof g 37909 94999 34099
fof f 8922 17384 3976
CPU time (s) 3.9843 9.9218 3.5937
Problem 8 n =101, m = 1000, u = 0.01 ptax
iteration 700 4400 700
fof g 1815 4399 699
fof f 1730 8800 1012
CPU time (s) 0.6406 2.1875 0.3437




Chapter 4

Block coordinate proximal gradient
methods with variable Bregman
functions for nonsmooth separable

optimization problem

4.1 Introduction
In this chapter, we consider the following nonsmooth nonconvex optimization problem.

minixmize F(z) = f(z) + m¢(z), (4.1.1)
where ¢ : R" — (—o00,00] is a proper, convex, and l.s.c. function with a block separable
structure, f : R™ — R is smooth on an open subset of R" containing domvy = {x €
R™ | ¥(z) < oo}, and 7 is a positive constant.

Throughout this chapter, we do not assume that the function f is convex, and hence, we
are only concerned about obtaining the stationary points of problem (4.1.1).

As described in Subsection 1.2.3, the applications [29, 35, 55, 77] of problem (4.1.1)
are mostly built on large scales. In general, the number of the variables is of order 10*
or even higher. Hence, the classical second order methods can not be applied efficiently.
Recently, “block” type first order methods have been investigated extensively for solving
these large-scale problems. Tseng [67] proposed a block coordinate descent (BCD) method
to solve a nondifferentiable nonconvex optimization problem with certain separability of the
objective function. He proved that the BCD method has a global convergence property
under appropriate assumptions. However, the convergence rate of the BCD method remains
unknown. Tseng and Yun [69] proposed a block coordinate gradient descent (BCGD) method
for problem (4.1.1), which may be viewed as a hybrid of the BCD and gradient methods.
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In [69], the global convergence and the R-linear convergence rate of the BCGD method
are established. Another related method, called the accelerated block coordinate relaxation
(ABCR) method, has been proposed by Wright [71]. One of his significant contributions is
that he adopted the reduced Newton step to achieve rapid convergence.

In this chapter, we propose a class of block coordinate proximal gradient (BCPG) meth-
ods for solving the nonsmooth nonconvex problem (4.1.1). As presented in Subsection 1.3.1,
the search direction of the BCPG method at the r-th step is generated by

dyr (2" J") = agggr;in {(Vf("),d) + By (a" +d,2") + m¢(z" + d)| dj» = 0}, (4.1.2)
oRn

where J” C N is the index set selected at the r-th step, B, (-, ) : X x intX — R is the
Bregman function, defined by (1.3.5) in Chapter 1.3.1, and function " : X — R, called
the “kernel of B,.”, is assumed to be convex and continuously differentiable on intX and
X C dom F'is a closed convex set. For simplicity, we use the notation d” instead of d,(2"; J")

in this chapter when it is clear from the context.
It is worth mentioning that kernels {n"} are not fixed for different iterations in this

chapter, which yield at least three advantages.

e They allow us to obtain many well-known algorithms from the proposed BCPG meth-
ods. See Table 4.1, Subsections 4.3.1 and 4.6.1 for details.

e Some special kernels enable the BCPG methods to adopt a fixed step size. See Lem-
ma 4.5.1, Theorems 4.6.1 and 4.6.5, and Algorithm 4-1 for details. This property is

appealing when the evaluations of the functions in the line search are expensive.

e We may obtain accelerated algorithms by changing kernels when the iteration point is

close to a solution. See Algorithm 4-1 in Section 4.7 for details.

For the proposed BCPG methods, we first prove their global convergence (Theorem 4.4.1
in Section 4.4) with the generalized Gauss-Seidel rule and establish their R-linear convergence
rate (Theorem 4.5.2 in Section 4.5) under certain additional assumptions. As a consequence
of this result, the (inexact) BCD method is shown to have at least an R-linear convergence
rate for solving nonsmooth problem (4.1.1) (Theorems 4.6.2 and 4.6.5 in Section 4.6). To
our knowledge, this is the first result on the linear convergence of the BCD type methods for
nonsmooth problem (4.1.1). Finally, we propose a specific algorithm of the BCPG methods
with variable kernels for a convex problem with separable simplex constraints (Algorithm
4-1 in Section 4.7). The numerical results show that the proposed algorithm performs better
than the algorithm with a fixed kernel.

This chapter is organized as follows. In Section 4.2, we introduce some basic concepts

and properties, which will be used in the subsequent analysis. In Section 4.3, we present a
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framework of the BCPG methods and introduce propositions about the stationary points.
Then, we investigate their global convergence in Section 4.4 and determine the linear con-
vergence rate in Section 4.5. Some special BCPG methods are further discussed in Section
4.6, and the numerical experiments are presented in Section 4.7. Finally, we conclude this
chapter in Section 4.8.

Table 4.1: Reduced BCPG methods with special kernels

Special Kernel Reduced BCPG Methods
n (v) = fvg,v%) + %|Ujr|2
J" ={(r mod n) + 1}
0 (v) == sv"Hv, H = 0 BCGD method [69]
Proximal gradient method [66]

Coordinate descent method!

) Steepest descent method
n"(v) is fixed for all v, J" = N
Proximal point method

Exponentiated gradient method

Quasi-Newton method
n(v) == s B, JT =N Newton method
Regularized Newton method

4.2 Preliminaries

In this section, we introduce some useful properties for the Bregman function B, (-, -) defined
in (1.3.5), and present some important properties for a convex function. First, we define a

class of kernel functions (strongly convex functions) for the Bregman function B, (-, -).

Definition 4.2.1. For a given positive constant u, let ®(X;u) denote a set of functions
1 : X — R such that the following conditions hold.

(1) The function n is a closed proper differentiable function on intX ;

My
2

(ii) The function n is p,-strongly convez on X, i.e., n(y) > n(x)+(Vn(x),y—z)+2|ly—=|?

holds for any y € X, x € intX, where p, > p > 0.

'For the coordinate descent method, we assume that function f is strongly convex with respect to each
element. Note that function f can be nonconvex with respect to the whole variable in this case. It is shown

in [74] that the block coordinate descent method is convergent when f is only block wise strongly convex.
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For simplicity, we define a subset W(X; u, L) of ®(X; i) as follows.

U(X;p, L) :={ne®X;p | |Vn)— V)| < Lyllz —y|,0 < L, < L,Vz,y € intX}.

Note that any function in W(X; i, L) is not only strongly convex but also gradient Lips-
chitz continuous. A simple example in the class U(X; pu, L) is " (z) = 3(H"z,z) + (b, x) +a,
where a, b € R"™ and H" € R™"™ is a symmetric positive definite matrix such that
LI = H" = pl. The inequality B,(z,y) > 0 holds for all z, y € intX since " € ®(X; )
is convex. For convenience, we use B,(x,y) instead of B,-(z,y) when it is clear from the
context.

Next, we state some useful properties related to the Bregman function B,(-,-). Let
V1B, (-, ) denote the gradient of B, (-,-) with respect to the first variable, i.e.,

ViB,(z,y) = Vn(z) — Vn(y). (4.2.1)

The following lemma, called the“three-point identity theorem”, is originally presented in
[17, Lemma 3.1].

Lemma 4.2.1. For any n € ®(X;u), a, b€ intX, and c € X, we have
By(c, @) + By(a,b) — By(c,) = (Vn(b) — Vin(a),c — a), (122
B, (a,b) — By(c,b) < —(V1B,(a,b),c — a). (4.2.3)

Proof. By the definition of B, in (1.3.5), we can verify equality (4.2.2) easily. In-
equality (4.2.3) holds because of (4.2.1) and B,(c,a) > 0. "

Lemma 4.2.2. For anyn € V(X; u, L), the following two inequalities hold.
Lz —yl* > By(z,y) > §llz — yl*, Vo, y € ntX, (4.2.4)
(ViBy(z,y),x —y) > plle —y|]*, Yz, y € intX. (4.2.5)

Proof.  The first inequality in (4.2.4), originally presented in [52, Theorem 2.1.5], fol-
lows from the Lipschitz continuity of V7. The second inequality in (4.2.4) and inequality
(4.2.5) hold because of the strong convexity of 7. m

For the global convergence of the proposed BCPG methods, the variable kernels in this

chapter are required to satisfy the following condition.

Definition 4.2.2. Let {n"} C ®(X;u). The group of kernels {n"} is (o, 7)-upper bounded
on X if there exists a function 7(x) € ®(X;u) and o > 1 such that the inequality

By (z,y) < 0By(x,y) (4.2.6)

holds for any x € X, y € intX and r > 0.
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Definition 4.2.2 is an extension of that in [19, Definition 5.1]. The condition (4.2.6) is
weaker than gradient Lipschitz continuity assumption on {5"}, that is, n" € V(X py, L) for

all r. The following two examples demonstrate this assertion further.

Example 4.2.1. Let {n"} C W(X;u, L). It can be easily verified that fj(z) = 5|z|* €
®(X;p) and By(z,y) = ||z — y||*. Then {n"} is (ﬁ, 7 )-upper bounded on X from (4.2.4)

in Lemma 4.2.2.

Example 4.2.2. LetX—{xER"|xZ>OZxZ—1} n'( lenxz, and n"(z) €
i=1 i=1

U(X;1,L), r=2,3,.... It is shown in [6, Proposition 5.1] that n'(x) € ®(X;1), that is,

1
By (w,y) = Sllz —y*

Moreover, it follows from (4.2.4) in Lemma 4.2.2 that for any r > 2,

hl

By (z,y) < S lle —ylI* < LBy (z,y).

\)

Hence, for any r > 1, we have that
By (z,y) < max{l, L} B,:(x,y).
Then the kernels {n"} is (max{1, L}, n')-upper bounded on X.
The following lemma shows some elementary inequalities on a convex function .

Lemma 4.2.3. Let ¢ : R™ — R be convex. Then, the following inequalities hold for any
xz, y € R" and t € [0,1].

(x +ty) — () <iy(r +y) — ()], (4.2.7)
x+ty) — (e +y) < (- DYl +y) — )] (4.2.8)

) =
Proof. Since z +ty = t(x + y) + (1 — t)x, from the convexity of ¢, we have
Pl +ty) <tp(e +y) + (1= )¢(z), vi e [0,1],

which yields the desired results. [

4.3 Block coordinate proximal gradient (BCPG) meth-

ods

In this section, we first present the BCPG methods for solving problem (4.1.1). Then, we
prove that the search direction d” defined in (4.1.2) is a feasible descent direction of problem

(4.1.1). Finally, we show the explicit rules to select the block J" and the step size o'.
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4.3.1 The proposed BCPG methods

Block coordinate proximal gradient (BCPG) methods:

Step 0: Select an initial point z° € intX, and let r = 0.

Step 1: If some termination condition holds, then stop.

Step 2: Select a block J" C {1,...,n} by one of the Gauss-Seidel rules and select a strongly
convex function " : X — R as a kernel.

Step 3: Solve the following subproblem with the variable d to obtain a search direction d".

minimize (Vf(z"),d) + B, (2" +d, z") + 7¢(2" + d)

(4.3.1)
subject to dj = 0.

Step 4: Determine step size o” by the Armijo rule.

Step 5: Set o} = 2, + o' d},, 27 = a7, and r =7 + 1. Go to Step 1.

Note that we can adopt a different kernel function at each iteration. In the remainder of
this chapter, for the global convergence, we assume that there exists a constant y > 0 such
that " € ®(X; pu) for all 7. The Gauss-Seidel rules in Step 2 and the Armijo rule in Step 4

are presented in Section 2.4 and Subsection 4.3.3, respectively.

Remark 4.3.1. Steps 3 and j of the above BCPG methods are different from those in [71].
The search direction in [71] conforms to the gradient projection method with the Armijo
rule along the projection arc. Such an approach in [71] tends to obtain sparse (or active)
solutions, whereas it requires solving subproblem (4.5.1) repeatedly. We can also construct
the BCPG methods with the step size rule in [71], and show the same convergence properties.

As mentioned in the introduction of this chapter, the BCPG methods include many well-
known optimization methods. Among them, the following two methods are of particular

interest in this chapter.

(i) A Block Coordinate Descent method
Suppose that function f is strongly convex with respect to each block. Let

r r r 1 r
n (ZE,l’jr> = f(xJT7‘rfT) + §||IJ’" - xJ_T||2' (432)

Then, it can be verified that 1" is also strongly convex. Moreover, we have (V f(z"), d)+

By (z"+d,a") = f(a% +dyr,a%) — f(@") + (Vi f (@7, 27),d%) + 5]lds||*. Hence,
subproblem (4.3.1) is equivalent to the problem
minimize f(z, + dyr,2%) + 7 (2 + dyr). (4.3.3)

dJ'r"
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Note that, in (4.3.3), d;» € RI”"|, where |J7| denotes the number of elements in J". Re-
placing subproblem (4.3.1) by (4.3.3), the BCPG methods are reduced to the classical
block coordinate descent method [67].

(ii) Inexact BCPG methods

When subproblem (4.3.1) is difficult to solve exactly, we accept an approximate solution
as a compromise. Next, we give a definition for the approximate solution of subproblem
(4.3.1), under which the inexact BCPG methods are also regarded as certain “exact”
BCPG methods.

Definition 4.3.1. We say that d" is an approximate solution of subproblem (4.3.1)
with error € if the pair (d",e") € R"™ x R"™ satisfies
Vifa") +Vena +d) —Vena") +eh € —1op(a" +d7),

d5 =0,e% =0.

(4.3.4)

Note that if d” satisfies (4.3.4) with " = 0, then d" is the exact solution of (4.3.1).

Now, suppose that (d", ") € R"™ x R"™ satisfies (4.3.4). Let E" € R"*"™ be the diagonal
matrix, for which £, is given by

Soifdr #£0,
Ep=¢% ? (4.3.5)
0 ifd =0.
Then, we have ¢” = E"d". Combining it with (4.3.4), we have
Vif@)+Vena" +d7) —Vun(a") + (E'd") g € —10p(x" +d7), (4.3.6)
d,’:fr = 07

which are equivalent to the optimality conditions of subproblem (4.3.1) whose kernel
n"(z) is replaced by n"(z) + 2T E"z. Hence, when " is sufficiently small, the inexact
version BCPG methods (inexactness is described as (4.3.4)) are reformulated as the
proposed BCPG methods with the kerenl

i"(z) =n"(x) + 2" E"x. (4.3.7)

The conditions on " for global convergence are given in Section 4.6.

4.3.2 A feasible descent property of d"

In this subsection, we show the descent property of the search direction d" given in Step 3,
and present elementary results about the stationary points of subproblem (4.3.1) and the
original problem (4.1.1). The next lemma states that the direction d” is a feasible descent

direction of F', which is a natural generalization of [69, Lemma 1].
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Lemma 4.3.1. For any 2" € X and J" C N , we have
F(z"4+td") < F(2") +tO(z",d") + o(t), Vt € (0,1], (4.3.8)

where ©(z",d") .= (V f(z"),d") + T¢(x" +d") — mip(a"). Moreover, if n" € ®(X; ), then we
have

O(z",d") < —(ViBy(z" +d",2"),d") <O. (4.3.9)
In particular, ©(x",d") < 0 holds if d" # 0.

