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Abstract. In this paper, we consider a new formulation for stochastic mathematical pro-
grams with complementarity constraints and recourse. We show that the new formulation is
equivalent to a smooth semi-infinite program that does no longer contain recourse variables.
Optimality conditions for the problem are deduced and connections among the conditions are
investigated. Then, we propose a combined Monte Carlo sampling and penalty method for solv-
ing the problem, and examine the limiting behavior of optimal solutions and stationary points

of the approximation problems.
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1 Introduction

Recently, stochastic mathematical programs with equilibrium constraints (SMPECs) have been
receiving much attention in the optimization world [1,13-15,17,21,25-27]. In particular, Lin et
al. [13] introduced two kinds of SMPECs: One is the lower-level wait-and-see model, in which
the upper-level decision is made before a random event is observed, while a lower-level decision is
made after a random event is observed. The other is the here-and-now model that requires us to
make all decisions before a random event is observed. Lin and Fukushima [14,15,17] suggested a
smoothing penalty method and a regularization method, respectively, for a special class of here-

and-now problems. Shapiro and Xu [25-27] discussed the sample average approximation and
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implicit programming approaches for the lower-level wait-and-see problems. In addition, Birbil

et al. [1] considered an SMPEC in which both the objective and constraints involve expectations.

In [13], the here-and-now problem is formulated as follows:

min  E[f(z,y,w) 4+ d’ 2(w)]
st. g(x) <0, h(z) =0, (1.1)
0<y L (F(z,y,w)+z2w) =0,

2(w) >0, we as,

where f: R"T x Q — R, g: R® — RS, A R® — N2, and F : R x Q — R™ are functions,
E means expectation with respect to the random variable w € €2, the symbol | means the two

b

vectors are perpendicular to each other, “a.s.” is the abbreviation for “almost surely” under the
given probability measure, z(w) is a recourse variable, and d € R™ is a constant vector with
positive elements. Moreover, = denotes the upper-level decision, y represents the lower-level
decision, and both the decisions x and y need to be made at once, before w is observed. We
suppose that all functions involved are continuous and, particularly, f and F' are continuously
differentiable with respect to (x,y), g and h are continuously differentiable with respect to x.

Lin et al. [13,15,17] considered the case where the function F' is affine and the underlying
sample space €2 is discrete and finite. In this paper, we consider a general case, i.e., F is
nonlinear and € is a compact subset of R'. A general strategy for SMPECSs with infinitely many
samples is to discretize the problem by some kind of sampling selection methods, which means
the approximation problems are still MPECs [14]. The strategy of this paper is, in contrast, to
solve some standard nonlinear programs as approximations of the original SMPEC.

The main contributions of the paper can be stated as follows. We note that problem (1.1)

has the following difficulties:

e The problem contains recourse, which is a function of w, and an expectation. Both of

them may cause computational difficulty in general.

e Because of the presense of complementarity constraints, problem (1.1) fails to satisfy a

standard constraint qualification at any feasible point [5].

We will get rid of the recourse variables. To this end, we first consider the following formulation
of SMPECs with recourse, which slightly differs from (1.1):
min  E[f(z,y,0) + ol|z(w)]*]
st.  g(x) <0, h(z) =0, (1.2)
0<y Ll (Flz,y,w)+2(w)) =0,

z2(w) >0, we as.,



where o > 0 is a weight constant. We can show that problem (1.2) is equivalent to

min  E[f(z,y,w) + oflu(z,y,w)|]
st.  g(x) <0, h(z) =0, y >0, (1.3)

yoF(x,y,w) <0, we as.,
where u : R x Q — R™ is defined by
U(I,y,W) = max{—F(:z,y,w), O} (14)

and o denotes the Hadamard product, i.e., y o F(z,y,w) := (y1 Fi(z,y,w), s YmFm(x, 3, w))T.
See the appendix for a proof of the equivalence between (1.2) and (1.3). Problem (1.3) does no
longer contain recourse variables. The reasons we consider (1.2) instead of (1.1) are stated as

follows:

e Since both d”'z(w) and o||z(w)||? serve as a penalty term for the possible violation of the
complementarity constraint 0 < y L F(z,y,w) > 0, problems (1.1) and (1.2) are essentially

the same.

e The quadratic penalty o|/z(w)|? yields the equivalent problem (1.3) that has a differen-

tiable objective function, but the linear penalty d’ z(w) does not.

