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Abstract

Stackelberg games play an extremely important role in such fields as economics, management, politics and behavi-
oral sciences. Stackelberg game can be modelled as a bilevel optimization problem. There exists extensive literature
about static bilevel optimization problems. However, the studies on dynamic bilevel optimization problems are rela-
tively scarce in spite of the importance in explaining and predicting some phenomena rationally. In this paper, we con-
sider discrete time dynamic Stackelberg games with feedback information. Dynamic programming algorithms are
presented for the solution of discrete time dynamic feedback Stackelberg games with multiple players both for inde-
pendent followers and for dependent followers. When the followers act dependently, the game in this paper is a com-
bination of Stackelberg game and Nash game.
� 2004 Published by Elsevier B.V.
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1. Introduction

In many decision processes there exists a hierarchy of decision makers. Decisions are made at differ-
ent levels with different goals in this hierarchy. Moreover, those decision makers often cannot act
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independently of each other but have to take into account decisions made by players of different levels.
Especially, in the bilevel case, the optimal strategies chosen by the lower level players (hereafter the
‘‘followers’’) depend on the strategy selected by the upper level player (hereafter the ‘‘leader’’). Further-
more, the objective function of the leader may depend not only on his/her own decisions but also on the
followers�. Then, the leader is able to make his/her decisions by estimating the followers� rational
reactions, assuming that they behave in such a way that they optimize their objective functions given the
leader�s actions. This is the static bilevel model introduced by Von Stackelberg [24]. There exists extensive
research on bilevel optimization [2,3,11,20]. Under certain conditions, a bilevel optimization problem can
be reformulated as a mathematical program with equilibrium constraints (MPEC) [17], which has recently
drawn much attention in the optimization community [13,14,16,18,19]. However, the studies on dynamic
bilevel optimization are relatively scarce. Dynamic bilevel optimization was first introduced by Chen and
Cruz [10], and Simaan and Cruz [21,22] in nonzero-sum dynamic games. Dynamic bilevel optimization
problems have subsequently been studied by a number of authors [1,4,5,8,9,12,15]. In particular,
Ye [25,26] recently studies optimality conditions for continuous time dynamic bilevel optimization
problems.
The discrete time dynamic optimization problems have many applications in economics and manage-

ment sciences [1,12]. See an excellent monograph [4] on dynamic games. Linear–quadratic (LQ) systems
are considered in [5,6,8–10,15,21]. In [8], stochastic dynamic Stackelberg games with two players are intro-
duced and explicit solutions are given when the information sets are nested. In [10,21], necessary and suf-
ficient conditions for the Stackelberg games with open-loop information have been obtained and explicit
solutions are given. In [23], Stackelberg solution is extended to multi-players and necessary conditions
for the existence of an open-loop Stackelberg games are shown. In [22], Stackelberg games with feedback
information are considered and necessary conditions for the existence of Stackelberg strategies are ob-
tained. In [5], explicit solutions are also given for deterministic games with multiple players under
closed-loop information, in particular, feedback information structure. More recently, in [15], an incentive
strategy for discrete time LQ state feedback Stackelberg games is developed. Moreover, in [1], recursive
methods are presented for dynamic Stackelberg games with two players. In [9], a new feedback solution
called anticipative feedback solution is introduced to cope with the infinite-horizon, linear–quadratic, dy-
namic, Stackelberg games. All methods to deal with LQ systems and dynamic Stackelberg games with two
players are based on the special structure of the problems. In [6], continuous time dynamic Stackelberg
games with closed-loop information are considered. In [12], pricing and advertising models in a market
are modelled as continuous time dynamic Stackelberg games.
In this paper, we consider a general dynamic Stackelberg game under feedback information structure

that may be modelled as a discrete time dynamic bilevel optimization problem, where the upper level state
variables are influenced by the decisions of the leader, and the lower level state variables are related to the
decisions of the leader and the followers. Assuming the feedback information structure, we will apply dy-
namic programming algorithms to the game with dependent followers as well as the one with independent
followers.
Let us give the formal statement of the problem. The discrete time periods are denoted t = 0,1, . . .,T, and

N is the number of followers in the game.
The variables involved in the problem are listed as follows:
Vectors xt 2 X � Rm0 denote the state of the leader at time t = 0,1, . . .,T.
Vectors ym

t 2 Ym � Rmm denote the state of the mth follower at time t = 0,1, . . .,T. The followers� state var-
iables at time t are collectively denoted yt :¼ ðy1t ; y2t ; . . . ; yNt Þ 2 Y :¼ Y1 �Y2 � � � � �YN � Rm with
m = m1 + m2 + � � � + mN.
Vectors ut 2 U 2 Rn0 denote the decision variables for the leader at time t = 0,1, . . .,T�1.
Vectors vm

t 2 Pm
t ðxt; ym

t ; utÞ � Vm � Rnm denote the decision variables for the mth follower at time
t = 0,1, . . .,T � 1. (The definition of Pm

t ðxt; ym
t ; utÞ is given below.) The followers� decision variables at time
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t are collectively denoted vt :¼ ðv1t ; v2t ; . . . ; vNt Þ 2 V :¼ V1 �V2 � � � � �VN � Rn with n = n1 + n2 +
� � � + nN.
Moreover, we denote
u :¼ ðu0; u1; . . . ; uT�1Þ 2 Rn0T ; x :¼ ðx0; x1; . . . ; xT Þ 2 Rm0ðTþ1Þ;

vm :¼ ðvm
0; v

m
1; . . . ; v

m
T�1Þ 2 RnmT ; v :¼ ðv1; v2; . . . ; vN Þ 2 RnT ;

ym :¼ ðym
0; y

m
1; . . . y

m
T Þ 2 RmmðTþ1Þ; y :¼ ðy1; y2; . . . ; yN Þ 2 RmðTþ1Þ:
The state variables fxtgTt¼0 and fytg
T
t¼0 are governed by the systems of state transition equations
xtþ1 ¼ F tðxt; utÞ; t ¼ 0; 1; . . . ; T � 1; ð1:1Þ

ym
tþ1 ¼ f m

t ðxt; ym
t ; ut; v

m
t Þ; t ¼ 0; 1; . . . ; T � 1; m ¼ 1; 2; . . . ;N ; ð1:2Þ
with x0 and ym
0 being given as the initial states of the leader and the mth followers, m = 1,2, . . .,N,

respectively.
Let the set of admissible decisions of the leader be given by
P0ðx0Þ :¼ fu j h0t ðxt; utÞ6 0; t ¼ 0; 1; . . . ; T � 1g
and the sets of admissible decisions of the followers m = 1,2, . . .,N be given by
Pmðx0; ym
0; uÞ :¼ fvm j hm

t ðxt; ym
t ; ut; v

m
t Þ6 0; t ¼ 0; 1; . . . ; T � 1g;
where h0t : R
m0 � Rn0 ! R�n0 and hm

t : R
m0 � Rmm � Rn0 � Rnm ! R�nm ; m ¼ 1; 2; . . . ;N , are some functions used to

specify admissible decisions at each period and fxsgTs¼0 and fysg
T
s¼0 are governed by (1.1) and (1.2), where �n0

and �nm for m = 1,2, . . .,N are all integers. Note that the set P0(x0), which specifies the set of admissible deci-
sions of the leader at periods t = 1, . . .,T � 1, only depends on the initial state x0, since the subsequent
states xt are determined by (1.1). On the other hand, the set Pmðx0; ym

0; uÞ of admissible decisions of the
mth follower also depends only on the initial state ym

0 of the follower along with the initial state x0 and
the decision u of the leader.
We also denote
P0
t ðxtÞ :¼ fut j h0t ðxt; utÞ6 0g � Rn0 ;

Pm
t ðxt; ym

t ; utÞ :¼ fvm
t j hm

t ðxt; ym
t ; ut; v

m
t Þ6 0g � Rnm ;

Pðx0; y0; uÞ :¼ P1ðx0; y10; uÞ � P2ðx0; y20; uÞ � � � � � PN ðx0; yN0 ; uÞ � RnT ;

Ptðxt; yt; utÞ :¼ P1
t ðxt; y1t ; utÞ � P2

t ðxt; y2t ; utÞ � � � � � PN
t ðxt; yNt ; utÞ � Rn:
The problem is then formally stated as follows: given the initial state ðx0; y0Þ 2 X�Y,
minimize J 0ðx0; y0; u; vÞ
subject to V mðx0; y0; uÞ ¼ J mðx0; y0; u; vmÞ;

u 2 P0ðx0Þ;
vm 2 Pmðx0; ym

0; uÞ; m ¼ 1; 2; . . . ;N ;

ð1:3Þ
where
J 0ðx0; y0; u; vÞ :¼ GT ðxT ; yT Þ þ
XT�1
t¼0

Gtðxt; yt; ut; vtÞ;
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J mðx0; y0; u; vmÞ :¼ gm
T ðxT ; ym