Proof.  Inequality (4.3.8) follows from [69, Lemma 1]. Next, we show inequalities
(4.3.9). For any t € (0,1), using (4.2.3) with a = 2" + td", b = 2" and ¢ = 2" + d", we have

By (2" +td",2") — By (2" +d",2") < —(1 = t)(ViBy (2" +td", 2"),d"). (4.3.10)
Since d" is a solution of subproblem (4.3.1), we obtain

(Vf("),d")+ By(z"+d",z") + p(z" +d")
< WV f(a"),d") + By (" +td", 2") + mop(a” + td").

Then, it follows from (4.2.8) and (4.3.10) that
(L=t)(Vf(2"),d") + (1 =1) (rp(z" +d") = 7¢(2")) < =(1 = ) (V1B (z" + td", 2"),d").
Since 1 —t > 0 for any ¢ € (0, 1), dividing the above inequality by 1 — ¢, we have
(Vfa"),d"y + 1" +d") —(z") < (V1B (2" +td", z"),d").

We obtain the first inequality of (4.3.9) by letting ¢ — 1 in the above inequality. The
second inequality of (4.3.9) can be proved easily from Lemma 4.2.2. Further, if d" # 0, then
it follows from (4.2.5) that (V1 B,-(z" +d",2"),d") > p||d"||* > 0, which yields ©(z",d") < 0
from (4.3.9). "

Next, we present the definition of the stationary point and its sufficient and necessary

conditions.

Definition 4.3.2. We say that z* € dom F' is a stationary point of F' with respect to the
block J if F'(z*;d) > 0 holds for all d € R™ with dj = 0, where F'(x*;d) denotes the
directional derivatives of F' at the vector x* with respect to the direction d.

Lemma 4.3.2. For anyn € ®(X; u), d,(x*,J) = 0 holds if and only if the vector v* € dom F
1s a stationary point of F with respect to the block J.
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Proof.  First, we prove the “if 7 part by contradiction. Suppose that d,(z*, J) # 0
holds. Then it follows from Lemma 4.3.1 that
F(x* +td, (z* — F(x*
F/(.T*7d,7(flf*,J)) — hHl (.I' + 7](1‘ 7J)) (:L‘ )
t10 t
< lim te(z*, d,(z*, J)) + o(t)
t10 t
= O(x",d,(«*,J]))
< 0,

where the first inequality follows from (4.3.8) and the second inequality follows from (4.3.9)
and the assumption d,(z*, .J) # 0. However, it contradicts with Definition 4.3.2.
Conversely, if d,)(z*, J) = 0 holds, for all t > 0, y € R™ with y7 = 0, we have from (4.1.2)

UV f(x"),y) + B,y(a" + ty, z*) + 7p(x* + ty) > Tp(z7). (4.3.11)

Then, for any y € R" such that y7 = 0, we have

[ +ty) — f(z7) + (" + ty) — (")

F'(z*,y) = lim

t}0 t

> Tim fla* +ty) — f(a*) — t(Vf(z*),y) — By(z* + ty, z*)
10 n

_ iy 7@ ty) (@) + (V) y)
tl0 t

=0,

where the first inequality follows from (4.3.11), the second equality follows from the definition
of B, and the differentiability of f, and the last equality follows from the differentiability of
1. Therefore, x* is a stationary point of F' with respect to the block J from Definition 4.3.2. m

The following corollary follows immediately from Lemma 4.3.2 by setting J = N

Corollary 4.3.1. For anyn € ®(X; u), d,(*,N) = 0 holds if and only if x* is a stationary
point of problem (4.1.1).

4.3.3 Gauss-Seidel rules and Armijo rule

For establishing the global convergence, we assume that the rules to select a block in Step
2 is the generalized Gauss-Seidel rule. To show the linear convergence rate, we employ the
restricted Gauss-Seidel rule [69]. For the formal definitions, see Section 2.4 for details.

To find the step size " in Step 4, we adopt the following generalized Armijo rule [69].



68 Chapter 4 BCPG methods for separable optimization

Armijo rule:
Select any scalar af, ., > 0 with sup, a],;, < oo, and let a” be the largest element of the

sequence {al ., 37};-01,. such that
F"+a'd") < F(z")+ a"ocA(z" + d"), (4.3.12)
where 3, 0 € (0,1), v € [0,1), and

Alz"+d") :=(V[f(z"),d") + y(ViBy (2" +d",2"),d") + mp(z" + d") — m(z").  (4.3.13)

We make a few remarks on this Armijo rule. The assumption sup, af,,, < oo implies that
both {a},;,} and {a"} are bounded. However, it is still possible that {a"} — 0 as r — 0.
If the smooth part f of problem (4.1.1) is gradient Lipschitz continuous, then we can ensure
that inf.a” > 0. This assertion will be shown by Lemma 4.5.2 in Section 4.5.

By the definition of ©(z",d") in Lemma 4.3.1, A(z" + d") in (4.3.13) can be rewritten as
A(z"+d") =0(",d") + y(ViBy (2" +d",z"),d"). (4.3.14)

The following lemma states that the term A(z" + d") is nonpositive, which is important
for the validity of the above Armijo rule. The proof can be easily deduced by using (4.2.5),
(4.3.9), and (4.3.14).

Lemma 4.3.3. For any n" € ®(X;pu), v €[0,1), and d" € R", we have
A" +d") < (y = 1){(ViBy(a" + d",2"),d") < (y — Dpl|d"||> < 0. (4.3.15)
Furthermore, A(x" +d") < 0 holds if d" # 0.
The following two remarks further illustrate the role of Lemma 4.3.3.

Remark 4.3.2. Lemma 4.3.3 implies that o in the Armijo rule is well defined. It is
tllustrated by Lemma 4.3.1 that the nonzero d" is a descent direction of F. Thus, there
exists a constant t > 0 such that F(z" +td") < F(a") + tocA(z" + d") since o € (0,1) and
O(z",d") < A(zx" +d") < 0 hold for any nonzero d". Hence, the ezistence of o satisfying
(4.8.13) is confirmed.

Remark 4.3.3. The sequence {F(z")} generated by the Armijo rule is not increasing since
A(z" +d") < 0 holds for any nonzero d". Therefore, we have either {F(z")} | —oo or
{F(z")} > —o0. If{F(2")} > —o0, then the limit of {F(2")} exists.

4.4 Global convergence

In this section, we show the global convergence of the BCPG methods. Since the proof is

an extension of that for the BCGD method in [69], we refer some lemmas from [69] and
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omit the corresponding proofs. Throughout this section, {z"}, {a"}, and {d"} denote the
sequences generated by the BCPG methods.

The following lemma, corresponding to Theorem 1(b) in [69], shows that the search
direction d" vanishes when {z"} is bounded. It can be proved by replacing d*" Hk g by
(ViByr(z" +d",2"),d") in the proof of [69, Theorem 1(b)].

Lemma 4.4.1. If there exists an infinite set X C {0,1,...} and a vector T such that
lim 2" =2z € X, then the following statements hold.

r—o00, reX

(i) lm a"A(z" +d") =0.

r—00

(i) lim d =0.

r—oo, reX

Next, we prove the global convergence of {z"}.

Theorem 4.4.1. Suppose that 1) is block separable with respect to each block J", and that
kernels {n"} are (o0, 7)-upper bounded on X with ¢ > 1 and 1 € ®(X;pu). Let {a"} be
generated by the BCPG methods. Then, any accumulation point of {x"} is a stationary
point of problem (4.1.1).

Proof.  Let Z be an accumulation point of {z"}. Then, there exists an infinite set
Z C{0,1,...} such that lim 2" =z.
r—o00, r€EZ

To prove this theorem, first, we show that there exists a block denoted by Q° such that
7 is a stationary point of F with respect to the block Q°, i.e

F'(z,d) > 0,Yd € R" with dgs = 0. (4.4.1)

From Lemma 4.3.2, it is equivalent to show that d(Z; Q%) = 0 for certain 7j € ®(X; ).

In fact, at each iteration, there are limited alternatives (no more than 2" —1) for selecting
a block. Hence, we can suppose that there exists a block Q° and an infinite subset Z, C Z
such that J™ = Q for all r € Z,. Further, since lim 2" = and Z;, C Z, we have

r—00, reZ
lim a" =1z. (4.4.2)
r—00, r€Zy
Then, for any r € Zy, d", and x € R" such that Tao QO, we have
r T H T2 T

(Vf(a"),d") + §Hd |7+ mp(a" + d")
< (Vf(a"),d") + By (2" + d",a") + mp(a" +d")
< (Vf(a"),z —a") + By (,3") + 7¢(2)
< (Vf(@"),z —a") + oBy(z,2") + T4 (), (4.4.3)
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where the first inequality follows from Lemma 4.2.2; the second inequality holds since d” is
a solution of subproblem (4.3.1), and the last inequality follows from Definition 4.2.2.
From (4.4.2) and Lemma 4.4.1(ii), we have  lim d" = 0. Further, letting » — oo with

r—o0, reZy
r € Zpin (4.4.3), we have
() < (Vf(Z),2 — Z) + 0Bj(x,2") + T¢(x), Vo € R" with 55 = Tgg,

which implies that dg(z; Q%) = 0, where 7(z) = gij(x). It then follows from ¢ > 1 that
n(x) € ©(X;0p) C O(X;p).

In the second step, we show that there exist other B —1 blocks Q*, 7 =1,...,B—1, such
that F'(Z,d) > 0 holds for any d € R" with dg; = 0 and Y7 ' Q' = N

Since o is bounded, we have from (4.4.2) and Lemma 4.4.1 that

lim 2= lim {2"+ao'd"} =1z
r—o0, r€Zn r—00, T€ZQ

By the same argument as in the first step, there exists a block Q' and an infinite subset
Z, C Z, such that J™™' = Q' for all » € Z;. Further, we obtain dy(z; Q') = 0 with
n(x) = on(x) € ®(X;p), ie., T is a stationary point of F' with respect to block Q. From
Definition 4.3.2, we have

F'(z,d) > 0,Vd € R™ with dgr = 0. (4.4.4)
Similarly, there exist B — 2 blocks Q¢, i = 2, ..., B — 1 such that
F'(z,d) > 0,Vd € R" with dgr = 0. (4.4.5)

From the generalized Gauss-Seidel rule, we have N = [JZ ' J7+ = U2 Q"
Finally, we show that Z is a stationary point of problem (4.1.1). From Corollary 4.3.1,

we only need to show F'(z,d) > 0 for all d € R"™. In fact, we can obtain B disjoint blocks
JiC Qi i=0,1,..., B—1,such that UZL T = N and JinJ? = @ for any 4, j such that i # j.
Hence, we have (V f(z),d) = S0 (V5. f(),d;.) and (z +td) = 320 05.(T 5 + td;,) for

any d € R". For convenience, we denote d3 =(0,...,0, d; ,0,...,0)T € R™. Note that

F'(z,d%) >0 (4.4.6)

? Jz
holds for all i from (4.4.1), (4.4.4), and (4.4.5).

Then, we obtain
f(f +td) — f(Z) + (T + td) — T (T)
uo t
B-1
1 Z wji@jz‘ + tdji) - ¢jz‘(fji)
(V5 f(2). )+ lim =2

F'(z,d) =

S}

t

@
Il
o
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where the second equality follows from the differentiability of f and the block separability of
1, the third equality follows from the definition of directional derivative, and the inequality

follows from (4.4.6). Hence, the proof is completed. ]

4.5 Linear convergence rate

In this section, we establish the linear convergence rate for the BCPG methods with the
restricted Gauss-Seidel rule. Throughout this section, {z"}, {a"}, and {d"} are sequences
generated by the BCPG methods with the restricted Gauss-Seidel rule.

We make some further assumptions on the objective function F' and the smooth part f
for linear convergence. For convenience, we denote the set of stationary points of problem
(4.1.1) by X in the rest of this chapter.

Assumption 4.5.1. The gradient V f is L;-Lipschitz continuous, i.e., |V f(z) =V f(y)|| <
L¢||lx —y|| holds for any z,y € R".

Assumption 4.5.2. There exists a scalar § > 0 such that ||z — y|| > 3, whenever z,y € X
and F(z) # F(y).

Assumption 4.5.2 means that the stationary point set X has a separable property. It
holds when X contains only a finite number of values, or the components of X are prop-
erly separable. Note that, if the objective function F' is convex, then Assumption 4.5.2

automatically holds.

Assumption 4.5.3. The set X is nonempty. Moreover, for any ( € R, there exist scalars
>0 and e > 0 such that dist(z, X) < k||d;(z; N)||, whenever F(x) < ¢ and ||d;(z; N)|| < e.

Here, j(z) == tpa”z and dist(z, X) = min ||z — z|.
= zeX

Assumption 4.5.3 is called the “local Lipschitz error bound assumption” in [69]. Note
that it holds whenever one of the following conditions holds (See [66, 69] for details).

(C1) f=3a"Ex+ (¢,x) for all z € R", where E € R™", ¢ € R™, and ¢ is polyhedral.

(C2) f(x) = g(Ex) + (q,z) for all x € R", where £ € R"™*" ¢ € R", and ¢ is a strong-
ly convex differentiable function on R™ with Vg Lipschitz continuous on R™. 1 is

polyhedral.
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(C3) f(z) = maxyey{(Ex,y) — g(y)} + (¢, z) for all x € R", where Y is a polyhedral set
in R™, E € R™™, q &€ R" and g is a strongly convex differentiable function on R™
with Vg Lipschitz continuous on R™. 1 is polyhedral.

(C4) f is strongly convex and V f is Lipschitz continuous.

(C5) f(z) = g(Fx) for all x € R™, where E € R™*", ¢ is a strongly convex differentiable

N
function on R™ and Vg Lipschitz continuous on R™. v := Z%Hx 7i2-
i=1
Moreover, it can be easily verified that the functions in (C1)-(C5) satisfy Assumption
4.5.1. When matrix F in (C1) is symmetric and positive semidefinite, the functions in
(C1)-(C5) satisfy Assumption 4.5.2 as well.
Before presenting the main theorem of this section, we introduce some technical lemmas.
Under Assumption 4.5.1, we have the following two lemmas, which are originally given
in [69, Lemma 5(b)] and [69, Theorem 1(f)]. We omit their proofs. Lemma 4.5.1 gives an
estimation for the step size o’ generated by the Armijo rule, and Lemma 4.5.2 shows that

the direction d" is globally convergent to 0, which is sharper than Lemma 4.4.1(ii).

Lemma 4.5.1. Suppose that Assumption 4.5.1 holds. For anyn" € ®(X;p), o € (0,1), and
a € [0,min{l, 2u(1 — o+ 07)/Ls}], we have

F(z" 4+ ad') — F(z") < calA(a" + d"). O

Note that Step 4 can adopt oj,;; = 1 and a = min{1, 2u(1—0o+0o7v)/L;} without evaluat-

ing F' when Ly is known previously. It is useful when the evaluation of F' is computationally

expensive. In the rest of this chapter, for simplicity, we assume that o, = 1.

