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Class 4: Dual problems and weak duality theorem

In duality theory, we associate an optimization problem with the so-called dual problem that,
under some conditions, can be equivalent in some sense to the original problem. This equiv-
alence can be established in linear programming problems, but even for general optimization
problems, the duality theory is known to be useful. As usual, we consider the following
nonlinear programming problem:

min f(x)
st. z e X, (NLP)
where
X :={zeR"|g(z) <0,h(z) =0}. (1)

Once again, we assume that f: R” — R and ¢g: R” — R are continuously differentiable,
and we write g := (g1,...,gm) with g;: R® - R, ¢ =1,...,m. In this context, we call (NLP)
the primal problem.

Consider the following Lagrangian function L: R™ x R™ x RP — R associated to (NLP):

Lz, A p) = f(2) +{9(2), \) + (W), 1)

= flz)+ Zgi(x)% + Z hj(@)pj,
i=1 Jj=1

where A € R™ and p € RP are called Lagrange multipliers associated to the inequality and
the equality constraints, respectively. We first show the following result, that will be used to
reformulate the primal problem.

Proposition 1. For problem (NLP), the following equality holds:

flx), ifreX,

00, otherwise.

s~ |
(A1) ERT X RP

Proof. We prove separately for the cases that (i) x is feasible and (ii) = is not feasible.

(i) Assume that x € X. For all (A, ) € RT" x RP, since (g(x),\) < 0 and (h(x),u) = 0,
we obtain
L(z, A, p) < f(a).

Moreover, we have L(x,0,u) = f(x) for all u € RP. Therefore, in this case, (2) holds.

(ii) Assume that z ¢ X. We also have two cases to consider: (a) there exists j € {1,...,p}
such that hj(x) # 0, or (b) there exists i € {1,...,m} such that g;(z) > 0.



(a) Assume that hj(x) # 0 for some j € {1,...,p}. Then, we can define

A:{ thi(z), ifi=j,
‘ 0, ifie{l,...,p}\ {j},

with t > 0, and \; = 0 for all ¢ € {1,...,m}. In this case, we obtain
t—o0 = Lz, \p) = f(2)+thi(zr)? = .

(b) Assume that g;(x) > 0 for some ¢ € {1,...,m}. Then, we can define

A — t, if j =1,
TT0, ifje{L,...,mh\ {i},

with ¢ > 0, and p; =0 for all j € {1,...,p}. In this case, we have
t—o00 = Lz, \p) = f(r)+tg(x) — oco.

From (a) and (b), we conclude that (2) also holds in this case.

The previous proposition shows that the original problem (NLP) can be written as

min sup L(z, A\, 1)
(Ap)ERT X RP

s.t. xe X,

where

X:{xGR”

sup Lz, A\, p) < o0 p.
(A)CET xEP

By changing the order of the “min” and the “max” (“sup”) in the above problem, we have:

max  w(\, @)
st (A\p) €D, (3)

where

D:={(A\p) e RT xRP |w(A,u) > —c0} .
and w: D — R is defined by
w(A, p) == inf L(x, A\, p).
TERM

The maximization problem (3) is called the dual problem associated to (NLP).

Example 1. (Linear programming) Let us show the dual of the following problem:

min (c,x)
s.t. Ax >b,

where ¢ € R™, A € R™" and b € R™ are given.



Proof. The above problem is a particular case of (NLP), with f(z) = (¢, ), g(x) = b — Az
and h(x) = 0. By ignoring the parts associated to the equality constraints, we have:

w(A) = xiénlgn L(z,\)
= inf —A
xlean<C, z) + (b— Az, \)
= inf (c— AT\ z)+ (b, N).
TeR"

We now show that w()\) > —oo if and only if c — ATA = 0. If c — ATX\ = 0, we clearly obtain
w(A) > —oo. Assume that w(\) > —oo and ¢ — ATX # 0. If we define z = —t(c — AT)),
then by taking ¢ — oo, we have w(\) = —oo, which is a contradiction. Thus, the equivalence
holds and the dual feasible set is written as

D = {AeRT|w(A) > —o0}
= {MeRT | AT\ =c}.

Since w(A) = (b, A) for all A € D, we can write the dual problem as

max (b, \)
st. ATh=g¢,
A>0.

O]

We now show that the dual problem has desirable properties, that does not depend on the
problem’s structure. In particular, (3) is a maximization of a concave objective function
under a convex set. Therefore, all local optimal solutions of (3) are also global.

Proposition 2. For any optimization problem of the type (NLP) and its dual problem (3),
the objective function w is concave and the feasible dual set D is convex.

Proof. First, let us note that the Lagrangian function L is linear with respect to the pair
(A, i), that is,

L(z, o' + (1 — a)M%, apt + (1 — a)p?)
= L AL ) (1 - a) L, A2, )

for all AL, A2 € R™, p!, u? € R? and « € [0,1]. Therefore, we have

wlaX + (1 —a)X2, ap! + (1 — a)u?)
= inﬂ{ Lz, o\ + (1 — a)M\?, ap! + (1 — a)p?)
TER™

= inf [aL(e, N, )+ (11— a)L(z, N, 1?)]

zeR™
> o inf L(z,\',u')+ (1 —a) inf Lz, A\ p?
2 o inf (, A )+ ( a)xlean (x, A%, u”)
= aw(\u') + (1 - a)w(?, 1?), (4)



where the inequality holds because « € [0, 1] and by using a property of infimums. We then
conclude that w is concave. Now, let us define

D :={(\p) e R" xRP | w(\, p) > —oc}.

Observe that D = DN(RT xRP). Letting (\', '), (A2, %) € D, we have w(\!, u!) > —oo and
w(\2, u?) > —oo. Then, taking a € [0, 1], we obtain a(\', u') + (1 — a)(\2, u?) € D from (4),
which means that D is convex. Since R7* x RP is also convex, and D is an intersection of two
convex sets, we conclude that D is also convex. O

The previous proposition shows that the dual problem is always a convex optimization prob-
lem (since maximization of a concave function under a convex set can be written as a min-
imization of a convex function under a convex set). However, the dual function w is, in
general, nondifferentiable, even if the primal problem is differentiable. Although the primal
and dual problems are not equivalent in general, we can show that the dual problem can at
least give an lower bound for the primal problem.

Theorem 1. (Weak duality) For any optimization problem of the type (NLP) and its dual
problem (3), we have

w(A, 1) < f(z)
for all feasible primal-dual pairs x € X and (A, u) € D. In particular, we obtain
sup w(A,p) < inf f(x). (5)
(Ap)eD reX
Proof. Let x € X and (A, ) € D. Then,

wA,p) = inf L(z, A, p)
z€R™

L(x, A\, p)

= f() + (g(x), A) + (h(2), 1)

f(=),

where the second inequality holds because h(zx) = 0, g(z) < 0 and A > 0. The conclusion

follows by taking the infimum and the supremum, respectively in the right-side and the
left-side of the above inequality. O

IN

IN

When the inequality (5) is satisfied with an equality, we say that the strong duality holds.
Otherwise, if the inequality is strict, then we say that there exists a duality gap between the
problems. The strong duality holds only for particular optimization problems (e.g. linear
programming). Still, for the general case, the weak duality theorem shows the following:

e If the primal problem is unbounded (i.e., inf,cx f(z) = —00), then the dual problem
is infeasible (i.e., D = ().

e If the dual problem is unbounded (i.e., sup(y ,)ep w(A, 4) = 00), then the primal prob-
lem is infeasible (i.e., X = 0).
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