T Þ þ
XT�1
t¼0

gm
t ðxt; ym

t ; ut; v
m
t Þ;
fxtgTt¼0 and fytg
T
t¼0 are determined by (1.1) and (1.2), respectively, and Vm(x0,y0,u) are the optimal value

functions for followers m = 1,2, . . .,N defined by
V mðx0; y0; uÞ :¼ minfJ mðx0; y0; u; vmÞ j (1.1); (1.2) and vm 2 Pmðx0; ym
0; uÞg:
In the following, we will sometimes write
ft :¼ ðf 1t ; f 2t ; . . . ; f N
t Þ; ht :¼ ðh1t ; h2t ; . . . ; hNt Þ
for t = 0,1, . . .,T�1.
We refer to problem (1.3) as a dynamic bilevel optimization problem or DBOP for short. The paper is

organized as follows: a dynamic programming algorithm for DBOP is proposed and its validity is shown in
Section 2. The results are extended to DBOP with dependent followers in Section 3. Some remarks are given
in the final section.
2. Dynamic programming algorithm for DBOP with independent followers under feedback information

structure

The aim of this section is to develop a dynamic programming algorithm for DBOP (1.3) under feedback
information structure, which is an extension of the one presented in [10,21–23] (see also [4, Section 7.3]) and
is based on the principle of optimality stated in Theorem 2.1. In this section, we assume that the followers
act independently of each other. Namely, when a follower makes a decision, he/she only takes into account
the leader�s action and will not consider other followers. Here and throughout, we assume that an optimal
response of the followers is uniquely determined for any decisions of the leader.
For convenience, we will use the following notation for t = 0,1, . . .,T�1:
xt;T�1 :¼ ðxt; . . . ; xT�1Þ; yt;T�1 :¼ ðyt; . . . ; yT�1Þ; ym
t;T�1 :¼ ðym

t ; . . . ; y
m
T�1Þ;

ut;T�1 :¼ ðut; . . . ; uT�1Þ; vt;T�1 :¼ ðvt; . . . ; vT�1Þ; vm
t;T�1 :¼ ðvm

t ; . . . ; v
m
T�1Þ;

x0;t :¼ ðx0; . . . ; xtÞ; ym
0;t :¼ ðym

0; . . . ; y
m
t Þ; vm

0;t :¼ ðvm
0; . . . ; v

m
t Þ;

J 0T�tðxt; yt; ut;T�1; vt;T�1Þ :¼ GT ðxT ; yT Þ þ
XT�1
s¼t

Gsðxs; ys; us; vsÞ;

J m
T�tðxt; ym

t ; ut;T�1; v
m
t;T�1Þ :¼ gT ðxT ; ym

T Þ þ
XT�1
s¼t

gsðxs; ym
s; us; vm

sÞ;

P0
t;T�1ðxtÞ :¼ fut;T�1 j h0sðxs; usÞ6 0; s ¼ t; t þ 1; . . . ; T � 1g;

Pm
t;T�1ðxt; ym

t ; ut;T�1Þ :¼ fvm
t;T�1 j hm

sðxs; ym
s; us; vm

sÞ6 0; s ¼ t; t þ 1; . . . ; T � 1g;

Pt;T�1ðxt; yt; ut;T�1Þ :¼ P1
t;T�1ðxt; y1t ; ut;T�1Þ � � � � � PN

t;T�1ðxt; yNt ; ut;T�1Þ;

eV m

T�tðxt; ym
t ; ut;T�1Þ :¼ min J m

T�tðxt; ym
t ; ut;T�1; v

m
t;T�1Þ : ðvm

t ; v
m
tþ1; . . . ; v

m
T�1Þ 2 Pm

t;T�1ðxt; ym
t ; ut;T�1Þ

n o
: ð2:1Þ
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For each t = 0,1, . . .,T � 1, consider the subproblem
minimize J 0T�tðxt; yt; ut;T�1; vt;T�1Þ
subject to eV m

T�tðxt; ym
t ; ut;T�1Þ ¼ J m

T�tðxt; ym
t ; ut;T�1; v

m
t;T�1Þ;

ut;T�1 2 P0
t;T�1ðxtÞ;

vm
t;T�1 2 Pm

t;T�1ðxt; ym
t ; ut;T�1Þ

m ¼ 1; 2; . . . ;N ;

ð2:2Þ
where the initial state (xt,yt) is given, and fxsgTs¼t and fysg
T
s¼t are determined by (1.1) and (1.2), respectively.

This problem is referred to as PT�t(xt,yt).

Theorem 2.1. Let ðuH

0; u
H

1; . . . ; u
H

T�1Þ and ðvH

0; v
H

1; . . . ; v
H

T�1Þ constitute an optimal policy for DBOP (1.3) under

feedback information structure with corresponding optimal trajectories ðx0; xH

1; . . . ; x
H

T Þ and ðy0; yH

1; . . . ; y
H

T Þ.
Consider the subproblem PT�tðxH

t ; y
H

t Þ for every t = 1,2, . . .,T � 1 with the initial state ðxH

t ; y
H

t Þ. Then, the

truncated policy
fðuH

t ; u
H

tþ1; . . . ; u
H

T�1Þ; ðvH

t ; v
H

tþ1; . . . ; v
H

T�1Þg
is optimal for the subproblem PT�tðxH

t ; y
H

t Þ.

Proof. First, we show that the policy ðvH

t ; v
H

tþ1; . . . ; v
H

T�1Þ is the optimal response to the leader�s decision
ðuH

t ; u
H

tþ1; . . . ; u
H

T�1Þ. If it were not an optimal response of the followers, then there would exist some
m 2 {1,2, . . .,N} and ðv̂m

t ; v̂
m
tþ1; . . . ; v̂

m
T�1Þ 2 Pm

t;T�1ðxH

t ; ŷ
m
t ; u

H

t;T�1Þ with the corresponding sequences fŷ
m
sg

T
s¼t such

that ymH
t ¼ ŷm

t and
gm
T ðxH

T ; ŷ
m
T Þ þ

XT�1
s¼t

gm
sðxH

s ; ŷ
m
s; u

H

s; v̂
m
sÞ < gm

T ðxH

T ; y
mH
T Þ þ

XT�1
s¼t

gm
sðxH

s; y
mH
s ; u

H

s ; v
mH
s Þ;
where the sequences fxH

sg
T
s¼t and fymH

s g
T
s¼t are generated by fuH

sg
T
s¼t and fvmH

s g
T
s¼t, respectively. Thus, we have
ðvmH
0;t�1; v̂

m
t;T�1Þ 2 Pm

0;T�1ðxH

0; y
mH
0 ; u

H

0;T�1Þ
and
gm
T ðxH

T ; ŷ
m
T Þ þ

XT�1
s¼t

gm
sðxH

s ; ŷ
m
s; u

H

s; v̂
m
sÞ þ

Xt�1
s¼0

gm
sðxH

s; y
mH
s ; u

H

s ; v
mH
s Þ < gm

T ðxH

T ; y
mH
T Þ þ

XT�1
s¼0

gm
sðxH

s ; y
mH
s ; u

H

s ; v
mH
s Þ:
This indicates that ðvH

0; v
H

1; . . . ; v
H

T�1Þ is not an optimal response to ðuH

0; u
H

1; . . . ; u
H

T�1Þ, which contradicts the
assumption of this theorem. Consequently, ðvH

t ; v
H

tþ1; . . . ; v
H

T�1Þ is the optimal response to the leader�s deci-
sion ðuH

t ; u
H

tþ1; . . . ; u
H

T�1Þ.
To prove the theorem by contradiction, suppose that fðuH

t ; u
H

tþ1; . . . ; u
H

T�1Þ; ðvH

t ; v
H

tþ1; . . . ; v
H

T�1Þg is not an
optimal solution to the subproblem PT�tðxH

t ; y
H

t Þ. Then, there must exist another policy
fð�ut; �utþ1; . . . ; �uT�1Þ; ð�vt;�vtþ1; . . . ;�vT�1Þg such that ð�vt;�vtþ1; . . . ;�vT�1Þ is the optimal response of the followers
to the leader�s decision ð�ut; �utþ1; . . . ; �uT�1Þ and
GT ð�xT ; �yT Þ þ
XT�1
s¼t

Gsð�xs; �ys; �us;�vsÞ < GT ðxH

T ; y
H

T Þ þ
XT�1
s¼t

GsðxH

s ; y
H

s ; u
H

s; v
H

sÞ; ð2:3Þ
where fðxH

t ; x
H

tþ1; . . . ; x
H

T Þ; ðyH

t ; y
H

tþ1; . . . ; y
H

T Þg and fð�xt;�xtþ1; . . . ;�xT Þ; ð�yt; �ytþ1; . . . ; �yT Þg are the sequences of the
leader�s and the followers� states generated by the above-mentioned policies, with the initial conditions
xt ¼ xH

t ¼ �xt and yt ¼ yH

t ¼ �yt.
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Note that the policies fðuH

t ; u
H

tþ1; . . . ; u
H

T�1Þ; ðvH

t ; v
H

tþ1; . . . ; v
H

T�1Þg and fð�ut; �utþ1; . . . ; �uT�1Þ; ð�vt;�vtþ1; . . . ;
�vT�1Þg all satisfy the constraints
ðvH

t ; . . . ; v
H

T�1Þ 2 Pt;T�1ðxH

t ; y
H

t ; u
H

t;T�1Þ;

ð�vt; . . . ;�vT�1Þ 2 Pt;T�1ð�xt; �yt; �ut;T�1Þ

with xH

t ¼ �xt and yH

t ¼ �yt. Accordingly, we have

ðvH

0;t�1; v
H

t;T�1Þ 2 P0;T�1ðxH

0; y
H

0; u
H

0;t�1; u
H

t;T�1Þ;

ðvH

0;t�1;�vt;T�1Þ 2 P0;T�1ðxH

0; y
H

0; u
H

0;t�1; �ut;T�1Þ

with xH

t ¼ �xt and yH

t ¼ �yt.
Furthermore, we show that ðvH

0;t�1;�vt;T�1Þ is the optimal response to ðuH

0;t�1; �ut;T�1Þ by contradiction. If
this were false, from the above proof, there would exist an optimal response of the form ð�v0;t�1;�vt;T�1Þ,
corresponding to ðuH