Lemma 4.5.2. Suppose that Assumption 4.5.1 holds. Then, inf, " > 0. Further, lim d" =0
r—00
holds if lim F(z") > —o0.

7—00

From the above lemmas, we find that step size a” is away from zero.
The next lemma shows a relation between the distinct directions generated with respect

to different kernels.

Lemma 4.5.3. For any " € U(X;p, L), let ij(z) = jpa’x, d" = dj,.(z";J7), and d" :=
dp(z"; J"). Then, we have )
"]l < walld”l, (4.5.1)

where wy; =
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Proof.  For simplicity, we only show (4.5.1) with J” = N. Using Fermat’s rule, we
obtain

d" € argmin {(V f(z") + V1B (2" +d",2"),u) + (2" + u)}, (4.5.2)
d" € argmin {(Vf(2") + ViBy(a" + d", "), u) + 7(a" +u)} . (4.5.3)
These two relations imply that

(VI(@@")+V 1By (z" +d",2"),d") + m(a" + d")
<(Vf(@") + Vi By (2" +d",2"),d"y + mp(z" + d"),
(VF(@")+V i By(a" + d",2"),d") + (z" + d")
<(Vf(a")+ViBy(a" +d",z"),d") + (z" + d").
Summing these two inequalities and rearranging it, we have
(ViBy(z" +d" 2"),d") + (V1 By(z" + d",2"),d")

_ _ 4.5.4
—(ViBy (2" +d',2"),d’) — (Vi Bo(a" + ', a"),d") < 0. (454

From Lemma 4.2.2, we have that
(ViBy (o + "2, &) 2 plld' |2, (ViBy(a” + &), &) > |
Since V" and V7 are Lipschitz continuous, from the Holder inequality we have
(ViBy (0" + &2, &) S TN TN, (ViByla” + & a7),d) < plld |||
Combining them with (4.5.4), we have
ulld' 2 = (T + ) ]+ el < .

Dividing both sides by p and completing the square for the first two terms, we have

— 2
_ L+p
<||dr||—2——||d ||> <
7

(L+p? =42
e LA R

B \/(Z+H)2—4ﬂ2 L+pu i
ldr]| < +—— | lld"[l
21 2p
Let wy = AVAG DT 4 e Then, we obtain the desired inequality. [

2u 2p

The next lemma illustrates the Lipschitz continuity of the search direction d with respect
to Vf.
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Lemma 4.5.4. Suppose that ¢ s block-separable with respect to the block J". For any
2" €intX, and a € R™, we define

1
d"(a) = argmin {(a, d) + §ude + (2" +d) | dp = 0} .
y H

Then, we have

1
|d"(a) —d"(b)|| < —l|la—10l|, for all a,be R". (4.5.5)

K
Proof.  This lemma follows immediately from [69, Lemma 4] with h(u) = jpu’u
p=2,and p = pu. n

The following technical lemma is an extension of [69, Lemma 5(a)], which will be used
for Lemma 4.5.8.

Lemma 4.5.5. Suppose that ¢ is block-separable with respect to the block J". For any
n" € ®(X;p), 2" €intX, y€(0,1), and t € (0,1], we have

(V@) +V1 By (2" +d",2"), 2" (t) — ") + 7p(2"(t)) — m(z")
< (-1 =y)(ViByp(a"+d",2"),d") + A" +d")],

where &"(t) == 2" +td", d% =0, and " € R" with 775, = a7,

Proof. Since d" is the solution of (4.1.2), by Fermat’s rule, we get that

d" € argmin {(V f(z") + V1B (2" +d",2"),d) + 7(a" + d)| dj» = 0},

deR™

which implies that

(VI(@")+ViBy(z" +d",2"),d") + m(a" + d")
<(Vf(a")+ViBy(z"+d",2"), 2" —a") + 1¢(Z")

holds for all " € R" with 77, =27, i.e.,

Jrs
(V@) +ViBy(a"+d"2"),d — 7" +2") <1(z") — (2" + d"). (4.5.6)
Hence, we obtain
(Vf(@") + ViBy (2" +d', x"), 2" (t) — 27) + 73" (1)) — 7p(2")
= (Vf(@@") +ViBy(a"+d",a"),a" +td" —z") + mp(a" + td") — mp(z")

= (Vf(@@") + ViBy(a"+d",2"), 2" +d" —z") + 7p(a" + td") — m(z")
+ (= 1)(Vf(z")+ V1B (2" +d",2"),d")
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IN

TP(Z") — mP(a" +d7) + (t = D)V f(a") + VB (2" +d"2"),d") + m(a" + td") — 7p(Z")
< (=1 [mY(a"+d") —m(a") + (Vf(a") + V1B (a" +d",2"),d")]
= (t—-1D[1—=y)(ViBy(2"+d",2"),d") + A(z" +d")],

where the first inequality follows from (4.5.6), the second inequality follows from (4.2.8), and
the last inequality follows from (4.3.13). "

The next lemma presents a relation of the directions generated with the blocks N and
J. Recall that ¢(r) and I' are defined in the restricted Gauss-Seidel rule.

Lemma 4.5.6. Suppose that Assumption 4.5.1 holds. Let (x) = %E:cTa:. Then, the follow-

ing statements hold for any n" € V(X; p, L).

p(r)—1
P T4 L
(@) || dy(z"; N)|| < wy Z |dpi (' J)|| for all v € T, where wy = ( 22 £ Zl; +

Ly
n sup,a” > 0.

p(r)-1
(b) If lim F(z") > —oo, then lim Z | d,: (2% J")|| = 0.
T—00 —r

r—oo,rel’ 4

(c) If rILHoZF@T) > —00, then lim dz(z"; N) = 0.

r—oo,rel’

Proof. (a) By using Lemmas 4.5.1, 4.5.3, and 4.5.4, we can show this inequality in a
similar manner to [69, Theorem 2(a)]. Here, we omit the details.
(b) Under Assumption 4.5.1 and the assumption lim F'(z") > —oo, we have from Lemma
T—00
o(r)—1
. r. r _ . . ) i. ) _ .
4.5.2 that Tlgglodnr(x ;J") = 0. Moreover, we obtain THI;OI,I;GF Z |dyi(z*; J*)|| = 0O since

p(r)—r<nforallrel.

(c) Combining (b) with (a) in this lemma, we have  lim 1“alﬁ(a:T;J\/') =0. u
r—00, 1€
e(r)—1 o
Suppose that TlLHOIOF(I ) > —oo. From Lemma 4.5.6 (b), we have r_)l;orﬁer Z dyi(x"; J)|| =
0, which yields
lim {2*®) — 2"} =0, (4.5.7)
r—oo, rel’
since %M — pr = f:(:)*lo/"d’" and 0 < o" <sup, af,,;; < 00.
Further, from Assumptions 4.5.1, 4.5.3, and Lemma 4.5.6 (c¢), we obtain  lim Fdist(ycr, X) =
r—00, I
0,1i.e.,
lim |[2" —2z"|| =0, (4.5.8)

r—oo, rel’
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where " denotes the stationary point nearest to x”. Then, it yields lim F{x”(’") —x -
r—00, TE

7#") + 7"} = 0. Hence, we have from (4.5.7) that

lim {z¢") —z"} =0. (4.5.9)

r—oo, rel’

Then, it follows from Assumption 4.5.2 that there exist scalars 7 > 0 and F* € R such that
FE)y=F,Vrel,r>r. (4.5.10)

The following lemma states that the value F™* defined in (4.5.10) is a lower bound for the
sequence {F'(z")}.

Lemma 4.5.7. Suppose that Assumptions 4.5.1-4.5.8 hold. If lim F(z") > —oo, then
r—00
lim F(z") > F*, where F* is defined in (4.5.10).

r—o0, rel’

Proof. The existence of the limit of {F/(x")},cr is guaranteed by Remark 4.3.3. Next,
we only need to show lim F(z") > F™.

r—oo, rel’

Let " be a stationary point of problem (4.1.1). From Corollary 4.3.1 , we have F'(z",d) >
0 for any d € R". Then, for any x" satisfying (4.5.8), we get

(Vf(z"), 2" —2") + m(a") — mp(z2") > 0. (4.5.11)
Since f is smooth, using the mean value theorem, we have

f@") = (@) = (V) 2" = 77), (4.5.12)

where £ lies on the line segment joining x" and z".

Then, we obtain

F* = F(2") = f(z") = f(2") + 7(7") — (")
<(Vf(E)=Vf@)1" —a")
<[IVF(E) = Vi@E)|llz" — "]
< Lyfja" — 2",

where the first inequality follows from (4.5.11) and (4.5.12), and the last inequality follows
from Assumption 4.5.1 and the inequality ||z — &"|| < [|z" — 27|
Letting 7 — oo and r € ', we get the desired inequality by (4.5.8). ]

The next result presents an estimator for the distance between F(z") and F*. It is a
modification of [69, (40) on Page 408] and plays a key role to prove the convergence rate of
the BCPG methods for the nonsmooth problem (4.1.1).
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Lemma 4.5.8. Suppose that Assumptions 4.5.1-4.5.8 hold. Then, there exists a positive
e(r)—1
constant @ such that F(z¢")) — F* < —@ Z A(z' +d") holds for any sufficiently large

r € I', where o(r) is defined in the restricted Gauss-Seidel rule, and F* is defined in (4.5.10).

Proof. Let " be a stationary point of problem (4.1.1). From the restricted Gauss-

Seidel rule, we have
e(r)—1
= > p(a), Vrel. (4.5.13)

i=r

Then, for a sufficiently large r € I", we have

F(z#™) — F~
= f(@?D) = (@) + (@) — ()

p(r)—1
= (VAE),a ) =2 17 > [ (@57) = ()]
- ) e(r)—1 '
= {(VAE) = VI@), 2D =2} + 3 > (Vafa") = Vo f(ah), a5 = 20)

VJ fzh) + (Vani (2" + d', :U’))J ,x?,m -z + Tin(x?(T)) — 7t (T7:)

||MA

le .T +d l‘)Jz sz_miii(r)>

IIM

[
A

where the second equality follows from (4.5.13) and the mean value theorem (£7 lies on the

Sy + 53+ 54,

line segment joining x¥) and z"), and S;, i = 1,...,4, denotes the four terms in the above
braces, respectively.

For Sy, Sz, and Sy, we can show that there exists a positive constant ws = nLy(kws +
2n) + nL such that Sy, Sy, S, < wng:(:)_l |d?||* from Lemma 4.5.6 (a) and Assumptions
4.5.1 and 4.5.3.

For S3, we get for all v € [0,1) that

o(r)—

Sy < Z (o' = D1 =)V By(a" + d',2"),d") + Az’ + d')]

@(T

<Z (o — 1)A(z" +d'),
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where the first inequality follows from Lemma 4.5.5, and the second inequality follows from
(ViByi(a' +d',2"),d") >0, o' <1, and v € [0,1).
Thus, we obtain

p(r)—1

F(z#) — F* < 3w32 |d||? + Z (o' — D)A(z' + dY)

3 r)l
S—(( o )ZA:E—HP

where the second inequality follows from Lemma 4.3.3 and o > 0. Setting w = (13“% + 1,

we complete the proof. [

Now, we show the linear convergence rates for {F(z")}r and {z" }r.

Theorem 4.5.1. Suppose that Assumptions 4.5.1-4.5.3 hold. Let n" € ¥(X; p, L) and {z"}
be generated by the BCPG methods with the restricted Gauss-Seidel rule. Then, we have
either {F(z")} | —o0 asr — oo or {F(z")}r converges to F* at least Q-linearly, where F*
is defined in (4.5.10).

Proof.  From Remark 4.3.3, we have either {F(z")} | —oo or {F(z")} > —o0 as
r — oo. Next, we only suppose that {F'(z")} > —oc.

From the Armijo rule and Lemma 4.5.1, for any r» € I', we have

F(a'™h) = F(a') < 0a'Ar’ + d') < oA +d), Vi € {ror +1,...,(r) = 1.

Summing over i =, 7+ 1,...,p(r) — 1, we have
p(r)—1 ' 4
F(a*") = F(a") <o > A’ +d), vrel. (4.5.14)

Using (4.5.14), Lemmas 4.5.7 and 4.5.8, we obtain for any sufficiently large r € I' that

e(r)—1
0 F@) = F < =@ 3 AW’ +d) Swy(F) = Fa#)),
where wy = £ > 0.
Rearranging the above inequalities, we have
Wy
14 Wy

F(z#") — F* < (F(z") — F), (4.5.15)

which implies that {F(2")}r converges to F* at least Q-linearly. "
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Remark 4.5.1. From (4.5.15), we find that constant wy has impact on the convergence of

{F(z")}. Bywsy,wy and @ in Lemmas 4.5.6 (a) and 4.5.8, we have that wy = L {1 + m

(L+p)?—4p? | T4p | L
f

[6n2L; + 3nL + 3an/<;(+ +t 5 T 7)]} If constant wy is not very big for some

i, L>0, < L, it follows from (4.5.15) that we may achieve good convergence by choosing

kernels such that p is set as high as possible, and L is set as low as possible. If wy is

w4
7 14wy

sufficiently large for any u, L>0, < L approaches to constant 1. Then the influence

of constants . and L is negligible.

Theorem 4.5.2. Suppose that Assumptions 4.5.1-4.5.8 hold. Let n" € V(X; p, L) and {z"}
be generated by the BCPG methods with the restricted Gauss-Seidel rule. If {F(z")} > —oo0,
then {x"}r converges to a stationary point of problem (4.1.1) at least R-linearly.

Proof.  First, we show the global convergence of {z"}r. For convenience, we denote
I' = {ky, ko,...}. Since {F(z")}r converges to F* at least @-linearly by Theorem 4.5.1,
{F(z™)} also converges to F™* at least R-linearly, where F™* is defined in (4.5.10). Thus,
there exist constants K > 0, ¢ € (0,1), and an integer ¢ such that

F(a") — F* < K¢ (4.5.16)

for any t > £. Using (4.5.14) and Lemma 4.3.3, we have

kt+1 1 k‘t+1 1
F(z*) = F(a") > =0 > A +d') > —o(y - Dp Y ||d'|I*
i=ky i=k¢

Since '™ = ' + a'd’ and sup, o < 1, we further have

kt+1 1
F(z*) = F(a") > o(l—y)p Y [l — 2| (4.5.17)

1=kt

Hence, we obtain

kt+1—1
||:L,kz+1 o l,k?t” < J (kt—&—l . kt) Z ||:L,z'+1 _ [L’ZHQ

i=ky

<\ fom Rt = Flake)
_ \/U(lf—wﬁ(ﬂxkt) — F* + F* — F(zke))
: \/0(1ﬁ7)uKét’
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where the second inequality follows from ki1 — ky < n and (4.5.17), the third inequality
follows from Lemma 4.5.7, and the last inequality follows from (4.5.16).