Note that problem (1.3) is actually a semi-infinite programming problem with a large number of
complementarity-like constraints and it also involves an expectation in the objective function.
Therefore, problem (1.3) is generally more difficult to handle than an ordinary semi-infinite
programming problem. Firstly, we discuss the optimality conditions for the problems and in-
vestigate their connections. Then, we make use of a Monte Carlo sampling method to handle
the expectation and propose a penalty technique to deal with the complementarity-like con-
straints. We also examine the limiting behavior of optimal solutions and stationary points of
the approximation problems.

The following notations are used in the paper. For any vectors a and b of the same dimension,
both max{a, b} and min{a, b} are understood to be taken componentwise. For a given function
c: R — R and a vector t € N*, Ve(t) is the transposed Jacobian of ¢ at t and Z(t) =
{i] ¢i(t) = 0} stands for the active index set of ¢ at ¢. In addition, e; denotes the unit vector

whose ith element is one.

2 Optimality Conditions

We first consider the semi-infinite programming problem (1.3). In the literature on semi-infinite

programming, it is often assumed that there are a finite number of active constraints at a solution



(see, e.g., a survey paper [11]). However, the above assumption does not hold in problem (1.3) in
general. For example, if y; = 0 for some index 4, there must be infinitely many active constraints
at the point. This indicates that problem (1.3) is more difficult to deal with than an ordinary

semi-infinite programming problem. We define the stationarity for problem (1.3) as follows.

Let (z*,4*) be a local optimal solution of problem (1.3) and Q be the largest subset of Q
such that (z*,y*) is feasible to

g(x) <0, h(z) =0, y =0,
yo F(z,y,w) <0, Yw € Q.

Let p denote the probability measure on €. It follows from the feasibility of (z*,y*) in (1.3) that
p(2\ Q) = 0. This indicates that, for any integrable function & defined on Q, there must hold

/Q Ew)dp = /Q £(w) dp

and conversely, for any integrable function ¢ defined on Q, we can extend its definition to  such
that the above condition holds. For simplicity, we suppose = Q in the following.
Let B be an arbitrary measurable subset of {2 with null probability measure. We consider

the problem

min  E[f(z,y,w) + olu(z,y,w)|]
st g(z) <0, h(z) =0, y >0, (2.1)
yoF(z,y,w) <0, VweQ\B.

Since any feasible solution of problem (2.1) must be feasible to (1.3), the point (z*,y*) is also a

local optimal solution of problem (2.1).

We denote the feasible region of problem (2.1) by .#p and, in addition, we use Nz, (z*, y*)
and 7z, (z*,y*) to stand for the normal cone and the tangent cone of the set .#p at the point

(z*,y*), respectively. Then we have
VB[ @y @) + olule y 0l € N y). (2:2)
Suppose that there exists an integrable function 7 :  — [0, +oc] such that
|Vew F@pw) 20V P,y wlu(y,0)| < n(w) (2.3)
holds for any (z,y,w). It then follows from (1.4) along with the corollary in §7-4 of [3] that

Vi E|F(@,5,0) + ollul@, 1,0)|| = B[V f(2.4,0) = 20V Fla,y,w)u(z, y,w) .



Note that Nz, (z*,y*) is the dual cone of Tz, (z*,y*) [22], that is, Nz, (x*, y*) = [Tz, (", y*)]*.
We then have from (2.2) and the arbitrariness of B that

_IE[V(%y)f(x*,y*,w)—QJV(Ly)F(w*,y*,w)u(w*,y*,w)} € ﬂ [T,@B(x*,y*)]*. (2.4)

BCQ
p(B)=0

In what follows, we denote Z3 := {i| yf = 0} and ; := {w € Q| F;(z*,y*,w) = 0} for each

i ¢ Z3. Consider the cone

Cay (2", y") = (dy

(Vgi(z*))Tdx <0 (i € Zy(a™));

(Vhi(zNTde =0 (i=1,---,59);

eldy>0  (ieI});