0;t�1; �ut;T�1Þ, and some m 2 {1,2, . . .,N} satisfying
gm
T ð�xT ; �ym

T Þ þ
XT�1
s¼t

gm
sð�xs; �ym

s; �us;�vm
sÞ þ

Xt�1
s¼0

gm
sðxH

s ; �y
m
s; u

H

s;�v
m
sÞ

< gm
T ð�xT ; �ym

T Þ þ
XT�1
s¼t

gm
sð�xs; �ym

s; �us;�vm
sÞ þ

Xt�1
s¼0

gm
sðxH

s ; y
mH
s ; u

H

s; v
mH
s Þ; ð2:4Þ
where ð�xt; �ytÞ ¼ ðxH

t ; y
H

t Þ and ðxH

0;t�1;�xt;T Þ; ðyH

0;t�1; �yt;T Þ and �y0;T are generated by ðuH

0;t�1; �ut;T Þ; ðvH

0;t�1;�vt;T Þ and
�v0;T , respectively.
However, (2.4) implies
Xt�1

s¼0
gm

sðxH

s ; �y
m
s; u

H

s ;�v
m
sÞ <

Xt�1
s¼0

gm
sðxH

s; y
mH
s ; u

H

s ; v
mH
s Þ;
vmH
0;T�1 2 Pm

0;T�1ðx0; ym
0; u

H

0;T�1Þ and ð�vm
0;t�1; v

mH
t;T�1Þ 2 Pm

0;T�1ðx0; ym
0; u

H

0;T�1Þ with x0 ¼ xH

0 and ym
0 ¼ ymH

0 ¼ �ym
0. We

therefore have
gm
T ðxH

T ; y
m
T Þ þ

Xt�1
s¼0

gm
sðxH

s; �y
m
s; u

H

s;�v
m
sÞ þ

XT�1
s¼t

gm
sðxH

s; y
mH
s ; u

H

s ; v
mH
s Þ < gm

T ðxH

T ; y
mH
T Þ þ

XT�1
s¼0

gm
sðxH

s; y
mH
s ; u

H

s ; v
mH
s Þ;
which contradicts the hypothesis that ðvH

0; v
H

1; . . . ; v
H

T�1Þ is the optimal response to ðuH

0; u
H

1; . . . ; u
H

T�1Þ. Conse-
quently, ðvH

0;t�1;�vt;T�1Þ is the optimal response to ðuH

0;t�1; �ut;T�1Þ.
Moreover, from (2.3) we have
GT ð�xT ; �yT Þ þ
XT�1
s¼t

Gsð�xs; �ys; �us;�vsÞ þ
Xt�1
s¼0

GsðxH

s ; y
H

s ; u
H

s; v
H

sÞ

< GT ðxH

T ; y
H

T Þ þ
XT�1
s¼t

GsðxH

s ; y
H

s ; u
H

s; v
H

sÞ þ
Xt�1
s¼0

GsðxH

s ; y
H

s ; u
H

s; v
H

sÞ: ð2:5Þ
This contradicts the optimality of the policy fðuH

0; u
H

1; . . . ; u
H

T�1Þ; ðvH

0; v
H

1; . . . ; v
H

T�1Þg in DBOP (1.3). The proof
is complete. h

The principle of optimality shown in Theorem 2.1 suggests that an optimal policy of DBOP can be con-
structed in a piecemeal manner. First, optimal policies are found for subproblems involving only the last
stage. Then, utilizing these results, we obtain optimal policies for the last two stages. We repeat this pro-
cedure step by step backward until an optimal policy for the entire problem is constructed. The dynamic
programming algorithm is presented as follows.
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Algorithm 2.2 (DP algorithm for DBOP with independent followers).
Step 1. Set t: = T and let for each ðxT ; yT Þ 2 X�Y
V 0
0ðxT ; yT Þ :¼ GT ðxT ; yT Þ; V m

0ðxT ; ym
T Þ :¼ gm

T ðxT ; ym
T Þ m ¼ 1; 2; . . . ;N :
Step 2. Set t: = t�1 and solve the following problem for each ðxt; ytÞ 2 X�Y
min
ut2P0

t ðxtÞ
fGtðxt; yt; ut; vtðxt; yt; utÞÞ þ V 0

T�t�1ðF tðxt; utÞ; ftðxt; yt; ut; vtðxt; yt; utÞÞÞg; ð2:6Þ
where vtðxt; yt; utÞ :¼ ðv1t ðxt; y1t ; utÞ; v2t ðxt; y2t ; utÞ; . . . ; vNt ðxt; yNt ; utÞÞ comprises the solutions of the lower level
problems
min
vmt2Pm

t ðxt ;ym
t ;utÞ

gm
t ðxt; ym

t ; ut; v
m
t Þ þ V m

T�t�1ðF tðxt; utÞ; ftðxt; yt; ut; vtÞÞ ð2:7Þ
for m = 1,2, . . .,N. Let V 0
T�tðxt; ytÞ and bV m

T�tðxt; ym
t ; utÞ denote the optimal values of problems (2.6) and (2.7),

respectively. Let uH

t ðxt; ytÞ be an optimal solution of (2.6), and vH

t ðxt; ytÞ :¼ vtðxt; yt; uH

t ðxt; ytÞÞ. Define
V m

T�tðxt; ytÞ; m ¼ 1; 2; . . . ;N ; by
V m
T�tðxt; ytÞ :¼ V̂

m

T�tðxt; ym
t ; u

H

t ðxt; ytÞÞ:

Step 3. If t = 0, a solution of DBOP (1.3) is obtained and stop. Otherwise, go to Step 2.

The next theorem shows that an optimal solution to DBOP (1.3) under feedback information structure is
obtained with Algorithm 2.2.
Theorem 2.3. For each t = 0,1, . . .,T, and ðxt; ytÞ 2 X�Y, let fuH

t ðxt; ytÞ; vH

t ðxt; ytÞg be an optimal solution to

(2.6) and (2.7). Then, for any t and (xt,yt), an optimal solution to the subproblem PT�t(xt,yt) is given by
fðuH

t ðxt; ytÞ; uH

tþ1ðxtþ1; ytþ1Þ; . . . ; uH

T�1ðxT�1; yT�1ÞÞ; ðvH

t ðxt; ytÞ; vH

tþ1ðxtþ1; ytþ1Þ; . . . ; vH

T�1ðxT�1; yT�1ÞÞg
with
xsþ1 ¼ F sðxs; uH

sÞ; ym
sþ1 ¼ f m

s ðxs; ym
s; u

H

s; v
mH
s Þ ð2:8Þ
for s = t, t + 1, . . .,T � 1 and m = 1,2, . . .,N. In particular,
fðuH

0ðx0; y0Þ; uH

1ðx1; y1Þ; . . . ; uH

T�1ðxT�1; yT�1ÞÞ; ðvH

0ðx0; y0Þ; vH

1ðx1; y1Þ; . . . ; vH

T�1ðxT�1; yT�1ÞÞg
is an optimal solution to DBOP (1.3) under feedback information structure.

Proof. We prove by induction in t. Apparently, the results hold for t = T � 1. Assuming the conclusions
are correct for all t ¼ T � 1; . . . ;�t þ 1, we show that the statement also holds for t ¼ �t.
Since the results hold when t ¼ �t þ 1, we see that, for any ðx�tþ1; y�tþ1Þ 2 X�Y,
fðuH

�tþ1ðx�tþ1; y�tþ1Þ; uH

�tþ2ðx�tþ2; y�tþ2Þ; . . . ; uH

T�1ðxT�1; yT�1ÞÞ; ðvH

�tþ1ðx�tþ1; y�tþ1Þ; vH

�tþ2ðx�tþ2; y�tþ2Þ; � � � ; vH

T�1ðxT�1; yT�1ÞÞg
is an optimal solution to the subproblem PT��t�1ðx�tþ1; y�tþ1Þ. On one hand,

ðvH

�tþ1ðx�tþ1; y�tþ1Þ; vH

�tþ2ðx�tþ2; y�tþ2Þ; � � � ; vH

T�1ðxT�1; yT�1ÞÞ
is the optimal response to the leader�s decision
ðuH

�tþ1ðx�tþ1; y�tþ1Þ; uH

�tþ2ðx�tþ2; y�tþ2Þ; . . . ; uH

T�1ðxT�1; yT�1ÞÞ;
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where fxsgTs¼�tþ2 and fysg
T
s¼�tþ2 are determined by (2.8). Namely, for each m = 1,2, . . .,N and �vm

�tþ1;T�1 2
Pm

�tþ1;T�1ðx�tþ1; �ym
�tþ1; u

H

�tþ1;T�1Þ, we have
gm
T ðxT ; �ym

T Þ þ
XT�1
s¼�tþ1

gm
sðxs; �ym

s; u
H

s ;�v
m
sÞP gm

T ðxT ; ym
T Þ þ

XT�1
s¼�tþ1

gm
sðxs; ym

s; u
H

s ; v
mH
s Þ ¼ bV m

T��t�1ðx�tþ1; y�tþ1; uH

�tþ1Þ

¼ V m
T��t�1ðx�tþ1; y�tþ1Þ ð2:9Þ
for each m = 1,2, . . .,N, where ðx�tþ1; �y�tþ1Þ ¼ ðx�tþ1; y�tþ1Þ and
xsþ1 ¼ F sðxs; uH

sÞ; �ym
sþ1 ¼ f m

s ðxs; �ym
s; u

H

s;�v
m
sÞ; s ¼ �t þ 1; . . . ; T � 1: ð2:10Þ
On the other hand, ðuH

�tþ1ðx�tþ1; y�tþ1Þ; uH

�tþ2ðx�tþ2; y�tþ2Þ; . . . ; uH

T�1ðxT�1; yT�1ÞÞ is an optimal decision of the lea-
der and ðvH

�tþ1ðx�tþ1; y�tþ1Þ; vH

�tþ2ðx�tþ2; y�tþ2Þ; . . . ; vH

T�1ðxT�1; yT�1ÞÞ is the optimal response to the leader�s decision,
where fxsgTs¼�tþ2 and fysg