We denote p := /G(T’Z/)MK and ¢ := ¢z Then, for any positive integers m, n with
m > n, we have -

k?m _k/'n -1 k‘m _k'n -1 —k

lafn =t < 37 fletn et <p Y At = e <pp—
par P 1—-c 1—-c

km kn

which implies that {z%} is a Cauchy sequence because of 0 < ¢ = ¢z < 1. Hence, {z¥t}
is convergent, i.e., {#"}r is convergent. Let x* denote the limit of {#"}r. Then, 2™ is a
stationary point of F' from Theorem 4.4.1.

Finally, we complete the proof by showing the linear convergence rate of {z"}r.

: ghn _ghm :
Since |lzPm — afr|| < p&=S", by letting m — oo, we have
Thn _ ok ok
. . cin — cim crn
|2°° — 2% || = lim ||2*™ — 2% < lim p — =D -,
m—00 m—00 —C 1—c¢
which implies that {z*} converges to x> at least R-linearly, since 0 < ¢ < 1. m

4.6 Special BCPG methods

In this section, we discuss three special BCPG methods: the block coordinate descen-
t method, the inexact BCPG methods and an inexact block coordinate descent method.

We present some sufficient conditions for their global convergence.

4.6.1 The block coordinate descent (BCD) method

In this subsection, first, we show that the unit step size is acceptable for the BCD method
presented in Subsection 4.3.1. Then, we note that the requirement for its linear convergence

in Theorem 4.5.2 can be weakened. To this end, we require the following definitions.

Definition 4.6.1. A function f : X — R is strongly convex with respect to the block J if
the inequality f(ys,x5) — f(x5,25) = (Vif(zs,25),y5 — x5) = G llys — 2;|* holds for any

zy,y; CRY and (zg,27), (ys,25) € X, where puy is a positive constant.

Note that, if f is strongly convex with respect to a block J, then the solution of the
subproblem (4.3.3) is unique.

Remark 4.6.1. If Definition 4.6.1 does not hold for a certain block J, we may take f(z)+
pllzl|* (u > 0) instead of f(x) in (4.3.2). In this case, the BCPG methods reduce to the
block coordinate proximal point method [74].
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Based on the Definitions 4.6.1 and 2.2.3, we assume that the smooth part f satisfies the
following conditions.

Assumption 4.6.1. (1) The function f is strongly convex with respect to each block.

e gradient 18 block-wise Lipschitz continuous with respect to each block, which 1s
2) Th dient V f is block-wise Lipschi ] ith h block, which
precisely defined by Definition 2.2.3 in Subsection 2.2.2.

For convenience, we let the scalar p,,; denote the smallest strongly convex parameter
for different blocks, and let the scalar L,,,, denote the largest Lipschitz constant of f for
different blocks.

.

The following theorem states that the unit step size (a” = 1) can be adapted for the
BCD method.

Theorem 4.6.1. Suppose that Assumption 4.6.1 holds. Then, the unit step size & = 1 is
acceptable for the BCD method.

Proof.  Without loss of generality, we consider the case at the r-th iteration. Thus,
we obtain d;, = 0. Since the BCD method is a special case of the BCPG method, we can

prove the following inequality by a similar argument for (4.3.9) in Lemma 4.3.1.
(" +d") —m(a”) < —(Vf(a"+d"),d"). (4.6.1)
Then, A(z" +d") in (4.3.13) can be rewritten as follows.
A" +d') = (V@) d') + (V@ +d) = V@), d) + 7@ +d) = 7). (4.62)
Hence,
F(x"+d")— F(z") —oA(z" +d")
= fl@" +d) = fa") = o(L = (V") d") = oV (@ +d).d)
+ (1= 0)[r(a” +d") = 79(a")
@ +d) = f@") = (V@ +d).d") = o(l = )(VF(a") = Vf(a" +d),d)
(=52 4 (1 = ) Lo ) |2

2
where the first equality follows from (4.6.2), the first inequality follows from (4.6.1), and

<
<

the last inequality follows from the block strong convexity and block gradient Lipschitz
continuity of f.

Note that the parameters f,,;, and L,,., are fixed constants. By selecting appropriate
parameters ¢ and 7 in the Armijo rule, we can ensure that —#2= + o(1 — ) Lypg, < 0 for
all 7, i.e., " =1 is acceptable for the BCD method. ]

The next theorem states the convergence rate of the BCD method, which is a direct
corollary of Theorem 4.5.2.
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Theorem 4.6.2. Suppose that function f in problem (4.1.1) is strongly conver and As-
sumption 4.5.1 holds. Let {J"} be selected by the restricted Gauss-Seidel rule. Then {x"}r
generated by the BCD method converges to an optimal solution of problem (4.1.1) at least
R-linearly.

Note that, Theorem 4.6.2 holds even if f is block strongly convex and block gradient
Lipschitz continuous for each block. To the best of our knowledge, this is the first linear con-

vergence result on the classical block coordinate descent method for the nonsmooth problem
(4.1.1).

4.6.2 Inexact BCPG methods

As described in Subsection 4.3.1, the inexact BCPG methods with the criterion (4.3.4) can
be regarded as the special cases of the proposed BCPG methods with the kernel 7" (z) =
n(z) + 27 Ez. Next, we present a sufficient condition on the error &” and the direction d"

for the convergence of the inexact BCPG methods.

Lemma 4.6.1. Let " € U(X;pu, L), 5, € (0,p), and 5, € (0,00). Suppose that (d",e") €
R™ x R" satisfies (4.3.4) and

lef] < min{d,, d.}|d}]. (4.6.3)

A

Then, for all r, the kernel 7" (x) belongs to the set V(X;, L), where 7" (x) is defined by
(4.3.7), i = pp — 6, > 0, and L =T + ;.

Proof.  First, we show that 7" (z) = " (z) + 2" E"x € ®(X; ii). It is equivalent to show
that (V7" (y) — V" (z),y — z) — ji|ly — z||* > 0 for any z,y € intX.

In fact, we have

(Vi (y) = Vi (x),y — x) — illy — |

= (V' (y) =V (z),y —x) + (y — )" (E" — pD)(y — x)
> (y—a) (ul + E" — il )(y — )

0,

v

where I € R™ " is an identity matrix, and the first inequality follows from strong convexity
of function 1", and the last inequality holds from (4.3.5) and (4.6.3). Hence, the first part is
proved.

In the next part, we prove that Vi (z) is f/—Lipschitz continuous. It is equivalent to show
that | V7" (y) — Vij"(z)|| < L|jy — z|| for any z,y € intX. In fact, we have

IV (y) = Vi (@)l < IV"(y) = V' (2) || + [ E" (y — 2)]
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< (L + max |Ej])|ly — ||
< Ly — =,

where the second inequality holds since V7" is L-Lipschitz continuous and the matrix E” is

diagonal, and the last inequality follows from (4.3.5) and (4.6.3). ]

Remark 4.6.2. The error €" may be explicitly given by a subgradient of function F. If
Y(z) = 0, i.e., problem (4.1.1) is a smooth optimization problem, then we may set ¢} =
=V, fa") = Vn(a" +d")+ Vn(z"), 5 € J". If () is nondifferentiable, then we have to
consider the subdifferential Oy-1p(x"+d"). In some applications, 01 is explicitly given (For
example, when (x) = Y ", |z;| and 2% + di = 0,0;(a" 4+ d") = [~1,1]). Then we may set
= argmin {—€ - V,(2") — Vyn(a’ + )+ Vin(a)}, j € I

€€ (zm+dr)

Lemma 4.6.1 shows that the inexact BCPG methods are reduced to the exact BCPG
methods with 7" € U(X; i, ﬁ) in Step 2. Combining Lemma 4.6.1 and Theorem 4.5.2, we
obtain the following theorem immediately, which states the linear convergence rate of the

inexact BCPG methods.

Theorem 4.6.3. Let " € W(X;u,L). Suppose that Assumptions 4.5.1-4.5.3 hold and
that (d",e") satisfies (4.3.4) and (4.6.3) for any r > 0. Then, {z"}r generated by the
inexact BOPG methods with the restricted Gauss-Seidel rule converges to a stationary point
of problem (4.1.1) at least R-linearly if {F(z")} > —oc.

4.6.3 An inexact block coordinate descent (BCD) method

Letting the kernels of the inexact BCPG methods be the functions defined by (4.3.2), the
inexact BCPG methods reduce to an inexact BCD method. In this subsection, we establish
a practical criterion for the inexactness, and propose a specific inexact BCD algorithm with
unit step size for solving problem (4.1.1). We show that the proposed algorithm has R-linear
convergence rate as well.

By the definition of the approximate solution in (4.3.4), we say that d’;. is an approximate

solution of subproblem (4.3.3) with error 7, if the pair (d7,, €%, ) satisfies
erf(x;r}w + d”:‘]r, ijT) + 5”:‘]7‘ e _Tawj'r (l{‘]r + drr)- (4.6.4)
Then the condition (4.6.3) holds if the direction d’j.satisfies the following inequality.

min Vorflah +d5,x2%) + 78] < min{d,, o }H|d ||, 4.6.5
o BV f @4 ) + 78] < mindo i} (465)
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where 6, € (0,p), and d, € (0,00). In the following part, we adopt inequality (4.6.5) as a
criterion for the inexact BCD method.

The following theorem shows that the unit step size (a” = 1) is also acceptable for the
inexact BCD method with (4.6.5).

Theorem 4.6.4. Suppose that Assumption 4.6.1 holds, and that the direction d" satisfies
(4.6.5) for any r. Then, the unit step size a = 1 is acceptable for the inexact BCD method
with (4.6.5).

Proof. To show this theorem, it is sufficient to show that step size a” = 1 satisfies
inequality (4.3.12) in Armijo rule with the kernel (4.3.2). Let €'}, denote the error corre-
sponding to the direction d’,. From (4.6.4), we obtain

Ty (@l + dye) = Ty () < =V f(@l + dfe, 25) + €5y dyr).
By a similar deduction to the proof of Theorem 4.6.1, we get

F(al +dye,2%) — F(2") — o A(2Y) + e, 275,)
< f(xST + dTF? 3337) ( ) <V ($JT + dJN x}7')> d97>
(1= ) (T f ) = Ve f @y + ), ) — (1= o))

(=522 4+ 0(1 = ) Linas + (1= o) min{d,, o} ) [l |

IN

where the last inequality follows from Assumption 4.6.1 and (4.6.3). Note that there exist
parameters o € (0,1) and v € [0, 1) such that —#22 40 (1—7)Lyne, +(1—0) min{d,, dr} < 0.
Hence, a" = 1 is acceptable. [

Now we describe the inexact BCD algorithm as follows.

An inexact block coordinate descent algorithm:

Step 0: Select an initial point z° € intX, and let r = 0.

Step 1: If a termination condition holds, then stop.

Step 2: Select a block J” by the restricted Gauss-Seidel rule.

Step 3: Solve subproblem (4.3.3) by a proper method to get a search direction d” satisfying
(4.6.5).

Step 4: Set ;i = a7, +d7., 2’4 =27, and r = r 4 1. Go to Step 1.

We would like to emphasize that the inexact BCD algorithm does not use the line search.
Hence, it is suitable for large scale problems, whose objective function values are expensive
to evaluate.

The following theorem shows the linear convergence rate of the inexact BCD algorithm,

which follows from Theorems 4.6.3 and 4.6.4 immediately.
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Theorem 4.6.5. Suppose that function f in problem (4.1.1) is strongly convex and that
Assumption 4.5.1 holds. Then, {x"}r generated by the inexact BCD algorithm converges to
an optimal point of problem (4.1.1) at least R-linearly.

As noted in Subsection 4.6.1, Theorem 4.6.5 also holds under Assumption 4.6.1.

4.7 Numerical experiments

In this section, we propose a new algorithm for a convex optimization problem with separable
simplex constraints, which is an inexact BCPG method with variable kernels. We also report
numerical results for the proposed algorithm and compare it with the exponentiated gradient

algorithm, which is one of the standard solvers in the machine learning community.

4.7.1 The Log-linear dual problem

Let {(y;,2i), i = 1,2,...,1} be given data, where y; € X and z; € Y = {1,2,...,m}
represent features and a label (class) of data, respectively. Some of the structured prediction

problems in supervised machine learning [19] can be written as follows.
l C
inimize — Y Inp(z|y; —||wl|?, 4.71
mingpize 3" el ) + 5 ol (4.7.1)

where C' > 0 is a regularization constant, w € R¢ is a decision parameter, and function

p(zi|yi; w) is the conditional distribution defined by

1 s
p(zily;w) = exp< B (Yi, z)>7

j=1

where function ¢(u,v) : X x Y — R? maps data (u,v) to feature vectors.

Collins et al. [19] show that problem (4.7.1) can be transformed into the following convex

dual problem, which is called “ the Log-linear dual” in [19].

_ 1 -
minimize F(z):= -z’ Az + Z x;lnw;
2 p (4.7.2)

subject to z € Al
where z € R™, n = Im, and Al is the Cartesian product of A, ie., Al = A x--- x A, A

denotes the simplex of distributions over a classification, i.e.,

A={zeR"|z;>0,) = =1}

=1
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Moreover, A is an R™*"™ matrix given by

1
Atm+i,hm+j = 5 <90t+1,i7 90h+1,j> )

where @11 = O(Yes1, 2e41) — O(Yes1,2i), t,h €{0,1,...,l —1} and i,j € {1,...,m}.

Note that matrix A in (4.7.2) is symmetric and positive semidefinite. For convenience,
we use the following notations in this section. The k-th m x m diagonal block of matrix A
is denoted by A, € R™ ™. The vector e, € R" denotes the vector, whose components

are all ones. Moreover, we choose blocks {.J"} in this section as follows.
J =A{k(r)m+ 1,k(r)m+2,...,k(r)m + m}, (4.7.3)

where k(r) = r mod [, that is, we choose blocks by the cyclic rule, defined in Section 2.4,
with N =1, J'={i,i+1,....i+m—1}, andi=1,...,1.

4.7.2 Block type exponentiated gradient (B-EG) algorithm

The exponentiated gradient (EG) algorithm [6, 19] is a very useful method for solving (4.7.2),
a problem over unit simplices, since it has an exact closed-form solution on each iteration.
Moreover, as described in Table 4.1, the EG algorithm is a special BCPG method with
n"(v) = iz v;lnv;. By easy computing, the solution of subproblem (4.3.1) can be written

as follows. z

xj exp(~trViF @) ( )
& = T Ve 4.7.4
TN el e

JjeJ”

It is shown in [19, Theorem 1] that the “batch” EG algorithm (see [19, Figure 1] for details)
with a fixed step size t € (0, m] converges linearly for problem (4.7.2). This result can be
similarly extended to the following “block” type EG algorithm.

Block type exponentiated gradient (B-EG) algorithm:

Step 0: Select an initial point z° € Al such that 29 > 0 for all 4, and let r = 0.

Step 1: Let t, ”A” and determine the block J" by (4.7.3). Compute d’}. by (4.7.4).
Step 2: Set ;i = a7, +d7., 2’5 = 2", and r = r + 1. Go to Step 1.