Viep W Fila*,y*, o))’ (§) <0 (i€ Ty, Yw € Q\ B);
v(w,y)[y;Fi(m*vy*’w)])T (illgm/) <0 (Z ¢ I}*/,Vw € QZ\B)v

which is known as the linearizing cone of the feasible region of problem (2.1) at the point (z*, y*)

and satisfies 7z, (2%, y*) C Cz,(2*,y*). Then, by the nonhomogeneous Farkas lemma for linear

semi-infinite systems [8,12], the dual cone of C#, (z*, y*) can be written as

esatern)] =1 (

( dx
dy

Je = a(Tg) e a (M) 2 (1)

€i

i€T, (x*) [ASH A

+ > Cone{V(x,y) [y Fi(z*, y*,w)] ‘ we\ B}
i€T

+ ¢Z cone { Vi Fi(z*, y*,w)] | w e Qi \ B},
¢TIy

a; >0 (i € Zy(z*)), B is free (i =1,--- ,82),7% >0 (i € Iy)

where cone means the closed convex conical hull.

Let M™(A) denote the set of nonnegative regular Borel measures on a o-algebra o(A) with

A C Q. For each v € MT(A), we let v € MT(Q) be a measure satisfying the following

conditions:

° I;’G(A) = V]

o H(Q\ A) =0

o [od(w)di = [, ¢(w)dv holds for any function ¢ defined on § and integrable with respect

to v on A.

It then follows from Lemma 6.3 in [11] that

e V(o i Fila” v )] | w € 2\ B

~ [ VenbiRe ] ve mreym)
O\B

= Ve Wi Fia™,y" w)]di | 7 € MT(Q)
L s



for i € Iy and
cote{ V) [0 File", 7, 0)] | w € 0\ B} = { . v@,y)[y:Fi(m*,y*,w)]du) v e MH(Q;\ B)}

_ {/ YV (o Wi Fi(2*, 4, W)]dﬂ‘ﬁeM+(Qi)}

for i ¢ I3 .

Recall that a measure v is said to be absolutely continuous with respect to another measure
¢, denoted v < ¢ as usual, if v(B) = 0 whenever ¢(B) = 0. Suppose that the following constraint
qualification holds:

U Craa™y) S | Toal@®y?) (2.5)
BCQ BCQ
p(B)=0 p(B)=0

It then follows that

M [T%(fv*,y*)rg N [C%(ﬁ*,y*)r-
BCQ BCQ
p(B)=0 p(B)=0

Thus, we have from (2.4) that
E [V(xvy)f(m*, Y w) — QO'V(xyy)F($*, Y w)u(x®, y*, w)]

e N [entea)]

(52
p(B)=0
dz ng(x Vhi(z*) ) _ . 0
(e 5 a()efa ()2 ()
da +> N cone{V(xvy)[y;‘Fi(x*,y*,w)] ’ w E Q\B}
= e pntm i€y BCO
<dy) p(B)=0
+> N cone{V,lyFyw)] lweQ\ B},
i¢T BCQ
p(B)=0
a; >0 (i € Zy(x*)),B;is free (i =1,--- ,82),v >0 (i € Iy)
( )
dz | Vagi(z*) Vh; (x . 0
ey ) 5o
~ | PEMT(Q
_ (m) gy by { Jo Vi lyi e,y w)ldw | "<3E @
dy !
(k% ~ | pEMT(Q;)
+ T {fQ V(Z,y [ F(:E ) >w)}d7/ DLp }a
a; >0 (i € Iy(x")),B; is free (i = 1,--+ ,82),v >0 (i € I3) |

As a result, there exist multipliers
aj 20, (i€ Zy(z"));
G is free, (i=1,---,s92);

>0, (i€Zy);



and nonnegative regular Borel measures
vieMT(Q), UF <p, (i €Iy);
vie MY (), 7f <p,  (i¢Iy)

such that

—E [V(x y)f(x*v y*vw) - QO'V(I )F(ZL‘*, y*,CU)U(l‘*, y*vw)]

- Y . (w<w)+§jﬁ (") = (L)

i€Zq(z*) €Ty
+Z/vxy F; ay w dV +Z/ vxy) F; ay w)]d*
i€Zy i¢I3

By Theorem 7-7B (Radon-Nikodym theorem) and Exercise 7-53 in [3], there are some finite-

valued nonnegative measurable functions 6;,¢ = 1,--- ,m, defined on 2 or §2; such that
| Vel iy )l —/vxy Ry W)l W@)dp, €T
and
| Veabi Bty 0l = [ Ve biney wls@, ¢ T
For each i ¢ I, we set 0/ (w) := 0 for any w € Q\ ;. Then, for each i = 1,--- ,m, there holds
| Vil = B[V Ry w5 @)

In consequence, by letting o := 0 for every ¢ ¢ Z,(«*) and ~; := 0 for every i ¢ Z., we obtain

the following result.