T
s¼�tþ2 are determined by (2.8). Namely, for any decisions of the leader

ðû�tþ1; û�tþ2; . . . ; ûT�1Þ and the corresponding response of the followers v̂m
�tþ1;T�1 2 Pm

�tþ1;T�1ðx̂�tþ1; ŷ
m
�tþ1; û�tþ1;T�1Þ,

m = 1,2, . . .,N, we have
GT ðx̂T ; ŷT Þ þ
XT�1
s¼�tþ1

Gsðx̂s; ŷs; ûs; v̂sÞPGT ðxT ; yT Þ þ
XT�1
s¼�tþ1

Gsðxs; ys; u
H

s; v
H

sÞ ¼ V 0
T��t�1ðx̂�tþ1; ŷ�tþ1Þ; ð2:11Þ
where ðx�tþ1; y�tþ1Þ ¼ ðx̂�tþ1; ŷ�tþ1Þ and

x̂sþ1 ¼ F sðx̂s; ûsÞ; ŷm

sþ1 ¼ f m
s ðx̂s; ŷ

m
s; ûs; v̂

m
sÞ; s ¼ �t þ 1; . . . ; T � 1: ð2:12Þ
Consider t ¼ �t and assume that ðuH

�t ðx�t; y�tÞ; vH

�t ðx�t; y�tÞÞ is an optimal solution to the subproblem PT��tðx�t; y�tÞ.
First, we show that ðvH

�t ðx�t; y�tÞ; vH

�tþ1ðx�tþ1; y�tþ1Þ; . . . ; vH

T�1ðxT�1; yT�1ÞÞ is the optimal response of the followers to
the leader�s decisions
ðuH

�t ðx�t; y�tÞ; uH

�tþ1ðx�tþ1; y�tþ1Þ; . . . ; uH

T�1ðxT�1; yT�1ÞÞ:
For the purpose of contradiction, suppose that there exist some m 2 {1,2, . . .,N} and
ð�vm
�t ðx�t; y�tÞ;�vm

�tþ1ðx�tþ1; �y�tþ1Þ; . . . ;�vm
T�1ðxT�1; �yT�1ÞÞ
such that
gm
T ðxT ; �ym

T Þ þ
XT�1
s¼�t

gm
sðxs; �ym

s; u
H

s;�v
m
sÞ < gm

T ðxT ; ym
T Þ þ

XT�1
s¼�t

gm
sðxs; ym

s; u
H

s; v
mH
s Þ ð2:13Þ
for ym
�t ¼ �ym

�t , where fxsgTs¼�tþ1 and f�ym
sg

T
s¼�tþ1 are determined by (2.10). Moreover, we have
gm
T ðxT ; �ym

T Þ þ
XT�1
s¼�t

gm
sðxs; �ym

s; u
H

s;�v
m
sÞP V̂

m

T��t�1ðx�tþ1; �ym
�tþ1; u

H

�tþ1Þ þ gm
�t ðx�t; ym

�t ; u
H

�t ;�v
m
�t ÞP bV m

T��tðx�t; ym
�t ; u

H

�t Þ

¼ V m
T��tðx�t; y�tÞ ¼ gm

T ðxT ; ym
T Þ þ

XT�1
s¼�t

gm
sðxs; ym

s; u
H

s ; v
mH
s Þ
with ym
�t ¼ �ym

�t , where the first inequality follows from (2.9) and the second inequality comes from Step 2 of
Algorithm 2.2. However, this contradicts (2.13). Therefore,
ðvH

�t ðx�t; y�tÞ; vH

�tþ1ðx�tþ1; y�tþ1Þ; . . . ; vH

T�1ðxT�1; yT�1ÞÞ
is the followers� optimal response to ðuH

�t ðx�t; y�tÞ; uH

�tþ1ðx�tþ1; y�tþ1Þ; . . . ; uH

T�1ðxT�1; yT�1ÞÞ.
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Now, we show that
fðuH

t ðxt; ytÞ; uH

tþ1ðxtþ1; ytþ1Þ; . . . ; uH

T�1ðxT�1; yT�1ÞÞ; ðvH

t ðxt; ytÞ; vH

tþ1ðxtþ1; ytþ1Þ; . . . ; vH

T�1ðxT�1; yT�1ÞÞg
is an optimal solution to the subproblem PT�t(xt,yt). If the results were false, there must exist the leader�s
decision ð�u�t; �u�tþ1; . . . ; �uT�1Þ and the followers� response ð�v�t;�v�tþ1; . . . ;�vT�1Þ, along with the corresponding se-
quences f�xsgTs¼�tþ1 and f�ysg

T
s¼�tþ1 with �x�t ¼ x�t and �y�t ¼ y�t, such that
GT ð�xT ; �yT Þ þ
XT�1
s¼�t

Gsð�xs; �ys; �us;�vsÞ < GT ðxT ; yT Þ þ
XT�1
s¼�t

Gsðxs; ys; u
H

s ; v
H

sÞ: ð2:14Þ
However, we have
GT ð�xT ; �yT Þ þ
XT�1
s¼�t

Gsð�xs; �ys; �us;�vsÞP V 0
T��t�1ð�x�tþ1; �y�tþ1Þ þ G�tðx�t; y�t; �u�t;�v�tÞP V 0

T��tð�x�t; �y�tÞ

¼ GT ðxT ; yT Þ þ
X

s¼�tT�1
Gsðxs; ys; u

H

s ; v
H

sÞ
with x�t ¼ �x�t and y�t ¼ �y�t, where the first inequality follows from (2.11) and the second inequality is induced
from Step 2 of Algorithm 2.2. This contradicts (2.14). Therefore,
fðuH

�t ðx�t; y�tÞ; uH

�tþ1ðx�tþ1; y�tþ1Þ; . . . ; uH

T�1ðxT�1; yT�1ÞÞ; ðvH

�t ðx�t; y�tÞ; vH

�tþ1ðx�tþ1; y�tþ1Þ; . . . ; vH

T�1ðxT�1; yT�1ÞÞg
is optimal and, hence, the results hold for �t.
Consequently, the results hold for all t = 0,1, . . .,T�1 and the proof is complete. h

In dynamic programming, the problem is decomposed into a sequence of minimization problems involv-
ing only decision variables of each stage, which are easier than the original problem. The following example
illustrates the algorithm.
Example 1. Consider the following three-player problem with three stages. Among players, one is the
leader and the other two are followers. The decision variables of the players are u ¼ ðu0; u1; u2Þ; v1 ¼
ðv10; v11; v12Þ and v2 ¼ ðv20; v21; v22Þ, respectively. The state transition equations are given by
xtþ1 ¼ xt þ ut;

ym
tþ1 ¼ ym

t þ vm
t ; m ¼ 1; 2; t ¼ 0; 1; 2:
The cost functions are given by
G3ðx3; y3Þ ¼ 4x3 þ 3y13 þ 2y23;

g13ðx3; y3Þ ¼ x3 þ 2y13;

g23ðx3; y3Þ ¼ x3 þ 3y23
and
Gtðxt; yt; ut; vtÞ ¼ ðutÞ2 þ ðv1t Þ
2 þ ðv2t Þ

2 þ 2utxt;

g1t ðxt; y1t ; ut; v1t Þ ¼ ut þ ðv1t � 1Þ2;
g2t ðxt; y2t ; ut; v2t Þ ¼ ðt � 1Þutv2t þ ðv2t þ 1Þ2 þ 1
for t = 0,1,2. The initial states are x0 ¼ 1; y10 ¼ 1; y20 ¼ 1 and the admissible decisions are unrestricted, i.e.,
P0

t ðxtÞ ¼ R;P1
t ðxt; y1t ; utÞ ¼ R and P2

t ðxt; y1t ; utÞ ¼ R for t = 0,1,2.
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Let us apply Algorithm 2.2 to this example. Let
V 0
0ðx3; y3Þ ¼ 4x3 þ 3y13 þ 2y23;

V 1
0ðx3; y3Þ ¼ x3 þ 2y13;

V 2
0ðx3; y3Þ ¼ x3 þ 3y23:
At the first step, the following problem, which corresponds to (2.6) with t = 2, is considered:
min
u2

4ðx2 þ u2Þ þ 3ðy12 þ v12Þ þ 2ðy22 þ v22Þ þ G2

subject to v12 2 argminfx2 þ u2 þ 2ðy12 þ v12Þ þ g12g;

v22 2 argminfx2 þ u2 þ 3ðy22 þ v22Þ þ g22g:
The solution to this problem is computed as u2 ¼ � 4
5
x2 � 11

5
; v12 ¼ 0; v22 ¼ � 5þu2

2
. Moreover, we have
bV 1

1ðx2; y2; u2Þ ¼ x2 þ 2u2 þ 2y12 þ 1;

bV 2

1ðx2; y2; u2Þ ¼ x2 þ u2 þ 3y22 �
1

2
u2 þ

5

2

� �2

þ 2;

V 0
1ðx2; y2Þ ¼ 4x2 þ 3y12 þ 2y22 �

5

4

4

5
x2 þ

11

5

� �2

þ 5

4
;

V 1
1ðx2; y2Þ ¼ � 3

5
x2 þ 2y12 �

17

5
;