Remark 4.7.1. Note that the B-EG algorithm is a special BCPG method with the fized
kernel n"(v) = HA”OOZ vilny; € ®(A", ||Alle). Using [19, Lemma 2/, we can verify that

inequality (4.3.12) holds with the unit step size o = 1. Hence, it follows from Theorem 4./.1
that the B-EG algorithm is a globally convergent algorithm for problem (4.7.2).
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4.7.3 An inexact BCPG algorithm with variable kernels

Although the EG algorithm is very useful for problem (4.7.2), its convergence speed is still
slow. This fact motivates us to try other kernels. We propose a hybrid method of the EG
method and the inexact BCD method.

The EG method is studied in Subsection 4.7.2. Next we analyze the case of the inexact
BCD method, that is, we need to get an approximate solution to the following problem.

minimize F (27, +djr,x7,)
P (4.7.5)
subject to a7, +d € A.

We consider the Newton method. However, the inequality constraints z] + d; > 0 in the
simplex cause the difficulty to solve the Newton subproblem. Hence, we ignore the constraint

xf + d; > 0 and solve the following problem with one equality constraint.

minimize (V- F(z"),d) + d V[TT F(z")d
m (4.7.6)
subject to Zd" =0

i=1

where V[QW]F (z") € R™™ denotes the corresponding diagonal block of V2F'(z") to the block
J". By the KKT condition for (4.7.6), we have

~ -1 ad
r 2 r "
5\ _ [ VEaF @) e Vo B(@) ) (4.7.7)
A €] 0 0

where A € R denotes a Lagrange multiplier. Note that if 27, +d";» > 0, then the solution d’},
is also a solution of the Newton subproblem for (4.7.5). Let Z:={d € R™ | >." d; = 0}.
Then it can be verified that 90=(d) = {vem) | ¥ € R}, and

56%%1}@ IV (e + dr, ) + 7| = || Vo Fa +d) + ZEZJ:TV Pl + e, 25 )€ || -

With (4.6.5), we adopt the following conditions as the criterion for the approximate solution
of subproblem (4.3.3).

—V o Fa +d) + 2V P + dye, 27 ) e

e

< (1Al + D)l

(4.7.8)
e 4+ d. > 0.

Note that criterion (4.7.8) holds for sufficiently large r, since F is strongly convex on Al and
the solution z* of problem (4.7.2) satisfies =} > 0.
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Now we formally present the proposed algorithm as follows.

Algorithm 4-1: A hybrid method of B-EG method and inexact BCD method
Step 0: Select an initial point 2° € A! such that 2? > 0 for all i and let r = 0.

Step 1: Determine the block J” by (4.7.3).

Step 2: Get a direction d’, by (4.7.7). If criterion (4.7.8) holds, then set 2',t! = 2%, + d7,,
x}fl = 1", and r =r + 1. Go to Step 1. Otherwise go to Step 3.

Step 3: Compute d’. by (4.7.4) with t, = ||A1||oo‘ Set 27t = a7, + d7., x}fl = 15, and
r=r+1. Go to Step 1.

Note that, on each iteration of Algorithm 4-1, we must calculate the Newton direction
(4.7.7). Although criterion (4.7.8) holds for sufficiently large r, it may fail in the early steps
of Algorithm 4-1. Hence, the calculation of (4.7.7) is redundant for some steps. To reduce the
wasted calculations, we may exploit the local error bound or some identification techniques
as a switch. Here, we omit such techniques for simplicity.

Moreover, for given V ;- F(z"), the iteration complexity of (4.7.7) is O(m?). If we calculate
the eigenvalue decomposition of Ay in advance, it can be reduced to O(m?). On the other
hand, the calculation of V- F(z") for (4.7.4) at each iteration is O(mn). Therefore, if
m < n, then the burden of Algorithm 4-1 is the calculation of V- F(2"), and hence the
CPU time of one iteration on Algorithm 4-1 is almost same as that of the B-EG algorithm.

Remark 4.7.2. It follows from Theorems 4.4.1, 4.6.4 and Remark 4.7.1 that Algorithm 4-1
is a globally convergent algorithm for problem (4.7.2).

4.7.4 Results

In this subsection, we report numerical results of Algorithm 4-1 and compare it with the
B-EG algorithm. The algorithms are implemented in MATLAB (version 8.3.0.532 (R2014a))
and running on an Intel(R) Core(TM) i5-3470 CPU @3.20GHz. In our implementation, we

let matrix A = ATA, where A is an a x n matrix, whose elements are generated randomly

with uniform distribution in the interval (—%, %) Note that matrix A is singular, when
a < n. Besides, we choose
o_ 1 T
r=—(1,1,...,1) € A
m

We present numerical results on Algorithm 4-1 and the B-EG algorithm for different size
problems: n = 1000, 2000, 5000 and m = 10, 50 in Figures 1-6, which show plots of the objec-
tive function values versus the iteration number of 7, that is, the number of the iterations for
the whole variable. From Figures 1-6, we can see that Algorithm 4-1 converges significantly
faster than the B-EG algorithm.
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Figure 4.1: n = 1000, a = 200, m = 10 Figure 4.2: n = 1000, a = 200, m = 50

Figure 4.3: n = 2000, a = 500, m = 10 Figure 4.4: n = 2000, a = 500, m = 50

mber of r/1

Figure 4.5: n = 5000, a = 1000, m = 10 Figure 4.6: n = 5000, a = 1000, m = 50

4.8 Conclusion

In this chapter, we have presented a class of block coordinate proximal gradient (BCPG)
methods for solving the structured nonconvex optimization problem (4.1.1). For the proposed
methods, we have established their global convergence and R-linear convergence rate under
some appropriate assumptions. The idea of using the variable kernels is the innovation of
this chapter, which enables us to obtain many well-known algorithms from the proposed
BCPG methods, including the (inexact) BCD method. Moreover, some special kernels allow
the proposed BCPG methods to adopt the fixed step size. Finally, they help us to construct

accelerated algorithms.

There are many issues for the future research.
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(1) To extend the linear convergence rate of the proposed BCPG method with the general-
ized Gauss-Seidel (G-G-S) rule. The essential difference between the G-G-S rule and
the restricted Gauss-Seidel rule lies in whether the blocks can be overlapping or not.
In Chapter 3, we have shown the linear convergence of the CD method with the G-G-S
rule. Thus we think that it may be possible to show the linear convergence of the
BCPG method with the G-G-S rule.

(2) To give a convergence speed analysis of the proposed Algorithm 4-1. On step 3 of Al-
gorithm 4-1, we adopt the entropy kernel n" = % 22:1 v; Inv;, which is not gradient
Lipschitz continuous as v; approaches to the bound of the simplex A. Then entropy
kernel function does not belong to the function set W(Al; i, L). Thus we can not yield
the R-linear convergence rate of the Algorithm 4-1 from Theorem 4.5.2. However,
in [19], it is shown that the B-EG method with the random rule has an exponential
convergence rate. Note that the cyclic rule can be looked on as a special case of the
random rule. The numerical results in this chapter show that the proposed algorith-
m converge faster than the B-EG method. Hence, it may be possible to show that

Algorithm 4-1 converges at leat exponentially.

(3) To study the error bound further. In this chapter, the local error bound, Assumption
4.5.3, is the key for establishing the convergence rate of the BCPG methods. In [74],
Kurdyka-Lojasiewiez (KL) inequality is shown to be the central for the BCD method.
It is interesting to study the relation between the KL inequality and the local error

bound in the future.

(4) To extend the BCPG methods to the more general constrained problems, such as the
SVM problem. It is a challenging topic.



Chapter 5

Iteration complexity of a block
coordinate gradient descent method

for convex optimization problem

5.1 Introduction

In this chapter, we consider the following nonsmooth convex optimization problem.
minimize F'(z) := f(z) 4+ 7¢(x), (5.1.1)

where f is smooth and convez on an open subset of R™ containing dom ¢ := {x € R" | ¢¥(z) <
oo}, T is a positive constant, and ¢ : R" — (—o00, 00| is a proper, convex and lLs.c. function
with a block separable structure.

Note that problem (5.1.1) considered in this chapter is a convex problem, since both
functions f and 1) are assumed to be convex here.

It is known that (block) coordinate descent-type methods are very efficient for large
scale problems [7, 58, 59, 69, 78]. Recently, the topic of the iteration complexity of these
methods has been extensively discussed [7, 32, 62]. In most of the existing results, the
block coordinate descent (BCD)-type methods with the cyclic rule have O(%) iteration
complexity, where L is the Lipschitz constant for V f, N is the number of blocks, and € > 0
is the approximation accuracy. For details, see [7, 32] and references therein. However, when
problem (5.1.1) is an ;-regularized problem, it is shown in [62] that the iteration complexity
of the coordinate descent (CD) method can be improved to O(%) under an isotonicity
assumption. It is worth noting that this upper bound does not depend on the dimension n.
This result implies that the existing results O(%) on the block type method may be too
loose, since the CD method is a special case of the block coordinate descent method.

In this chapter, we further improve the iteration complexity of a block coordinate gradient
descent (BCGD) method with a cyclic rule for problem (5.1.1), and show that the complexity
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bound is potentially independent of the number N of blocks. In particular, we make our

research on the following two aspects.

e Based on the Lipschitz continuity-like assumption (Definition 2.2.4 in Subsection 2.2.2),
we prove that the iteration complexity of the proposed BCGD method may be improved
to O(w) (Corollary 5.3.1 in Section 5.3), where M is the constant given in the

proposed assumption.

e We analyze the relation between the constant M and the Lipschitz constant L;. We
show that M < +/NL  holds for general functions (Theorem 5.4.1 in Section 5.4), and
list some special functions (Theorems 5.4.2-5.4.4 in Section 5.4) such that M < 2L;.
These relations yield a sharper iteration complexity bound than those in [7] and [32].
See Table 5.1 in Section 5.5 for details.

This chapter is organized as follows. In Section 5.2, we introduce some basic assump-
tions and relevant properties. Section 5.3 presents the proposed algorithm, states our new
assumption, and derives the resulting iteration complexity. The relations between M and

L are discussed in Section 5.4. Finally, we conclude this chapter in Section 5.5.

5.2 Preliminaries

In this section, we introduce some basic assumptions and relevant properties.

Throughout this chapter, we assume that the optimal solution set, denoted by X*, is
nonempty. Since problem (5.1.1) is convex, every local minimum is also a global minimum,
denoted by F*. Let {J*t, J% ...,J"} be a partition of the set {1,2,...,n}. Hence, 27 =
(z%.,...,2%x). Moreover, the function ¢ in problem (5.1.1) is block separable with respect
to each block J°, that is, there exist N functions ¢; : RV’ — R, i =1,..., N, such that
V(@) = L, dilzg).

For the smooth function f in problem (5.1.1), we assume that

Assumption 5.2.1. The gradient V f is block-wise Lipschitz continuous with positive con-
stants {Ly, ..., Lx}, which is precisely defined by Definition 2.2.3 in Subsection 2.2.2.

Under Assumption 5.2.1, we have the following lemma, which is given in [7, Lemma 3.2]

and [50, Lemma 2]. For simplicity, we omit its proof here.

Lemma 5.2.1. Suppose that Assumption 5.2.1 holds. Then, the following statements hold.

2

(i) Foranyy,z € dom f witha ;. = yz., f(5) < @)V f ),y — )+ Ellyg—z
N
(ii) There exists a positive constant Ly such that Ly < ZLZ' and ||Vf(y) — Vf(z)] <

i—1
L¢lly — z|| for any y,z € dom f.
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Additionally, we assume that the level set satisfies the following assumption.

Assumption 5.2.2. For any initial point 2°, the measure of the level set

R, := max max {ly =" | F(y) < F(a")}

r*eX*

18 bounded.

5.3 Iteration complexity analysis of the BCGD method

In this section, we mainly focus on establishing the iteration complexity of a BCGD method
with a cyclic rule for solving (5.1.1). First, we introduce the specified algorithm in Subsection
5.3.1. We then propose a new assumption and present several technical lemmas in Subsection
5.3.2. Finally, in Subsection 5.3.3, we give our main results on the iteration complexity for
the cases in which the smooth function f is convex and the cost function F' is strongly

convex.

5.3.1 The BCGD method

The proposed algorithm proceeds as follows.

Algorithm 5-1. BCGD method with the cyclic rule:

Step 0: Choose an initial point 2° € dom F', and let r = 0.

Step 1: If some termination condition holds, then stop.

Step 2-0: Let 2™ = 2" and i = 1.

Step 2-1: Solve the following subproblem with Z; € [Lg, +00), and find a search direction
dr.

N
' , ]~ ,
d"" = argmin {(Vf(xml), dy + 3 g Li|ld ] + (a1 + d>‘ dz: = } :
k=1

deR™

Step 2-2: Set IL‘T ZZZ Ly d}i, ' = x}i Landi=i+1. Ifi = N + 1, then go to Step

3. Otherwise, go to Step 2-1.
Step 3: Let 2! = 2" and r = r + 1. Go to Step 1.

The sequence {z"} generated by Algorithm 5-1 has the following properties.

Lemma 5.3.1. For anyi € {1,2,...,N} and r > 0, we have

T = 1‘7:7(3 = xrjjl, Vi>j>1. (5.3.1)
ot =2l = sz, Vi<j<N. (5.3.2)

r+1 o 7,0 7‘2
T — X = :le —xy =d,. (5.3.3)
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5.3.2 Technical results

In this subsection, we give a necessary Lipschitz continuity-like assumption and present

several useful lemmas. Among these, Lemma 5.3.6 plays a key role in the final results.

Assumption 5.3.1. Let {J%, i =1,...,N} be a partition of the set N = {1,...,n}. The
gradient ¥V f is block lower triangular Lipschitz continuous with respect to blocks {J*, i =
1,2,..., N}, which is formally defined by Definition 2.2.4 in Section 2.2.2.

The relations between constants M and Ly are discussed in Section 5.4.

Throughout this chapter, we denote

L, i= min [A/i, (5.3.4)
i=1,...,.N

Liax i= max_ Ly, (5.3.5)
i=1,..,N

where {L;, i = 1,..., N} are block Lipschitz constants, given in Algorithm 5-1.
Moreover, we let g" € R™ with

g7 =Vagif(a""), i=1,...,N, (5.3.6)
and define
1~
V= argmin { (g, d) + 5> Lilldge]|* + (2" +d) ¢, (5.3.7)
deRn 2~
N
r . r 1 T 2 r

"= argmin § (Vf(2"),d) + =) Lilldgs|” + ro(a" + d) 5 . (5.3.8)

deRn 24~

It then follows from Algorithm 5-1 and (5.3.3) that
vt ="t — g (5.3.9)
Since ¢" = g(z", ") from (2.2.3) and (5.3.6), under Assumption 5.3.1, we have that
lg” = V@)l < Mlla"" = a"|| = M|}, (5.3.10)

Next, we define an approximation of F' at point 2" with direction u" by
I on—~
Qr(z",u") == f(z") +(Vf(z"),u") + §ZLkl|urij2 + 7z 4+ u"). (5.3.11)
k=1

The following lemma shows a relation between F(z"!) and its approximation Qg (2", u").