Theorem 2.1 Suppose that (z*,y*) is a local optimal solution of problem (1.3). Assume that
there exists an integrable function 1 : Q — [0,400| satisfying condition (2.3) and there holds the
constraint qualification (2.5). Then, there exist some multiplier vectors o € R51, 5* € R%2 ~* €

R™, and a multiplier function 6* : Q@ — R™ such that

0 = E[Vuf(a"y",w) =20V, F(a", y",w)u(a", y*,w)] (2.6)
T Vg()a® + Vh(z*)F" + E[Valy” o F(a*,y",w))0" ()],
0 = B[V, (5" w) — 20V, F(a,y", w)u(e", 5" w) 2.7
=7+ E[Vy(y o F(a",y",w))d" (w)],
0 < o L —g(*) > 0, (2.8)
B free, h(z*) =0, (2.9)
0 < v L y* > 0, (2.10)
0 < Mw) L —y'oF(z",y",w) > 0, we as (2.11)



The above result naturally yields the following definition of stationarity for problem (1.3).

Definition 2.1 We say (z*,y*) is stationary to (1.3) if there exist Lagrangian multiplier vectors
af € R GF € N2 4% € R and a Lagrangian multiplier function 6* : Q — R™ such that
conditions (2.6)—(2.11) hold.

Similarly, we define the strong stationarity for problem (1.2) as follows.

Definition 2.2 We say (z*,y*, 2*(+)) is strongly stationary to problem (1.2) if it is feasible in
(1.2) and there exist Lagrangian multiplier vectors & € R, 3 € R°2,5 € R™, and Lagrangian
maultiplier functions \, i : Q@ — R™ such that

0 = E[V.f(«",y",0)] + Vg(z*)a + Vh(z*)3 — E[V. F(z",y",w)Mw)] (2.12)
0 = E[Vyf(z",y"w)] =7 - E[V,F(z" y", w)A(w)], (2.13)
0 = E[20z"(w)] - E[Aw)] - E[a(w)], (2.14)
0 < a L —gk* > o, (2.15)
B free, h(z*) =0, (2.16)
v ¢ zero if i ¢ Iy free if i ¢ Zjy,; nonnegative if i € Zy N Iy, (2.17)
Ni(w) ¢ free if i ¢ Ty; zero if i ¢ Tjy; nonnegative if i € Iy NZfy, w€Q as., (2.18)
0 < jw) L zw) >0, we as. (2.19)

where Ly, = {i| Fi(z*,y*,w) + 2] (w) =0, w € Q as.}.

This definition can obviously be regarded as a generalization of the strong stationarity in the

literature on MPEC [23]. The connections between the above concepts can be stated as follows.

Theorem 2.2 If (z*,y*) is a stationary point of problem (1.3), then (z*,y*,u(z*,y*,-)) is a
strongly stationary point of problem (1.2), where u is defined by (1.4).

Proof. Let z*(w) := u(z*,y*,w) for any w € Q. Then (z*,y*, 2*(-)) is feasible to problem
(1.2) (cf. Appendix). We next show that there exist Lagrangian multiplier vectors & € R%1, 3 €
2,4 € R™, and Lagrangian multiplier functions \, i : Q — R™ satisfying (2.12)-(2.19). Since
(z*,y*) is stationary to (1.3), there must be Lagrangian multiplier vectors o* € R, (* €

R%2 4* € R™ and a Lagrangian multiplier function §* : Q — R™ satisfying (2.6)—(2.11). Let

a = o (2.20)
B o= (2.21)
5 = o = Eldiag(Fi(2" g, W) Pl w)) 8 (@), (2.22)
Aw) = 202%(w) — diag(yi,- - ul) 0" (@), (2.23)
W) = diag(yl - ) 0% (). (2.24)