V 2
1ðx2; y2Þ ¼

1

5
x2 þ 3y22 �

2

5
x2 �

7

5

� �2

� 1

5
:

Then, the following problem, which corresponds to (2.6) with t = 1, is considered:
min
u1

4x1 þ 4u1 þ 3y11 þ 3v11 þ 2y21 þ 2v21 �
5

4

4

5
x1 þ

4

5
u1 þ

11

5

� �2

þ 5

4
þ G1

subject to v11 2 argmin � 3
5
x1 �

3

5
u1 �

17

5
þ 2v11 þ 2y11 þ g11

� 	
;

v21 2 argmin � 2

5
x1 þ

2

5
u1 �

7

5

� �2

þ 1

5
x1 þ

1

5
u1 �

1

5
þ 3y21 þ 3v21 þ g21

( )
:

The solution to this problem is computed as u1 ¼ �x1 þ 1; v11 ¼ 0; v21 ¼ � 5
2
. Furthermore, we have
bV 1

2ðx1; y1; u1Þ ¼ � 3
5
x1 þ

2

5
u1 �

12

5
þ 2y11;

bV 2

2ðx1; y1; u1Þ ¼ � 2

5
x1 þ

2

5
u1 �

7

5

� �2

þ 1

5
x1 þ

1

5
u1 þ

9

5
þ 3y21 �

25

4
;

V 0
2ðx1; y1Þ ¼ 3y11 þ 2y21 � x21 �

15

4
;

V 1
2ðx1; y1Þ ¼ �x1 þ 2y11 � 2;

V 2
2ðx1; y1Þ ¼ 3y21 �

21

4
:
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The final step is to consider the following problem, which corresponds to (2.6) with t = 0:
min
u0

3y10 þ 3v10 þ 2y20 þ 2v20 �
15

4
� ðx0 þ u0Þ2 þ G0

subject to v10 2 argminf2v10 þ 2y10 � ðx0 þ u0 þ 2Þ þ g10g;

v20 2 argminf3y20 þ 3v20 �
21

4
þ g20g:
The solution of this problem is computed as u0 ¼ 3; v10 ¼ 0; v20 ¼ � 5�u0
2
. Furthermore, we have
bV 1

3ðx0; y0; u0Þ ¼ 2y10 � ðx0 þ 1Þ;

bV 2

3ðx0; y0; u0Þ ¼ 3y20 �
13

4
� 1

2
u0 �

5

2

� �2

;

V 0
3ðx0; y0Þ ¼ 3y10 þ 2y20 � x20 �

19

4
;

V 1
3ðx0; y0Þ ¼ 2y10 � ðx0 þ 1Þ;

V 2
3ðx0; y0Þ ¼ 3y20 �

17

4
:

Therefore, the optimal decisions are ðu0; v10; v20Þ ¼ ð3; 0;�1Þ; ðu1; v11; v21Þ ¼ ð�3; 0;� 5
2
Þ; ðu2; v12; v22Þ ¼

ð�3; 0;�1Þ, with the corresponding states ðx1; y11; y21Þ ¼ ð4; 1; 0Þ; ðx2; y12; y22Þ ¼ ð1; 1;� 5
2
Þ and

ðx3; y13; y23Þ ¼ ð�2; 1;� 7
2
Þ. The optimal values to the leader and the followers are � 3

4
and 0, � 5

4
, respectively.

In many practical situations, it is not possible to obtain an optimal solution analytically, and one has to
resort to numerical execution of the dynamic programming algorithm possibly through discretization of the
state and decision spaces [7].
3. DBOP structure with dependent followers under feedback information

In the previous section, we have assumed that the followers act independently. In practice, when a fol-
lower makes decisions, he/she often has to take into account the strategies of the other followers and be-
haves in a noncooperative manner. In such a case, the lower level problems comprise a Nash game among
the followers. Therefore, the whole problem is a feedback Stackelberg game with Nash game constraints,
which is stated as follows: Given the initial state (x0,y0),
minimize J 0ðx0; y0; u; vÞ
subject to �V mðx0; y0; u; v�mÞ ¼ �J mðx0; y0; u; vÞ;

u 2 P0ðx0Þ; vm 2 Pmðx0; ym
0; uÞ; m ¼ 1; 2; . . . ;N ;

ð3:1Þ
where
v�m :¼ ðv1; v2; . . . ; vm�1; vmþ1; . . . ; vN Þ;

J 0ðx0; y0; u; vÞ :¼ GT ðxT ; yT Þ þ
XT�1
t¼0

Gtðxt; yt; ut; vtÞ;

�J mðx0; y0; u; vÞ :¼ �gm
T ðxT ; yT Þ þ

XT�1
t¼0

�gm
t ðxt; yt; ut; vtÞ
and V
m
(x0,y0,u,v

�m) are the optimal value functions for followers m = 1,2, . . .,N defined by
V
mðx0; y0; u; v�mÞ :¼ minfJ mðx0; y0; u; vÞ j (1.1) and (1.2) and vm 2 Pmðx0; ym

0; uÞg:
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Therefore, the constraints in (3.1) imply that
vm 2 argminfJ mðx0; y0; u; vÞ j (1.1) and (1.2) and vm 2 Pmðx0; ym
0; uÞg
for all m = 1,2, . . .,N. Namely, v is a Nash equilibrium (NE) in the lower level problem for a given u. In
DBOP (3.1) with dependent followers, the feasible region of a follower is independent of the other followers
but the cost functions are dependent in the lower level problem.
Recall that, for the lower level problems in (3.1), ðvH

0; v
H

1; . . . ; v
H

T�1Þ is called a Nash equilibrium corre-
sponding to (x0,y0,u) if and only if, for given (x0,y0,u),
J
mðx0; y0; u; vHÞ6 J

mðx0; y0; u; ðvm; v�mHÞÞ ð3:2Þ

for any vm 2 Pmðx0; ym

0; uÞ and all m = 1,2, . . .,N.
We will develop a dynamic programming algorithm for DBOP (3.1) with dependent followers under

feedback information structure. The following result, which is an extension of Theorem 2.1, shows the prin-
ciple of optimality for this problem. Some related notation are given below.
v�m
t :¼ ðv1t ; . . . ; vm�1

t ; vmþ1
t ; . . . ; vNt Þ; v�m

t;T�1 :¼ ðv�m
t ; . . . ; v�m

T�1Þ;

v�m
0;t :¼ ðv�m

0 ; . . . ; v�m
t Þ; vm

0;t :¼ ðvm
0; . . . ; v

m
t Þ; vt ¼ ðvm

t ; v
�m
t Þ;

vt;T�1 ¼ ðvm
t;T�1; v

�m
t;T�1Þ; yt ¼ ðym

t ; y
�m
t Þ;

J 0T�tðxt; yt; ut;T�1; vt;T�1Þ :¼ GT ðxT ; yT Þ þ
XT�1
s¼t

Gsðxs; ys; us; vsÞ;

�J m
T�tðxt; yt; ut;T�1; vt;T�1Þ :¼ �gm

T ðxT ; yT Þ þ
XT�1
s¼t

�gm
sðxs; ys; us; vsÞ;

V
m
T�tðxt; yt; ut;T�1; v�m

t;T�1Þ :¼ minf�J m
T�tðxt; yt; ut;T�1; vt;T�1Þ : vm

t;T�1 2 Pm
t;T�1ðxt; ym

t ; ut;T�1Þg: ð3:3Þ
For t = 0,1, . . .,T � 1, consider the subproblem
minimize J 0T�tðxt; yt; ut;T�1; vt;T�1Þ
subject to V

m
T�tðxt; yt; ut;T�1; v�m

t;T�1Þ ¼ �J m
T�tðxt; yt; ut;T�1; vt;T�1Þ;

ut;T�1 2 P0
t;T�1ðxtÞ;

vm
t;T�1 2 Pm

t;T�1ðxt; ym
t ; ut;T�1Þ;

m ¼ 1; 2; . . . ;N ;

ð3:4Þ
where the initial state (xt,yt) is given, and fxsgTs¼t; fysg
T
s¼t are determined by (1.1) and (1.2). This problem is

referred to as PT�tðxt; ytÞ. Moreover, for the subproblem PT�tðxt; ytÞ; vH

t;T�1 ¼ ðvH

t ; v
H

tþ1; . . . ; v
H

T�1Þ is called a
Nash equilibrium corresponding to (xt,yt,ut,T�1) if and only if, for given (xt,yt,ut,T�1),
J
m
T�tðxt; yt; ut;T�1; vH

t;T�1Þ6 J
m
T�tðxt; yt; ut;T�1; ðvm

t;T�1; v
�mH
t;T�1ÞÞ ð3:5Þ
for any vm
t;T�1 2 Pm

t;T�1ðxt; ym
t ; ut;T�1Þ and all m = 1,2, . . .,N. All the results in this section are based on the NE

formulations (3.2) and (3.5), which will be assumed to have a unique solution throughout.
Theorem 3.1. Let ðuH

0; u
H

1; . . . ; u
H

T�1Þ and ðvH

0; v
H

1; . . . ; v
H

T�1Þ constitute an optimal policy for DBOP (3.1) under
feedback information structure with corresponding trajectories ðxH

0; x
H

1; . . . ; x
H

T Þ and ðyH

0; y
H

1; . . . ; y
H

T Þ such that

ðvH

0; v
H

1; . . . ; v
H

T�1Þ comprises the solution to NE (3.2) among the followers. Consider the subproblem PT�tðxH

t ; y
H

t Þ
for each t = 1,2, . . .,T � 1. Then, the truncated policy
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fðuH

t ; u
H

tþ1; . . . ; u
H

T�1Þ; ðvH

t ; v
H

tþ1; . . . ; v
H

T�1Þg
is optimal for the subproblem PT�tðxH

t ; y
H

t Þ, where ðvH

t ; v
H

tþ1; . . . ; v
H

T�1Þ comprises the solution to NE (3.5)
among the followers.