Lemma 5.3.2. Suppose that Assumption 5.2.1 holds. Then, we have

F(a™) < Qrla" ) +(g" = Vf(a),u"), vr>0. (5.3.12)
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Proof. Foranyr>0andi€ {1,...,N}, we obtain

Fa) — F(a") = (&) — f@) 4 r(a) - rifa)

~

i— n Ll X
< (Vg f(a™h),d7) + Edei

A 2+ Tlﬂji(m?}i_l + di,’,’;-) - iji(x’}i‘l)

~

ri— r Ll r 7,0 r 7,0
<AV fa™ 1), ul) + 5”“31 2t g (@l ul) — g (2,

where the first inequality follows from Lemma 2.2.2 (i), and the second inequality holds since
d" is a solution of its subproblem.

Summing over ¢ = 1,..., N, we get
I~
F(z™) = F(2") < (", u") + §ZLk||u9k 1P+ 7 (2" + ") — Tp(a").
k=1
It then follows from (5.3.1) and (5.3.2) that

N
1 —~
F(a™h) < f(a") +(g"u") + 3 > Lillulpal* + (2" +u"),
k=1

which, together with the definition of Qp(2",u") in (5.3.11), leads to (5.3.12). "

The next lemma helps us to investigate the relation between the direction v" given by
the BCGD method and the direction «” in the proximal gradient method [66].

Lemma 5.3.3. For anyr > 0 and a € R", let

N
T 3 1 T T
d; = argmin {(a,d) + 3 E Lilldge|? + T (z" + d)} .

d k=1
Then, for any a,b € R", we have

1

min

I = dyll <

lla = bll.

N
Proof.  This result follows immediately from [69, lemma 4] with h(u) = %ZEHu 7%
k=1

p=q=2,and p = Lyy. m
Letting a = ¢" and b = V f(2") in Lemma 5.3.3, we have that
T T 1 ‘s T
[o" —u'f| < ——Ilg" = Vf(@")||. (5.3.13)

Then, an upper bound for (¢" — V f(2"),u"), which appears in (5.3.12), can be established.
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Lemma 5.3.4. Suppose that Assumptions 5.2.1 and 5.3.1 hold. Then, for any r > 0, we

have

T T T M T
= V) <3 (L) o,
where M s the constant given in Assumption 5.5.1.

Proof. For any r > 0, we have

(" = V") u") < lg" = V)| < llg" = VIEI([e" = o]+ [[o])
Combining this with (5.3.10) and (5.3.13), we obtain the desired inequality. "

Lemma 5.3.5. Suppose that Assumption 5.2.1 holds. Then, for any r > 0, we have
1
F(a") = F) 2 Ll (53.14)

Proof.  Using Lemma 2.3.1 with p(z) = (Vf(z"" 1),z — 2" 1) + 1(x), B,(z,2) =

%fozlaﬂxﬂ — 2% 2y = 2™ and z = 2™ we have that, for any z € dom F' and
ie{l,...,N},
<vf( ri— 1) T —1 rz 1 +Tw ZLkajk _l_’f"L 1H2

N
<Vf< ri— 1) ot i 1>+T¢ TZ ZLkmx B rz 1”2 ZLk|||ijk—$92k||2
k:l

Setting x = 2", we obtain

TP ) (Vg f(a7 ), d) + T(an) + Ll|d |2 (5.3.15)
which, together with Lemma 2.2.2 (i), implies that
F) < () + (Ve @), ) + SR + ()
ri— El 7,5
< F(a™ ) — EHdJ 2,
Summing over ¢ = 1,..., N, we obtain
F(xr—l-l < N _ZLkarJrl . ngH2

Using (5.3.9), we have the desired result. "

It is shown in [69, Lemma 2] that x is a stationary point of problem (5.1.1) if and only if
the direction v” = 0 in (5.3.8) with 2" = x. The following remark describes the convergence

rate of {||u"||} to zero, where function f is not necessarily convex.
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Remark 5.3.1. Suppose that Assumptions 5.2.1 and 5.3.1 hold. Then, for any r > 0, we

k
min < l 3
k——O,l...,rHu H Vr 4+ / ; [ " ’ (5 3 16)

where F* is the optimal value of problem (5.1.1).

Proof. From (5.3.10) and (5.3.13), we have

1
Ju"[| < flu” = "] + [lo"]| <

o Lmin

M
I = 9+ 11 < (7

+ 1) ||o" ] (5.3.17)
Moreover, from Lemma 5.3.5, we get
Fa®) —F*>F@a°) - F@*™) > (r+ 1)mek£%in 0% |2,

which, together with (5.3.17), gives the desired inequality. n

Next, we show the key results of this chapter.

Lemma 5.3.6. Suppose that Assumptions 5.2.1 and 5.3.1 hold. Then, for any r > 0, we

have

F(z™) < Qp(a”,u") + wy (F(2") — F(2"™1)), (5.3.18)

2M (M ),

wher@ wl - Lmin Lmin

Proof. From Lemmas 5.3.4 and 5.3.5, we have
(¢" = Vf@@"),u") Sw(F(a") = F(a"™),

which, together with Lemma 5.3.2, gives the desired inequality. [

Since {F(z")} is nonincreasing according to Lemma 5.3.5, it follows from Assumption
5.2.2 that the distance R, := ||z — z*|| is bounded for any z* € X* and any r > 0. Let

AT = F(z") — F*,

where F'* is the global minimum. The following lemma presents an estimate for Qg (2", u") —

F*, which is also shown in [59, Lemma 4, Lemma 6]. For simplicity, we omit its proof here.

Lemma 5.3.7. Suppose that Assumption 5.2.2 holds. Then, the following statements hold.
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(1) If function f is convez, then for any r > 0, we have

A" r . r 2
QF(xry U/T) - F* S (1 N 2LmaxR%> A ! Zf A S Lmaer,
%Lmasz < %AT, otherwise.

(ii) If pg+ Ty > 0, where py and puy, are strongly convex parameters of functions f and 1,
respectively, then for any r > 0, we have

max — Hf AT

L
xu") — F* <
Qr(a’,u’) S o £ 7100

5.3.3 Iteration complexity analysis

Theorem 5.3.1. Suppose that Assumptions 5.2.1, 5.2.2, and 5.3.1 hold. Then, we have

1
F(z") — F* <& whenever r > M,
£
where ¢ = 2max{ Ly R2, A%}, w) = 225 (24 +1).
Proof. From Lemma 5.3.7 (i), we have
Qula u') — F* < L8 (5.3.19)
" u") — max< -, 1 — —— . 3.
PR =W 2 T oL R
From Lemma 5.3.5, A > Al > ... > A" > 0. It can then be verified that
Ly & Ly & (5.3.20)
max 4 o, T a 3.

Combining (5.3.19), (5.3.20), and Lemma 5.3.6 yields

T

AT < (1 - %)N +wi (AT — AT,

Simplifying this, we have

Ar-i—l < AT — ﬂ
o C(l + (JJl)
Dividing both sides by ATA™! we get
1 1 1 A"
< — (5.3.21)

AT = AT (T4 wy) AT

Using the fact that A™ > A™! > 0, we obtain % > 1, which, together with (5.3.21),
implies

1 1 1

Ar+l1 AT C(l +0J1)'
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Summing over r, we get

1 1 S r
Am AT 1+ wr)
Since A° > 0, we have F(z") — F* = A" < M Hence, the result follows. "

We can deduce an immediate consequence of Theorem 5.3.1 using special settings for Z;

Corollary 5.3.1. Suppose that Assumptions 5.2.1, 5.2.2, and 5.53.1 hold. If we set Z; =
max{M, L¢} fork=1,...,N, then F(a") — F* < ¢ whenever r > 10max{ MR LR, A0}

€

Proof. The proof follows directly from Ly = Lmax = max{M, Ly} and Theorem
5.3.1. -

Ignoring the constant AY in Corollary 5.3.1, we can see that Algorithm 5-1 has the
O(%) iteration complexity. The next theorem shows that Algorithm 5-1 converges

linearly when the cost function F'is strongly convex.
Theorem 5.3.2. Suppose that Assumptions 5.2.1, 5.2.2, and 5.5.1 hold, and that poy 47, >
0. Then,

w1 + Wa
1+w1

F(a") - F* < ( ) (F(z%) — F), (5.3.22)

oM M o Lmax_#f
where wy = £ (7 -+ 1) and wy = Tty < 1

Proof. From Lemmas 5.3.6 and 5.3.7 (ii), we obtain

Ar—l—l S (A)QAT —I—wl(AT o Ar—i—l)‘

Hence, we have

AT < Wa W1 A < wa + W TAO,
1+w1 1+w1

which proves the desired inequality. ]

A direct result of Theorems 5.3.1 and 5.3.2 is that {F/(z")} has a linear convergence rate

if either f or v is strongly convex.

5.4 Relations between M and Ly

In this section, we study the relation between constants M and Ly, which, together with
Corollary 5.3.1, yields that the iteration complexity deduced in this chapter is sharper than
those in [7, 62, 32]. Particularly, we first prove that M < v/N Ly for general functions. Then,

we list some special functions for which M < 2L¢.
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Theorem 5.4.1. Suppose that Assumption 5.2.1 holds. Then, we have M < \/NLf, where
M s the constant in Assumption 5.5.1, and Ly is the Lipschitz constant of V f.

Proof. From Assumption 5.3.1, we have

lg(z,y) = Vf(z)| = Z g7 (z,y) = Vg f(@)|* < Z IVf(z") = V@),

where 2 € R™ with 2 = (y?l, . ,y:‘;i,l,x?, o ,x?N)T.

Using Lemma 2.2.2 (ii), we obtain
IVf(") = V@) < Lylle" =zl < Lylly — 2.
Then, we have that
lg(e,y) = Vf ()| < VNLglly — .

Hence, we have M < \/NLf. n

Remark 5.4.1. From Corollary 5.3.1 and Theorem 5.4.1, we have that the iteration complex-
ity of Algorithm 5-1 actually is O(\FL’C)
This bound is sharper than the results in [7, 32].

for the nonsmooth minimization problem (5.1.1).

Next, we will give several functions such that M < 2Ly. We let Ly = irel%>5||V2 f(z)]| and
show the proofs for Theorems 5.4.2-5.4.3 only for the case N = n. The proof for the block
case, i.e., N < n, can be deduced in a similar way.

Assume that V2 f(x) is decomposed into a strictly lower triangular matrix P(z), diagonal

matrix A(z), and upper triangular matrices (P(z))7, i.e.,

Vi f(2) = P(x) + A(z) + (P(x))"

Moreover, let y € R™ and let 2* € R" with 2' = (y1,...,¥i_1, %5, ..., Tn)T.

r>0and i€ {l,...,n}, we have

Then, for any

gi(w,y) — Vif(x) = ()Vf()
/ flz+7(z" — x))(z; —xj)dr

/ ZPUHT(Z )y — ay)dr,

where the last equality follows from the fact that x), = 2} for any k > 1.
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Letting P(,z, z) € R™" with

Pij(r,2,2) = Pj(z +7(z' — 2)),Vi,j € {1,2,...,n}, (5.4.1)

we obtain

1
o) = Vi) = [ Pr.,2)y - a)dr,
0
which implies that
1 A ~
lg(z,y) = Vf(z)] < /O | P(r, 2, 2)||||ly — x||dr < TIQ[%IIP(T, z, 2)||ly — z]|. (5.4.2)

Hence, we obtain

M < max||P(r, ,2)]. (5.4.3)

T€[0,1]

Theorem 5.4.2. Suppose that f is twice differentiable, and that V2f(x) is a tridiagonal
matriz. Then, we have M < Ly.

Proof. Since V2f(z) is assumed to be tridiagonal, we have

1P(r,2,2)| = max_ |Piyi(r,2,2)] < max_ [Pry(e)l. (5.4.4)
Using the property that || A|| > max|A, ;| for any A € R™"*", we have L; = m%XHVQf(x)H >
2,7 TER™
max |Pi+1,i(2)|. Combined with (5.4.3) and (5.4.4), this proves the desired inequality. m

-----

Theorem 5.4.3. Suppose that, for anyi =1,...,n and x € R", there exists a submatrix
E! (x) of V2f(z) such that |E° ,(x)| > Z'PN )| holds. Then, we have M < /2Lj.
Proof. Forany:=1,...,n, we have

| B > <Z|P” )zjm,jw. (545)

Moreover, for the strictly lower triangular matrix P(7,z,z) defined by (5.4.1), we get for
any y € R" that

n n i—1
1P(7, 2, 2)y||* = ZZH;TCL’Z?J <2ZZ|R;T$Z|I%I2
=2 | j=1 =2 j=1
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Using the fact that the variables in the i-th row of matrix 15(7', x, z) are the same, we have
from (5.4.5) that

HPﬁwZMW<2§:W%w$+ﬂZ—I||mV<2 max || B, ()| lyll*.
1=2 IER”

Recalling the property that || Al > max {|AZ ||} for any matrix A € R™ ", we have from
(5.4.3) that -

P
V1P = s OB 5 e i) < VR 9 )

which proves the desired inequality. [

The following corollary follows immediately from Theorem 5.4.3.

Corollary 5.4.1. Suppase that the Hessian matriz V2 f(z) is row diagonally dominant, i.e.,
x)| > Z |V z)| for any i =1,...,n. Then, we have M < \/2L;.
J#i

Next, we give a sufficient condition when f is quadratic. The similar condition is assumed

in [62] to show the iteration complexity O(%)

Theorem 5.4.4. Suppose that [ is a quadratic function with f(z) = leEx E e R™™ is
symmetric and positive semidefinite, and all nonzero elements in {E;;, i, = N, 1 # 7}

have the same signs. Then, we have M < 2Ly.

Proof. Throughout the proof, we let Ly = || E|| and let E be decomposed into a block

diagonal matrix A? and strictly lower and upper triangular matrices P? and (P?)7 i.e.,
E=PP+ AP+ (PP,

where AP := Diag{AP, ... AB} AP e RM'IXIT'I.

A simple computation gives that
g(z.y) = Vf(z) = PP(y — x),
which implies that
M < ||PP]|. (5.4.6)

From the assumption on matrix £, it can be easily verified that
HPB$H | PPz

pPB PB
||PB|| — max S max H( +( ) ).%'H
Tl T e20ao Jal] T e20e

= [|P7 + (P%)"],
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which yields that
M <[|PP]| < PP+ (PP)T|| = | E - A”|| < | B]l + A7) (5.4.7)
Thus, we need only show that
IAZ) = max {IAZ]} < 1B (5.48)

Then, by (5.4.7), we can conclude that the theorem holds. In fact, we have

AP z]]? = ZHA T i <ZIIABz lzg:|* < max {IIABZ “Hlzl|>.
=1
Then, we get
AB
|AB)| e A7 < max {||AB|}.
o |zl i=1,..,.N

On the other hand, using the property that |AZ|| > ||AZ,]| for any i = 1,..., N, we have

}.

IAP] > max {||AZ:
i=1,....N

Hence, we obtain ||[AP]] = max {IAZ:]|}. Moreover, nllaXNHAfH < ||E|| holds because
% geeey 30y
IAZ:

< ||E|| for any i € {1,2,...,N}. "

Remark 5.4.2. Functions in Theorems 5.4.2-5.4.4 satisfies Assumption 5.3.1 with M <
2Ls. Combined with Corollary 5.5.1, this yields that the iteration complexity of Algorithm
5-1 can be improved to O(%) This bound is independent of the number of blocks.

Remark 5.4.3. As a comparison to [62], matriz E with E;; <0 for any j # i in Theorem
5.4.4 meets the isotonicity assumption in [62]. However, the results in this chapter applies
not only to ly-reqularized loss minimization problems, but also to much more optimization
problems. Another favorable point is that Theorem 5.4.4 does not require a special initial
point as in [62].

5.5 Conclusion

In this chapter, we have studied the iteration complexity of the BCGD method with a cyclic

rule for solving nonsmooth convex optimization problem (5.1.1). We have proposed a new
IIl<’:l,)({]\47 Lf})

where M is the constant given in the proposed assumption. Furthermore, we have studied

Lipschitz continuity-like assumption, and improved the iteration complexity to O(
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the relation between M and Ly. Theorems 5.4.1-5.4.4 show that M < \/NLf or M < 2Ly,

and this implies that the iteration complexity bound derived in this chapter is sharper than

existing results (see Table 5.1 for details).

Table 5.1: Comparison of BCD methods with the cyclic rule for convex problem (5.1.1)

—

Algorithm () Ly Complexity bound Complexity
O(7H)
Algorithm 5-1 . =
(in fhis chapter) Separable | max{M, L;} mmax{MRf“Lf 2,00 O(%) for problems
in Th. 5.4.2-5.4.4
AL (1+N)R2 NL
Beck et al. [7] 0 Ly % _ % O(~Ls)
2
Hong et al. [32] | Separable Ly % O(%)

In future work, it would be interesting to find more functions for which the corresponding

constant M is independent of the number N of blocks. Currently, we have not found a counter

example where N?L < M for a positive constant o.
Additionally, Assumption 5.2.2 in this chapter seems a little strict. Recently, for the
BCGD method with the random rule, some iteration complexity results have been established
without Assumption 5.2.2 [39, 40]. In the future, it would be challenging to study the
iteration complexity of the BCGD method with the cyclic rule without Assumption 5.2.2.



Chapter 6

Regret analysis of a block coordinate
gradient method for online convex

optimization problem

6.1 Introduction

In this chapter, we consider an online convex optimization problem with a separable struc-

ture, whose loss function F*': Q — R at time step t is given as follows.
Fi(z) = fi(x) + (x), t=1,2,..., (6.1.1)

where f': Q — R is smooth and convex,  C ()2, dom F* is a nonempty convex set, 7 is
a positive constant, and v :  — (—o00, 00| is a proper, convex and l.s.c. function with the
block separable structure.

As described in Subsection 1.2.2, it is impossible to select a point 2! that exactly minimize
the loss function F'(x) at the ¢-th time step for the online optimization problems, and the
goal of the online convex optimization problem is to propose an algorithm, with which the
generating decisions make us to achieve a regret as low as possible. The definition of the
“regret” is formally given by Definition 2.2.8 in Subsection 2.2.4.

Moreover, as mentioned in Subsection 1.2.3, the applications of the online optimization
problems [3, 14, 27] are mostly built on large scales. Some researchers have studied the
performances of the gradient methods for the online convex optimization problems [73, 81].
When ¢(x) in (6.1.1) is an indicator function, Zinkevich [81] proved that the projected
gradient method for the online convex optimization problem has a regret O(\/T ). When
(x) in (6.1.1) is a general regularization function, Xiao [73] proposed a dual averaging
method, which is first proposed by Nesterov for classical convex optimization problem. He
showed that the proposed method achieves the same regret O(v/T) as [81]. However, both of
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these two methods are full gradient methods, i.e., they update all components of the variable
x at each iteration. When the scale of the problem becomes very large, the evaluations for

updating the gradients of each iteration would take much time.

Recently, the “block” type methods are becoming very popular, especially for the large
scale problems [59, 66, 67]. Compared to the full gradient methods, the block type methods
can reduce the calculation time at each iteration. Quite recently, Xu and Yin [75] proposed a
block coordinate stochastic gradient method with the cyclic rule for a regularized stochastic
optimization problem, which is related to the online optimization problem (6.1.1). Under
the Lipschitz continuity-like assumption, they showed that the proposed method converges

with O(%N ), where N is the number of blocks. Furthermore, as the number ]\i (;f tThe
+log )

blocks reduces to 1, i.e., N = 1, this iteration compklexity bound reduces to O(

VI+T
which is bigger than the average regret % = O(\/LT) of the greedy projection method [81].

In this chapter, we propose a block coordinate gradient method with the cyclic rule (C-
BCG) for the online convex optimization problem with the loss function (6.1.1). For the

proposed methods, we make our research on the following two aspects.

e We establish its regret bound. In particular, we show that the C-BCG method has a
regret O(v/T). See Theorem 6.4.1 for details.

e We extend the C-BCG method to the convex stochastic optimization problem. See
Theorem 6.5.1 for details.

Note that the regret bound of the C-BCG method in this chapter is independent of the
number N of blocks under proper assumptions, although we solve N subproblems at each
step. When the total number of blocks reduces to one, and the function ¢ is set to be
an indicator function, the regret of the proposed method reduce to the same result in [81].

Hence, it is a natural extension of greedy projection method [81].

Additionally, although the C-BCG method proposed in this chapter is essentially same
as the block coordinate stochastic gradient method with the cyclic rule [75], by different
analysis, we show that the ergodic convergence upper bound of the C-BCG method is tighter
than that in [75].

This chapter is organized as follows. In Section 6.2, we introduce the algorithms of
the block coordinate gradient methods with the cyclic rule. Then we introduce some basic
assumptions and present revelent properties in Section 6.3. In Section 6.4, we investigate
the regret analysis for the proposed method. Finally, we conclude this chapter in Section
6.5.
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6.2 The BCG method

In this chapter, we propose a block coordinate gradient method with the cyclic rule for the
online convex optimization problem (6.1.1). For convenience, we start with recalling several

important results in [81].

The greedy projection method proposed in [81], can be described as follows.

Greedy projection method:
Step 0: Choose an initial point ! € Q and set a sequence of constants \;, Mg, ... > 0.

Step 1: Update the vector x* according to

ZL’H_l — .I't + dt,

d' = Po(z' — MV fi(ah)) — 2,

where Py(+) denotes a projection onto the set 2. Constants {\, t = 1,2,...} are called the

“learning rates”.

Before proposing the block coordinate gradient algorithms, we present several basic as-
sumptions. Throughout this chapter, the variable x is assumed to be partitioned into N
blocks, denoted by 2" = (271, ..., 27 x).

We also assume that ¢ is block separable with respect to each block J¢,i = {1,2,...,n}.
For the set 2 in (6.1.1), we suppose that Q = Q; x Qs X .-+ X Qp, where operator “x”

denotes the Cartesian product. For given Vf! at time step t, we consider the direction,
which is defined by

d(z; Jt,\) = afl%r??gn {(Vft(x), d) + %Hd”2 +7Y(x+d)|d;=0,z+de Q} . (6.2.1)
As defined in the greedy projection method [81], constant A in (6.2.1) is called the learning
rate. When J = {1,2,...,n} and ¢ = 0, d(z; J,t,\) reduces to the direction d' in Step
1 of the greedy projection method. Note that direction d(z;J, ¢, ) given by (6.2.1) is well
defined, since the minimizer of the corresponding optimization problem always exists and is
unique [60, Theorem 31.5]. Moreover, the direction d(x; J, ¢, \) is a descent direction for the

loss function F*.

The rule to choose blocks is also important for convergence. In this chapter, we choose
blocks in the order of J!, 72, ...,J% cyclically, i.e., we adopt the cyclic rule, which is
precisely defined in Section 2.4.

Next, we describe the frameworks of the BCG methods with the cyclic rule.



108 Chapter 6 Regret analysis of a BCG method for online optimization

Algorithm 6-1. A BCG method with the cyclic rule (C-BCG):

Step 0: Choose an initial point 2! € int Q. Let ¢t = 1.

Step 1: If some termination condition holds, then stop.

Step 2-0: Let 2%° = 2f and i = 1.

Step 2-1: Set the learning rate \;; € (0, +00). Solve the subproblem (6.2.1) with z = x>~
J=J" X=X\, and get a direction d"* = d(z" T t, M\s)-

Step 2-2: Set 2% = 2t d andi =i+ 1. If i = N + 1, then go to Step 3. Otherwise,
go to Step 2-1.

Step 3: Set 2/t = 25", Let t =t + 1 and go to Step 1.

At each time step, the C-BCG method solves subproblem (6.2.1) N times. When N =1
and function v is an indicator function, this method reduces to the greedy projection method
81].

6.3 Basic assumptions

In this section, we introduce basic assumptions and present relevant properties, which will
be used in the subsequent sections.

Given a constant 7" > 0, we denote the set of all optimal solutions of the problem
T
i F! X*I in th f this chapter.
1516151; (x) by in the rest of this chapter

For the loss functions f! and v, we make the following assumptions, where Assumptions
6.3.1 and 6.3.2 are also used in [81].

Assumption 6.3.1. The feasible set Q for loss functions {F*, t = 1,2,...} in (6.1.1) is

nonempty and compact.

For convenience, we define
D= — Y| 6.3.1
max|jz —y| (6.3.1)
It follows from Assumption 6.3.1 that D < cc.

Assumption 6.3.2. There exists a positive constant G such that |V fi(x)|]| < G and
|0v(x)|| < G hold for allt > 0 and x € Q.

Note that when f* is a linear function, that is, ff(z) = (a', z) + b* with some a' € R™,
bt € R, we have Vfi(z) = a'. Then, ||V f{(z)|] < G means that ||a'|| < G holds for any
t > 0. When f* is a quadratic function with fi(x) = 27 A'z, we get Vfi(x) = Alz. From
Assumption 6.3.1, |V f*(z)|| < G is equivalent to that [|A'|| < &. For the function ¢(z),
when ¥(z) = [|z||, we have ||0y(z)| < 1.
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It is worth mentioning that Assumptions 6.3.1 and 6.3.2 are a little restrictive in this
chapter. In fact, we only need to assume that there exists a compact set 2 C R" such that
the iterations {z'} C Q, X*[T1 C Q, and that ||V (z?)|, |0¢(z!)|| < G for all z* € Q. For
simplicity, we adopt Assumptions 6.3.1 and 6.3.2 in this chapter, which are in accord with
the assumptions in [81].

The following assumption is a Lipschitz continuity-like assumption, which is defined in
Subsection 2.2.2.

Assumption 6.3.3. Let {J% i =1,...,N} be a partition of the set N = {1,...,n}. The
gradient V f is block lower triangular Lipschitz continuous with respect to blocks {J*, i =
1,2,..., N}, which is formally defined by Definition 2.2.4 in Subsection 2.2.2.

For the vector g(x,y), defined by (2.2.3), in the following chapter, we use the notation
g" instead of ¢*(z*, z'*1) when it is clear from the context. The next remark states several

particular cases of constant M in Assumption 6.3.3.

Remark 6.3.1. When N = 1 or function f' is separable with respect to the blocks {J",
i=1,...,N}, we have that ¢'(x,y) = Vf'(x), which yields that M = 0 in (2.2.2). When
N > 1, it is shown in Section 5.4 that M < 2max{Ls,..., L} holds for many classes
of functions f'. For example, when functions f* have the same forms with f(x), and the

Hessian matriz V? f(z) is tridiagonal or row diagonal dominant, we have that M < 2L;.
Under Assumptions 6.3.1-6.3.3, we can show that the vector ¢' is bounded for all ¢.

Lemma 6.3.1. Suppose that Assumptions 6.3.1-6.5.3 hold. Then we have
N
Ig'1* = IV i@ h)* < G, (6.3.2)
i=1

where G = M D + G. Moreover, when N = 1 or function f* is separable with respect to the
blocks {T",i=1,...,N}, we have ||¢'|| < G.

Proof. Since we denote ¢ = g'(a!, 2'*1), from the definition of ¢*(z,y) in (2.2.3), we
have that

N
lg'lI> = D IV fi (=" H)1>
i=1
Moreover, from Assumptions 6.3.1-6.3.3, we have that

lg'l < llg" = VA @+ IV )] < Mla"™ = 2" + G < MD +G.

Hence, the relation (6.3.2) holds.
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When N = 1 or function f! is separable with respect to the blocks {J*% i = 1,..., N},
we have ||¢'|| = ||V f(z")| from Remark 6.3.1, which together with Assumption 6.3.2 yields
that ||g'l| < G. .

For the learning rate A in the proposed methods, we make the following assumption.

Assumption 6.3.4. The learning rate \;; in the C-BCG method is given by \i; = C—ﬁ,

t
t=1,2,...,i=1,2,...,N, where ¢ >0, andﬁie[é,ﬁ_],52ﬁ>0.

The constants {f;, i = 1,2,..., N} in Assumption 6.3.4 act as scaling factors of the
learning rates on different blocks. When 5, = 1, ¢ = 1,2,..., N, and ¢ = 1, we have
Aei = \/iz, which reduces to the case in [81].

Next, we recall the regret of the greedy projection method, which is given in [81].

Theorem 6.3.1. Suppose that Assumptions 6.3.1-6.53.2 hold. Let N\, = \/% and 2T ¢
X*T Then, the regret R(T) of the greedy projection method satisfies
VT (2VT — 1)

R(T) < 5 D? + TGQ, (6.3.3)

where constant D is defined by (6.3.1), and constant G is given in Assumption 6.5.2.

6.4 Regret of the BCG method

In this section, we give the regret analysis of the C-BCG method for the online convex
optimization problem (6.1.1). Throughout this subsection, the sequence {z'} denotes the
sequence generated by the C-BCG method.

We first introduce several technical lemmas. The following lemma presents main char-
acteristics of the sequence {z'}, which can be verified easily, and hence, we omit the proof

here.

Lemma 6.4.1. For the sequence {z'}, we have

oy =2 =a%, Vi=1,2,... N 1<j<i
P gt bN B~ g Vi=1,2,..., N.

The following lemma states that each movement is closely related to the learning rate
defined in Assumption 6.3.4.
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Lemma 6.4.2. Suppose that Assumptions 6.3.1-6.3.4 hold. Then, for any t > 0, we have

where G = BV2G? + 272G, and G = MD + G.

Proof.  Since function ¢ (x) in problem (6.1.1) is block separable, from (6.2.1) the

subvector d%’ i can be rewritten as

e+ MV e P2 4 (e 1+dm)} (6.4.1)

d" = argmin {
VAR
t z 1+djz EQ 2)\t i

From the first order optimality condition, we have

d') >0, Vdgisuch that =% ' +dy € Q;, (6.4.2)

(G + T £ e d -

where 7771 € 81/)1( '). Since xf; "€ Q,, welet dyi =0 in (6.4.2) and get

(— » dtj’, + Vi fi e + i, —d) >0, (6.4.3)

which implies that

t,i
5.