Proof. First, we show that ðvH

t ; v
H

tþ1; . . . ; v
H

T�1Þ is the solution to NE (3.5) corresponding to the leader�s deci-
sion ðuH

t ; u
H

tþ1; . . . ; u
H

T�1Þ. If it were not a solution to NE (3.5) of the followers, then there would exist some
m 2 {1,2, . . .,N} and
ðv̂m
t ; v̂

m
tþ1; . . . ; v̂

m
T�1Þ 2 Pm

t;T�1ðxH

t ; ŷ
m
t ; u

H

t;T�1Þ
with the corresponding sequences fxH

sg
T
s¼t and fŷm

sg
T
s¼t, such that
�J m
T�tðxH

t ; ðŷ
m
t ; y

�mH
t Þ; uH

t;T�1; ðv̂
m
t;T�1; v

�mH
t;T�1ÞÞ < �J m

T�tðxH

t ; y
H

t ; u
H

t;T�1; v
H

t;T�1Þ
with ŷm
t ¼ ymH

t . Moreover, we have
ðvmH
0;t�1; v̂

m
t;T�1Þ 2 Pm

0;T�1ðxH

0; y
mH
0 ; u

H

0;T�1Þ
with ŷm
t ¼ ymH

t . Therefore, we obtain
J
mðx0; y0; uH

0;T�1; ðvH

0;t�1; ðv̂
m
t;T�1; v

�mH
t;T�1ÞÞÞ ¼ J

m
T�tðxH

t ; ðŷ
m
t ; y

�mH
t Þ; uH

t;T�1; ðv̂
m
t;T�1; v

�mH
t;T�1ÞÞ þ

Xt�1
s¼0

�gm
sðxH

s; y
H

s; u
H

s ; v
H

sÞ

< �J m
T�tðxH

t ; y
H

t ; u
H

t;T�1; v
H

t;T�1Þ þ
Xt�1
s¼0

�gm
sðxH

s ; y
H

s ; u
H

s; v
H

sÞ

¼ J
mðx0; y0; uH

0;T�1; v
H

0;T�1Þ:
This indicates that ðvH

0; v
H

1; . . . ; v
H

T�1Þ is not a solution to NE (3.2) corresponding to ðuH

0; u
H

1; . . . ; u
H

T�1Þ, which
contradicts the hypothesis of this theorem. Consequently, ðvH

t ; v
H

tþ1; . . . ; v
H

T�1Þ is the solution to NE (3.5) cor-
responding to the leader�s decision ðuH

t ; u
H

tþ1; . . . ; u
H

T�1Þ.
To prove the theorem by contradiction, suppose that fðuH

t ; u
H

tþ1; . . . ; u
H

T�1Þ; ðvH

t ; v
H

tþ1; . . . ; v
H

T�1Þg is not an
optimal solution to the subproblem PT�tðxH

t ; y
H

t Þ, where ðvH

t ; v
H

tþ1; . . . ; v
H

T�1Þ is the solution to NE (3.5). Then,
there must exist another policy fð�ut; �utþ1; . . . ; �uT�1Þ; ð�vt;�vtþ1; . . . ;�vT�1Þg such that ð�vt;�vtþ1; . . . ;�vT�1Þ is the
solution to NE (3.5) corresponding to the leader�s decision ð�ut; �utþ1; . . . ; �uT�1Þ and
GT ð�xT ; �yT Þ þ
XT�1
s¼t

Gsð�xs; �ys; �us;�vsÞ < GT ðxH

T ; y
H

T Þ þ
XT�1
s¼t

GsðxH

s ; y
H

s ; u
H

s; v
H

sÞ; ð3:6Þ
where fðxH

t ; x
H

tþ1; . . . ; x
H

T Þ; ðyH

t ; y
H

tþ1; . . . ; y
H

T Þg and fð�xt;�xtþ1; . . . ;�xT Þ; ð�yt; �ytþ1; . . . ; �yT Þg are the sequences of the
leader�s and the followers� states generated by the corresponding decisions, with the initial conditions
xt ¼ xH

t ¼ �xt and yt ¼ yH

t ¼ �yt, respectively.
Note that the decisions fðuH

t ; u
H

tþ1; . . . ; u
H

T�1Þ; ðvH

t ; v
H

tþ1; . . . ; v
H

T�1Þg and fð�ut; �utþ1; . . . ; �uT�1Þ;
ð�vt;�vtþ1; . . . ;�vT�1Þg all satisfy the constraints
ðvmH
t ; . . . ; v

mH
T�1Þ 2 Pm

t;T�1ðxH

t ; y
mH
t ; u

H

t;T�1Þ;
ð�vm

t ; . . . ;�v
m
T�1Þ 2 Pm

t;T�1ð�xt; �ym
t ; �ut;T�1Þ
for m = 1,2, . . .,N, where xH

t ¼ �xt and yH

t ¼ �yt. Accordingly, we have
ðvmH
0;t�1; v

mH
t;T�1Þ 2 Pm

0;T�1ðxH

0; y
mH
0 ; ðuH

0;t�1; u
H

t;T�1ÞÞ;
ðvmH
0;t�1;�v

m
t;T�1Þ 2 Pm

0;T�1ðxH

0; y
mH
0 ; ðuH

0;t�1; �ut;T�1ÞÞ
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for m = 1,2, . . .,N, where xH

t ¼ �xt and yH

t ¼ �yt. In a similar manner to proof of Theorem 2.1, we can show that
ðvH

0;t�1;�vt;T�1Þ is an NE corresponding to the decision ðuH

0;t�1; �ut;T�1Þ. Furthermore, from (3.6), we have
GT ð�xT ; �yT Þ þ
XT�1
s¼t

Gsð�xs; �ys; �us;�vsÞ þ
Xt�1
s¼0

GsðxH

s ; y
H

s ; u
H

s; v
H

sÞ

< GT ðxH

T ; y
H

T Þ þ
XT�1
s¼t

GsðxH

s ; y
H

s ; u
H

s; v
H

sÞ þ
Xt�1
s¼0

GsðxH

s ; y
H

s ; u
H

s; v
H

sÞ: ð3:7Þ
This contradicts the optimality of the policy fðuH

0; u
H

1; . . . ; u
H

T�1Þ; ðvH

0; v
H

1; . . . ; v
H

T�1Þg in DBOP (3.1). The
proof is complete. h

Based on Theorem 3.1, a dynamic programming algorithm for DBOP with dependent followers under
feedback information structure is presented as follows.
Algorithm 3.2 (DP algorithm for DBOP with dependent followers).
Step 1. Set t: = T and let for each ðxT ; yT Þ 2 X�Y
V 0
0ðxT ; yT Þ :¼ GT ðxT ; yT Þ; �V

m
0ðxT ; yT Þ :¼ �gm

T ðxT ; yT Þ m ¼ 1; 2; . . . ;N :
Step 2. Set t: = t � 1 and solve the following problem for each ðxt; ytÞ 2 X�Y:
min
ut2P0

t ðxtÞ
fGtðxt; yt; ut; vtðxt; yt; utÞÞ þ V 0

T�t�1ðF tðxt; utÞ; ftðxt; yt; ut; vtðxt; yt; utÞÞÞg; ð3:8Þ
where vt (xt,yt,ut) comprises the solution to NE (3.5) associated with the lower level problems
min
vm
t2Pm

t ðxt ;ym
t ;ut ;v

�m
t Þ

�gm
t ðxt; yt; ut; vtÞ þ �V

m
T�t�1ðF tðxt; utÞ; ftðxt; yt; ut; vtÞÞ ð3:9Þ
for m = 1,2, . . .,N. Let V 0
T�tðxt; ytÞ and bV m

T�tðxt; ym
t ; ut; v

�m
t Þ denote the optimal values of problems (3.8) and

(3.9), respectively. Let uH

t ðxt; ytÞ be an optimal solution of (3.8) and vH

t ðxt; ytÞ :¼ vtðxt; yt; uH

t ðxt; ytÞÞ. Define
�V

m
T�tðxt; ytÞ; m ¼ 1; 2; . . . ; N ; by
�V
m
T�tðxt; ytÞ :¼ bV m

T�tðxt; ym
t ; u

H

t ðxt; ytÞ; v�mH
t ðxt; ytÞÞ:
Step 3. If t = 0, a solution of DBOP (3.1) is obtained and stop. Otherwise, go to Step 2.

In Step 2, the lower level problems constitute a single stage Nash game with given (xt,yt,ut). The next
theorem shows that Algorithm 3.2 produces an optimal solution to DBOP (1.3) for any initial state
ðx0; y0Þ 2 X�Y. For convenience, we denote
eV m

T�t�1ðxt; yt; ut; vtÞ :¼ �V
m
T�t�1ðF tðxt; utÞ; ftðxt; yt; ut; vtÞÞ:
Theorem 3.3. Under feedback information structure, for each t = 0,1, . . .,T, and ðxt; ytÞ 2 X�Y, let

fuH

t ðxt; ytÞ; vH

t ðxt; ytÞg be an optimal solution to (3.8) and (3.9). Then, for any t and (xt,yt), an optimal solution to
the subproblem �PT�tðxt; ytÞ is given by
fðuH

t ðxt; ytÞ; uH

tþ1ðxtþ1; ytþ1Þ; . . . ; uH

T�1ðxT�1; yT�1ÞÞ; ðvH

t ðxt; ytÞ; vH

tþ1ðxtþ1; ytþ1Þ; . . . ; vH

T�1ðxT�1; yT�1ÞÞg;
where fxsgTs¼tþ1 and fysg
T
s¼tþ1 are determined by (2.8). In particular,
fðuH

0ðx0; y0Þ; uH

1ðx1; y1Þ; . . . ; uH

T�1ðxT�1; yT�1ÞÞ; ðvH

0ðx0; y0Þ; vH

1ðx1; y1Þ; . . . ; vH

T�1ðxT�1; yT�1ÞÞg
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is an optimal solution to DBOP (3.1).