7117 < MV i f1 (@70 + i, —d) < Ml Vg fH (25 + 0,

and squaring it, we get

Dividing by de;
t,i )2

PN (Vg @O+ 7l

262
(IV 7 f D17 + 723

ti
ld7:

%).

Summing this inequality over ¢ from 1 to N, we obtain

ot — | = Z )

,77"}’%) € dP(a'th), it follows from Assumption 6.3.2 that 3 L < 62

¢ 52 = i = i
(lejif’*(mt’ D7+ 72> I 2). (6.4.4)
=1 i=1

Since (17357’11, .
"

which together with Lemma 6.3.1 and (6.4.4) proves the desired result.

The next result presents an estimator between F*(z') and F'(z), which plays a key role

for the final regret analysis.
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Lemma 6.4.3. For any t > 0, we have
Ft(:L‘t) —Ft(l‘) S Sl’t+52’t(l’) +S3,t(w)7

where SV, S*(x) and S>'(x) are defined as follows.

N
St = {—%Hx;— o L (Vjift(xt’ifl),xf’;i—xf’;fl> ; (6.4.5)
=1 N
S =22j g — 2570 = flo e — 255 17] (6.46)
=1 by
N
S (x (Vaif (™) = Vi f{(a'), ez = 2570 + r[e(a’) — ()] (6.4.7)

=1

Proof.  Using Lemma 2.3.1 with p(x) = (Vi fia), m gz — 2l N+ (), A=

Mg, 24 = 2" z—x” ' ie{l,...,N}, we have

jz?

; 1 1
t,i ) t,i—12 t’L 12 t,1 )12
rUel) = () Syl 5T = g lath o - gl =
<met($t”'*1)7w tg D = (Vi f! (" l)w’}i — .
(6.4.8)
Moreover, from the convexity of function f*, we obtain
i) = fix) < —(z — 2", V(). (6.4.9)

Then we have
F'(a') — F'(z)
fi(a') = f(@) + 7l (") = d(o)]
< _<l‘ —x ,Vft(x )> + T[gb(xt—&-l) . ¢(x)] + T[Zﬁ(l’t) _ ’Q/J([Et—H)]
=N {—lag = 2T Vi fUaY)) + () — izg)]} + Tho(at) — (),

i=1

where the inequality follows from (6.4.9), and the last equality follows from Lemma 6.4.1.
Combining with inequality (6.4.8), we obtain the desired inequality. m

Next, we establish upper bounds for S, S*!(x) and S>!(z), respectively.

Lemma 6.4.4. Suppose that Assumptions 6.3.1-6.3.4 hold. Then, for any t > 0, we get

Cﬁ

Slt el
<o
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Proof. Forany¢>0andi€ {l,..., N}, we have

1 i—1 - i ji—1
= et = T () - 0t
1 ) tzl t tzl >‘t2 t( ti—1Y112
= 7o, [ + AV f'(z H + HVJ fr @)
)\ i i
SV fH I
Summing this inequality over i from 1 to N, we get
A cf
SHE <N Vg f P < H g° < G2,
Z 2\/ 2Vt
where the last two inequalities follow from Lemma 6.3.1. [

For convenience, we define a diagonal matrix B € R™*" with
Bjj =B, VjeJi=12,... N, (6.4.10)

where {f;, i = 1,2,..., N} are constants given in Assumption 6.3.4. Since we assume
Bi > B >0foranyi=1,..., N, matrix B is invertible.

For S?%(z), it follows from (6.4.6), Assumption 6.3.4, and the definition of the norm
|| - [|g-1 that

S (z) = 2Lc¥

Nz =250 = llo — 2" 5] (6.4.11)
A bound for §3!(x) is given by the following lemma.

Lemma 6.4.5. Suppose that Assumptions 6.3.1-6.3.4 hold. Then, for any t > 0, we have

S¥(z) < MGl - 2 + 7w (at) — ()],

where G = BV2G? + 272G2, and G = MD + G.

N
Proof. Incontrast to (6.4.7), we only need to show that Z(Vjift(xt’i’l)—vji i), 7 —
i=1
xt’i71> \i/_ G||z — 2| holds for any ¢ > 0. In fact, we have
N .
D (Vo' @) = Vyif'at) ge — 257)
i=1

= (¢' = V[fia"),x —a")
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<llg" = V@)l -2
< Mj2" = af|[[lo — 2]

C ~
< M—G||z - 2!,
M I I

where the second inequality follows from Assumption 6.3.3, and the last inequality follows

from Lemma 6.4.2. Thus, this completes the proof. ]

Now we show the regret of the BCG method with the cyclic rule.

Theorem 6.4.1. Suppose that Assumptions 6.3.1-6.3.4 hold. Let {x"} be generated by the
C-BCG method for the online optimization problem (6.1.1). Then, for any T € X*[T],

we have

R(T) < (06262 + % + MGDc> (2VT — 1) + 7DG,

where G = BV2G? + 272G2, and G = MD + G.

Proof. It follows from Lemma 6.4.3 that

T T T T
:Z{Ft(f)—Ft(x*’[T])}:Zsl’t—l—ZSQ’t(fL‘*’[T])+ZS3’t($ (T
t=1 t=1 t=1 t=1

Moreover, we have

T dt
Z—<c—|—c/ Wﬁc—l—Qcﬁ—Qc:c(Qﬁ—l), (6.4.12)
t=1

which, together with Lemma 6.4.4, yields that

T T 3 A
Z%%}X@w:%ﬁwﬁqy
= t=1

t=1

For S%t(x* 1) it follows from (6.4.11) that

T \/
Zﬁtm Wm—wa—gﬁw1Tw%+z“_ L Dl — o

1, Vi oVE=T1.1
S@D +;<20 2c )ED

D2

=——T.
20@
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Let € OY(x!). Then it follows from Assumption 6.3.2 that ||| < G. For S3*(x*[),
from Lemma 6.4.5, we have

T
253,t(
t=1

{ a6l = a1 4 oot - v

Gllz™ T — 2 + 7l (2h) — (2]

T
;
Zi
—\t

<MGDZ— + 47y, ot — 2T
gMGDc(N_ —1)+7DG, (6.4.13)

where the first inequality follows from Assumption 6.3.1 and the convexity of function 1,
and the last inequality follows from (6.4.12) and Assumptions 6.3.1-6.3.2.

Hence, we get

R(T) < B (2\/_—1)+—\/_+MGDC(2\/_—1)+TDG

2 2cp
3G?  D?
< (CﬁQ +ﬁ+MGDC) (2ﬁ—1)+TDG,
where the second inequality follows from the fact V7' < 2T — 1, T > 1. [

Note that the regret bound of the C-BCG method in Theorem 6.4.1 is independent
of the number N of blocks and the dimension n. Moreover, Theorem 6.4.1 implies that
%T) < O(%), and the C-BCG method is a no internal regret algorithm. The next remark
states that the regret bound of the C-BCG method in Theorem 6.4.1 is an extension of

bound of the greedy projection method [81].

Remark 6.4.1. When ¢ = 0, we have ¥(x') = (2'*) = 0. Then the evaluation for
S S3 T in (6.4.13) reduces to S, S*H(a*T)) < MGDe(2VT — 1).  Moreover,
if welet N =1, 3 =1,1=1,2,...,N, and ¢ = 1, from Lemma 6.3.1 and Remark
6.5.1, we have G = G and M = 0. Hence, the regret of the C-BCG method reduces to
R(T) < %2(2\/7— 1)+ %2\/7, which is the same as Theorem 6.3.1. Therefore, the C-BCG

method is an extension of the greedy projection method.

6.5 Extension to the stochastic optimization problem

In this section, we develop the ergodic convergence of the proposed C-BCG method for the

stochastic optimization problem.
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We consider the following regularized convex stochastic optimization problem.

minimize F(z) := E,[f(x, 2)] + T¢(z), (6.5.1)

xT

where z = (u,v) € R™™ is an input-output pair of the data drawn from an unknown
underlying distribution, f(z,z) is the loss function of using u with parameter x to predict
v, E.[f(z,z)] denotes the expected value of the loss function f(x,z) with respect to the
selection pair z.

A common way to solve stochastic optimization problem (6.5.1) is to approximate the
expectation of the whole loss F.[f(x,z)] by using a finite set of independent observations

Z1,..., 2, and solve the following problem instead.

T
minixmize % tz:; f(z, z) + (). (6.5.2)

This problem can be regarded as the batch optimization problem for the online optimization
problem with F' = f(x,z) + 7¢(z). Let 2* € argmin F(x). The corresponding regret can
be written as follows.

T T

R(T) = {f" )+ o)} = {fa*, 2)+ ()} (6.5.3)

t=1 t=1
Theorem 6.5.1. Suppose that Assumptions 6.3.1-6.3.4 hold. Let {z'} be generated by the
T

1
C-BCG method for the convex stochastic optimization problem (6.5.1), and 7 = T E x",
r=1

T > 1. Then, for any z* € argmin F(x), we have

B [F(x")) = F(a*) < (CB ¢ + D + MéDc)

2T — 1 1
—— + —7DG.
2 20@ + —=7DG

T T

Proof.  Let zp) := {z1,...,2r}, where {z;, 1 < i < T} follow the independent and
isotonical distribution. Note that the variable zf, 1 < ¢ < T, is dependent on the random
variables {z1,...,2;_1}, but independent on the random variables {z,...,27}.

Hence, we have

B [f (', 2)] + 7(a') = Ex,_ [Eey [f (2", 2)] + 70 (2")] = E.,_ [F(2")],
B [f (2%, 2)] + Tb(x) = By f(27, 2) + 70(2%) = F(z).

Combing with (6.5.3), we get

0< B, [RT) =Y (EZ[T] [F(a)] — F(:r;*)). (6.5.4)

t=1
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On the other hand, by the convexity of the function F(z), we have

S af) < =30 Pat). (6.5.5)

t=1

FET) = F(

N[ =
~|

Subtracting the optimal value F(z*) on both sides and taking the expectation with
respect to the random variables zj7}, we get
- - 1 - - 1
B[P = Fo') < 237 (B [F)] - F@) = e, ROT)

t=1

From Theorem 6.4.1, we prove the desired result. [

Note that Corollary 6.5.1 implies that £, [F(zT)] — F(z*) < O(\/LT), where the upper

bound O(\/LT) is sharper than O(%N) given in [75].

6.6 Conclusion

In this chapter, we have proposed a block coordinate gradient (BCG) method for the online
convex optimization problem (6.1.1). We have shown that the proposed method has a regret
O(V/T), which is the same as [81]. Moreover, we have extended our results to the regularized
stochastic optimization problem, and have shown that the results in this chapter are tighter
than that in [75].

In Chapter 4, an extension of the BCG method, called the “block coordinate proximal
gradient (BCPG) methods with variable Bregman functions”, has been studied, where the
quadratic term 3 [|d||* in (6.2.1) is replaced by the Bregman distance B, (z, z+d). It is shown
that the proposed BCPG methods have the same convergence rate with the block coordinate
gradient descent (BCGD) method for the classical separable optimization problems. Hence,
it may be possible to obtain a similar convergence of the BCPG methods with variable
Bregman functions for the online and stochastic optimization problems as the results in this

chapter.






Chapter 7

Conclusion

In this thesis, we have proposed two classes of block coordinate gradient methods for solving

the classical separable optimization problem, and introduced a new concept, called the “block

lower triangular Lipschitz continuous”, with which the theoretical analysis of the block co-

ordinate gradient method is supplemented and improved for various optimization problems,

including the online and the stochastic optimization problems. The results obtained in this

thesis are summarized as follows.

(a)

In Chapter 3, we have proposed an inexact coordinate descent (ICD) method for a
class of weighted [;-regularized convex optimization problem with a box constraint,
where we have given a new criterion for the “inexact solution” of the subproblem and
only required an approximate solution at each iteration. For the proposed method,
we have established its R-linear convergence rate with the almost cycle rule, and have
examined its efficiency by numerical experiments on the comparison of the proposed

method and the coordinate gradient descent method.

In Chapter 4, we have proposed a class of block coordinate proximal gradient (BCPG)
methods with variable Bregman functions for solving the general nonsmooth nonconvex
problem. We have established the global convergence and R-linear convergence rate
for the proposed methods with the Gauss-Seidel rule. The idea of using the variable
kernels is the innovation of these methods, which enabled us to obtain many well-known
algorithms from the proposed BCPG methods, including the (inexact) BCD method.
Some special kernels even allowed the proposed BCPG methods to adopt the fixed step
size, and helped us to construct accelerated algorithms. Finally, the numerical results

on the proposed algorithm and the algorithm with a fixed kernel proved the efficiency.

In Chapter 5, we have improved the iteration complexity of the block coordinate gradi-
ent descent (BCGD) method with the cyclic rule for the convex separable optimization.

The improvement lies in the new Lipschitz continuity-like assumption. In particular, we
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max{M, Lf})
c )

have proven that the BCGD method with the cyclic rule converges with O(
where M is the constant given in the proposed assumption, and Ly is the Lipschitz
constant. Furthermore, we have studied the relation between M and Ly, and showed
that M < VN Ly or M < 2Ly, which implies that the iteration complexity bound

derived in this thesis is sharper than existing results.

In Chapter 6, we have investigated the performance of a block coordinate gradient
(BCG) method with the cyclic rule for the online optimization problem and the s-
tochastic optimization problem. We firstly have shown that the proposed method has
the same regret as the greedy projection (GP) method, where the GP method is a full
gradient projection method. Moreover, we have extended the BCG method for the
stochastic optimization problem, and have shown that the the result in this thesis is

tighter than the existing results.

As we summarized above, we have made several contributions on the block coordinate

gradient methods for the separable optimization problems. However, there are many prob-

lems that still remain unknown. In what follows, we mention some main issues based on our

current achievements.

(a)

In Chapter 4, we have presented a class of block coordinate proximal gradient (BCPG)
methods for the separable nonsmooth nonconvex optimization problem. For showing
the convergence rate of the proposed methods, we assumed that the Lipachitz local
error bound assumption holds for the original probelm. In [74], another assumption,
called the “Kurdyka-Lojasiewiez (KL) inequality”, is established for the BCD method.
It is interesting to study the relation between the KL inequality and the local error
bound in the future. Moreover, extending the BCPG methods to the more general
constrained problems, such as the support vector machine (SVM) problem, is also a

challenging topic.

In this thesis, we have proposed a new Lipschitz continuity-like definition, and have
studied the relation between two constants M and Ly in Chapter 5, where M is the
constant given in the proposed definition, and Ly is the common Lipschitz constant.
Although we have shown that M < VN L holds for any function, and have found
several classes of functions such that the relation M < 2L holds. In the future, it
would be interesting to find more functions for which the corresponding constant M is
independent of the number N of blocks. Currently, we have not found a counterexample

where N°Ly < M for a positive constant o.
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