Proof. We prove by induction in t. Apparently, the results hold for t = T � 1. Assuming the conclusions
are correct for all t ¼ T � 1; . . . ;�t þ 1, we show that the statement also holds for t ¼ �t.
Since the results hold when t ¼ �t þ 1, it follows that, for any ðx�tþ1; y�tþ1Þ 2 X�Y
fðuH

�tþ1ðx�tþ1; y�tþ1Þ; uH

�tþ2ðx�tþ2; y�tþ2Þ; . . . ; uH

T�1ðxT�1; yT�1ÞÞ;

ðvH

�tþ1ðx�tþ1; y�tþ1Þ; vH

�tþ2ðx�tþ2; y�tþ2Þ; . . . ; vH

T�1ðxT�1; yT�1ÞÞg
is an optimal solution to the subproblem PT��t�1ðx�tþ1; y�tþ1Þ. On one hand,
ðvH

�tþ1ðx�tþ1; y�tþ1Þ; vH

�tþ2ðx�tþ2; y�tþ2Þ; . . . ; vH

T�1ðxT�1; yT�1ÞÞ
is the solution to NE (3.5) corresponding to the leader�s decision
ðuH

�tþ1ðx�tþ1; y�tþ1Þ; uH

�tþ2ðx�tþ2; y�tþ2Þ; . . . ; uH

T�1ðxT�1; yT�1ÞÞ;
where fxsgTs¼�tþ2 and fysg
T
s¼�tþ2 are determined by (2.8). Namely, for any �v

m
�tþ1;T�1 2 Pm

�tþ1;T�1 ðx�tþ1; �ym
�tþ1; u

H

�tþ1;T�1Þ
with the corresponding sequence f�ym

sg
T�1
s¼�tþ1, we have
J
m
T��t�1ðx�tþ1; ð�ym

�tþ1; y
�m
�tþ1Þ; uH

�tþ1;T�1; ð�vm
�tþ1;T�1; v

�mH
�tþ1;T�1ÞÞP �J m

T��t�1ðx�tþ1; y�tþ1; uH

�tþ1;T�1; v
H

�tþ1;T�1Þ ð3:10Þ
and
�J m
T��t�1ðx�tþ1; y�tþ1; uH

�tþ1;T�1; v
H

�tþ1;T�1Þ ¼ �V
m
T��t�1ðx�tþ1; y�tþ1Þ ð3:11Þ
for each m = 1,2, . . .,N, where �ym
�tþ1 ¼ ym

�tþ1.
On the other hand, ðuH

�tþ1ðx�tþ1; y�tþ1Þ; uH

�tþ2ðx�tþ2; y�tþ2Þ; . . . ; uH

T�1ðxT�1; yT�1ÞÞ is an optimal decision of the
leader and ðvH

�tþ1ðx�tþ1; y�tþ1Þ; vH

�tþ2ðx�tþ2; y�tþ2Þ; . . . ; vH

T�1ðxT�1; yT�1ÞÞ is the solution to NE (3.5) corresponding to
the leader�s decision. Namely, for any decisions of the leader ðû�tþ1; û�tþ2; . . . ; ûT�1Þ and the corresponding
response of the followers ðv̂�tþ1; v̂�tþ2; . . . ; v̂T�1Þ, we have
GT ðx̂T ; ŷT Þ þ
XT�1
s¼�tþ1

Gsðx̂s; ŷs; ûs; v̂sÞPGT ðxT ; yT Þ þ
XT�1
s¼�tþ1

Gsðxs; ys; u
H

s ; v
H

sÞ ¼ V 0
T��t�1ðx�tþ1; y�tþ1Þ ð3:12Þ
with ðx�tþ1; y�tþ1Þ ¼ ðx̂�tþ1; ŷ�tþ1Þ, where fx̂sgTs¼�tþ2 and fŷsg
T
s¼�tþ2 are determined by (2.12).

Consider t ¼ �t and assume that ðuH

�t ðx�t; y�tÞ; vH

�t ðx�t; y�tÞÞ is optimal to (3.8) and (3.9). First, we show that
ðvH

�t ðx�t; y�tÞ; vH

�tþ1ðx�tþ1; y�tþ1Þ; . . . ; vH

T�1ðxT�1; yT�1ÞÞ is the solution to NE (3.5) corresponding to the leader�s
decision ðuH

�t ðx�t; y�tÞ; uH

�tþ1ðx�tþ1; y�tþ1Þ; . . . ; uH

T�1ðxT�1; yT�1ÞÞ. For the purpose of contradiction, suppose that
there exist some m 2 {1,2, . . .,N} and �vm

�t;T�1 2 Pm
�t;T�1ðx�t; �ym

�t ; u
H

�t;T�1Þ with the corresponding sequence f�ym
sg

T
s¼�tþ1

such that
J
m
T��tðx�t; y�t; uH

�t;T�1; ð�vm
�t;T�1; v

�mH
�t;T�1ÞÞ < �J m

T��tðx�t; y�t; uH

�t;T�1; v
H

�t;T�1Þ ð3:13Þ
with �ym
�t ¼ ym

�t . Consider two decisions fuH

�t;T�1; ðð�vm
�t ; v

�mH
�t Þ; ð�vm

�tþ1;T�1; v
�mH
�tþ1;T�1ÞÞg and fuH

�t;T�1; ðð�vm
�t ; v

�mH
�t Þ; vH

�tþ1;T�1Þg
with the initial state ðx�t; y�tÞ. Correspondingly, there exist two state trajectories fðx�t; y�tÞ; ðx�tþ1; ð�ym

�tþ1; y
�m
�tþ1ÞÞ;

. . . ; ðxT ; ð�ym
T ; y

�m
T ÞÞg and fðx�t; y�tÞ; ðx�tþ1; �y�tþ1Þ; . . . ; ðxT ; �yT Þg, respectively. Note that �ym

�tþ1 ¼ ym
�tþ1 ¼

f m
�t ðx�t; ym

�t ; u�t; v
m
�t Þ and hence we have ð�ym

�tþ1; y
�m
�tþ1Þ ¼ y�tþ1. From (3.10) and Step 2 of Algorithm 3.2, we therefore

have
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J
m
T��tðx�t; y�t; uH

�t;T�1; ð�vm
�t;T�1; v

�mH
�t;T�1ÞÞ

¼ �gm
�t ðx�t; y�t; uH

�t ; ð�vm
�t ; v

�mH
�t ÞÞ þ �J m

T��t�1ðx�tþ1; ð�ym
�tþ1; y

�m
�tþ1Þ; uH

�tþ1;T�1; ð�vm
�tþ1;T�1; v

�mH
�tþ1;T�1ÞÞ

P �gm
�t ðx�t; y�t; uH

�t ; ð�vm
�t ; v

�mH
�t ÞÞ þ �J m

T��t�1ðx�tþ1; y�tþ1; uH

�tþ1;T�1; v
H

�tþ1;T�1Þ

¼ �gm
�t ðx�t; y�t; uH

�t ; ð�vm
�t ; v

�mH
�t ÞÞ þ �V

m
T��t�1ðx�tþ1; y�tþ1Þ

¼ �gm
�t ðx�t; y�t; uH

�t ; ð�vm
�t ; v

�mH
�t ÞÞ þ eV m

T��t�1ðx�t; y�t; uH

�t ; ð�vm
�t ; v

�mH
�t ÞÞ

P �gm
�t ðx�t; y�t; uH

�t ; v
H

�t Þ þ eV m

T��t�1ðx�t; y�t; uH

�t ; v
H

�t Þ ¼ �J m
T��tðx�t; y�t; uH

�t;T�1; v
H

�t;T�1Þ;
where vH

�t ¼ vH

�t ðx�t; y�tÞ and vmH
�t ¼ vmH

�t ðx�t; ym
�t Þ, for all m = 1,2, . . .,N. This contradicts (3.13). Therefore,

ðvH

�t ðx�t; y�tÞ; vH

�tþ1ðx�tþ1; y�tþ1Þ; . . . ; vH

T�1ðxT�1; yT�1ÞÞ is the solution to NE (3.5) corresponding to the decision
ðuH

�t ðx�t; y�tÞ; uH

�tþ1ðx�tþ1; y�tþ1Þ; . . . ; uH

T�1ðxT�1; yT�1ÞÞ and
J
m
T��tðx�t; y�t; uH

�t;T�1; v
H

�t;T�1Þ ¼ �V
m
T��tðx�t; y�tÞ ð3:14Þ
for any m = 1,2, . . .,N.
Then, we show that
fðuH

t ðxt; ytÞ; uH

tþ1ðxtþ1; ytþ1Þ; . . . ; uH

T�1ðxT�1; yT�1ÞÞ; ðvH

t ðxt; ytÞ; vH

tþ1ðxtþ1; ytþ1Þ; . . . ; vH

T�1ðxT�1; yT�1ÞÞg
is an optimal solution to the subproblem PT��tðxt; ytÞ. If this were false, there must exist the leader�s decision
ð�u�t; �u�tþ1; . . . ; �uT�1Þ together with the corresponding solution ð�v�t;�v�tþ1; . . . ;�vT�1Þ to NE (3.5) of the followers
such that
GT ð�xT ; �yT Þ þ
XT�1
s¼�t

Gsð�xs; �ys; �us;�vsÞ < GT ðxT ; yT Þ þ
XT�1
s¼�t

Gsðxs; ys; u
H

s ; v
H

sÞ; ð3:15Þ
where the sequences f�xsgTs¼�tþ1 and f�ysg
T
s¼�tþ1 are generated according to f�usgT�1s¼�t and f�vsgT�1s¼�t , respectively,

with x�t ¼ �x�t and y�t ¼ �y�t. However, from Algorithm 3.2 and (3.12), we have
GT ð�xT ; �yT Þ þ
XT�1
s¼�t

Gsð�xs; �ys; �us;�vsÞP V 0
T��t�1ð�x�tþ1; �y�tþ1Þ þ G�tðx�t; y�t; �u�t;�v�tÞP V 0

T��tð�x�t; �y�tÞ

¼ GT ðxT ; yT Þ þ
XT�1
s¼�t

Gsðxs; ys; u
H

s ; v
H

sÞ;
which is in contradiction with (3.15). Therefore
fðuH

�t ðx�t; y�tÞ; uH

�tþ1ðx�tþ1; y�tþ1Þ; . . . ; uH

T�1ðxT�1; yT�1Þ; ðvH

�t ðx�t; y�tÞ; vH

�tþ1ðx�tþ1; y�tþ1Þ; . . . ; vH

T�1ðxT�1; yT�1ÞÞg
is optimal for �PT��tðx�t; y�tÞ and hence the results hold for �t.
Consequently, the results hold for all t = 0,1, . . .,T � 1 and the proof is complete. h

The following example illustrates Algorithm 3.2.
Example 2. Consider the following three-player problem with three stages. Among players, one is the
leader and the other two are followers. The decision variables of the players are u ¼
ðu0; u1; u2Þ; v1 ¼ ðv10; v11; v12Þ and v2 ¼ ðv20; v21; v22Þ, respectively. The state transition equations are given by
xtþ1 ¼ xt þ ut � 2v1t þ v2t ;

ym
tþ1 ¼ ym

t þ 2vm
t ; m ¼ 1; 2; t ¼ 0; 1; 2:
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The cost functions are given by
G3ðx3; y3Þ ¼ 4x3 þ 3y13 þ 2y23;

g13ðx3; y3Þ ¼ x3 þ 2y13 � 10y23;

g23ðx3; y3Þ ¼ 2x3 þ 3y23
and
Gtðxt; yt; ut; vtÞ ¼ ðutÞ2 þ ðv1t Þ
2 � ðv2t Þ

2 þ 2utxt þ x2t ;

g1t ðxt; yt; ut; vtÞ ¼ �15ut þ ðv1t � 1Þ2 � 2v1t v
2
t þ ðv2t Þ

2
;

g2t ðxt; yt; ut; vtÞ ¼ 2utv2t þ ðv1t þ 1Þ2 þ ðv2t þ 1Þ2
for t = 0,1,2. The initial states are x0 ¼ 1; y10 ¼ 1; y20 ¼ 1 and the admissible decisions are unrestricted, i.e.,
P0

t ðxtÞ ¼ R; P1
t ðxt; y1t ; utÞ ¼ R and P2

t ðxt; y1t ; utÞ ¼ R for t = 0,1,2.
Let us employ Algorithm 3.2 to solve the above example. Let
V 0
0ðx3; y3Þ ¼ 4x3 þ 3y13 þ 2y23;

�V
1

0ðx3; y3Þ ¼ x3 þ 2y13 � 10y23;

�V
2

0ðx3; y3Þ ¼ 2x3 þ 3y23:
At the first step, the following problem, which corresponds to (3.8) with t = 2, is considered:
min
u2

4ðx2 þ u2 � 2v12 þ v22Þ þ 3ðy12 þ 2v12Þ þ 2ðy22 þ 2v22Þ þ G2

subject to v12 2 argminfðx2 þ u2 � 2v12 þ v22Þ þ 2ðy12 þ 2v12Þ � 10ðy22 þ 2v22Þ þ g12g;

v22 2 argminf2ðx2 þ u2 � 2v12 þ v22Þ þ 3ðy22 þ 2v22Þ þ g22g:
The unique Nash equilibrium for the lower level problem is given by ðv12; v22Þ ¼ ð�ð5þ u2Þ;�ð5þ u2ÞÞ.
Accordingly, the solution is computed as u2 ¼ 1� x2; v12 ¼ v22; v22 ¼ �5� u2. Furthermore, we have
V̂
1

1ðx2; y2; u2Þ ¼ x2 þ 2y12 � 10y22 þ 5u2 þ 96;

V̂
2

1ðx2; y2; u2Þ ¼ 2x2 þ 3y22 þ 12þ 4u2;

V 0
1ðx2; y2Þ ¼ 6x2 þ 3y12 þ 2y22 � 31;

�V
1

1ðx2; y2Þ ¼ 101� 4x2 þ 2y12 � 10y22;

�V
2

1ðx2; y2Þ ¼ �2x2 þ 3y22 þ 16:
Then, the following problem, which corresponds to (3.8) with t = 1, is considered:
min
u1

6x1 þ 6u1 þ 3y11 � 6v11 þ 2y21 þ 10v21 � 31þ G1

subject to v11 2 argminf101� 4x1 þ 2y11 � 10y21 � 4u1 þ 12v11 � 24v21 þ g11g;

v21 2 argminf�2ðx1 þ u1 � 2v11 þ v21Þ þ 3ðy21 þ 2v21Þ þ 16þ g21g:
The unique Nash equilibrium for the lower level problem is given by ðv11; v21Þ ¼ ð�8� u1;�3� u1Þ. Conse-
quently, the solution is computed as u1 ¼ �6� x1; v11 ¼ �5þ v21; v21 ¼ �3� u1. Moreover, we have
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V̂
1

2ðx1; y1; u1Þ ¼ 119� 4x1 þ 2y11 � 10y21 � 5u1;

V̂
2

2ðx1; y1; u1Þ ¼ �2x1 þ 2u1 þ 3y21 þ 25;

V 0
2ðx1; y1Þ ¼ �6x1 þ 3y11 þ 2y21 þ 6;

�V
1

2ðx1; y1Þ ¼ 149þ x1 þ 2y11 � 10y21;

�V
2

2ðx1; y1Þ ¼ �4x1 þ 3y21 þ 13:
The final step is to consider the following problem, which corresponds to (3.8) with t = 0:
min
u0

�6x0 þ 3y10 þ 2y20 � 6u0 þ 18v10 � 2v20 þ 6þ G0

subject to v10 2 argminf149þ x0 þ 2y10 � 10y20 þ u0 þ 2v10 � 19v20 þ g10g;

v20 2 argminf13� 4x0 � 4u0 þ 8v10 þ 2v20 þ 3y20 þ g20g:
The unique Nash equilibrium for the lower level problem is given by ðv10; v20Þ ¼ ð�u0 � 2;�u0 � 2Þ.
Therefore, the solution is computed as u0 ¼ �x0 þ 11; v10 ¼ v20; v20 ¼ �u0 � 2. Moreover, we have
V̂
1

3ðx0; y0; u0Þ ¼ 188þ x0 þ 2y10 � 10y20 þ 5u0;

V̂
2

3ðx0; y0; u0Þ ¼ �5� 4x0 � 14u0 þ 3y20;

V 0
3ðx0; y0Þ ¼ �6x0 þ 3y10 þ 2y20 þ x20 � ðx0 � 11Þ2 � 26;

�V
1

3ðx0; y0Þ ¼ 243� 4x0 þ 2y10 � 10y20;

�V
2

3ðx0; y0Þ ¼ �159þ 10x0 þ 3y20:
Thus, the optimal decisions are ðu0; v10; v20Þ ¼ ð10;�12;�12Þ; ðu1; v11; v21Þ ¼ ð�29; 21; 26Þ; ðu2; v12; v22Þ ¼
ð23;�28;�28Þ, with the corresponding states ðx1; y11; y21Þ ¼ ð23;�23;�23Þ; ðx2; y12; y22Þ ¼ ð�22; 19; 29Þ and
ðx3; y13; y23Þ ¼ ð29;�37;�27Þ. The optimal values to the leader and the two followers are �126 and 231,
�146, respectively.
4. Concluding remarks

A backward dynamic programming algorithm for DBOP under feedback information structure is put
forward in Section 2. It is further extended to the case of dependent followers in Section 3. Since various
decision-making problems can be modelled as discrete time dynamic Stackelberg games, the results ob-
tained in this paper are expected to be useful in practice. Nevertheless, we have to point out some limits
of the dynamic programming approach. As is well known, the major difficulty in dynamic programming
algorithms consists in the curse of dimensionality. Also, the proposed dynamic programming algorithms
may not be applied to the case where the state transition equations of a follower depend on other followers�
decision. Another difficulty lies in the fact that, in practice, it is not easy to find a global optimal solution to
each subproblem. Moreover, in Algorithms 2.2 and 3.2, we assume that there exists a unique solution for
the lower level problem at each stage. If there exist nonunique responses of the followers, the problem will
become intractable. Therefore, the practical applicability of the proposed approach may be somewhat lim-
ited. It is an interesting and important subject to develop efficient algorithms for solving more general
DBOPs.
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