We then have (2.14)—(2.16) immediately. On the other hand, since

Vilyo F(z,y,w)) = V.F(z,y,w)diag(yi, - ,Ym), (2.25)
vy(y © F(:L‘,y,&))) = va(x’ y>w)diag(y17 e 7ym) + diag(Fl(‘T’y7w)) e 7Fm(x7 yaw)) (226)

for any (z,y) € R"™™ and w € Q, conditions (2.12) and (2.13) follow from (2.6)—(2.7) and
(2.20)(2.24).
We next show (2.17) and (2.18). Note that, from (2.11),

y: 05 (w)Fi (2%, y*,w) =0, weN as. (2.27)
holds for each i = 1,--- ,m. Moreover, it is not difficult to show that
Ty = {i| EIF(2*" ", w) + 2 ()] = 0}.

Suppose that ¢ ¢ 73, which means y; > 0. It then follows from (2.10) that v/ = 0.
Moreover, by (2.27), there holds ) (w)F;(z*,y*,w) = 0 for almost every w € € and hence
E[6} (w)F;(x*, y*,w)] = 0. Therefore, we have

3 = — E[6; (w)Fi(2*,y*,w)] = 0.

Suppose that i € Zy N Zj;,. From the feasibility of («*,y*, 2*(+)) in (1.2), we have F;(z*,y*,w) +
2} (w) = 0 for almost every w € Q. This indicates that F;(z*,y*,w) < 0 for almost all w € © and

(2

hence E[d] (w)F;(z*, y*,w)] < 0. Since v > 0 by (2.10), we have
%= —El5j (W) Fi(a", y",w)] > 0.

This shows (2.17). In a similar way, we can show (2.18).

Finally we show (2.19). It is obvious that fi(w) > 0 and z*(w) > 0 for almost all w € Q. Notic-
ing that fi;(w)Fj(z*, y*, w) = y7 6 (w) Fi(z*, y*,w) = 0 by (2.27) and 2] (w) = max{—F;(z*, y*,w), 0}
by the definition, we have fi;(w)z(w) = 0 for each ¢ and almost every w € €2. As a result, there
must hold (2.19).

In consequence, the multipliers defined by (2.20)—(2.24) satisfy conditions (2.12)—(2.19).
Namely, (z*,y*, 2*()) is a strongly stationary point of problem (1.2) [ |

3 Monte Carlo Sampling and Penalty Approximations

Let 2 be a compact set and ¢ : 0 — R be a function. The Monte Carlo sampling estimate
for E[¢p(w)] is obtained by taking independently and identically distributed random samples



wi, - ,wi} from Q and letting E[p(w)] ~ L ko ¢(wy). The strong law of large numbers
g k 2u0=1 g g
guarantees that this procedure converges with probability one (abbreviated by “w.p.1” below),

i.e.,

lim Zd)(wg) E[¢(w)] ::/ng(w)dp w.p.1. (3.1)

k—oo k‘g 1

See [19,24] for more details about the Monte Carlo sampling methods.
Applying the above method and using a penalty technique, we obtain the problem

. L
min 32 (£ g0 + ol gwo)l* + prly o oG vowo)P) (3.2)
)

st.  g(x) <0, h(z)=0, y >0,

which is a smooth approximation of problem (1.3). Here, p; > 0 is a penalty parameter tending
to 0o as k — oo, u: R™T™ x QO — R™ is defined by (1.4), and v : R"T™ x Q — R™ is given by

v(z,y,w) = max{F(z,y,w), 0}. (3.3)
Note that, by (1.4) and (3.3), we have
v(@,y,w) = Fo,y,w) +ulz,y,w), (z,y,w) € R x Q. (34)

Problem (3.2) is neither a semi-infinite program nor an MPEC and it is generally much
easier to deal with than those problems. In the rest of the paper, we denote the feasible region

of problem (3.2) by F. Note that F does not depend on k.

We next discuss the existence conditions of solutions of problem (3.2). Let F' be affine with

respect to (z,y) and given by
F(z,y,w) = Nw)z + M(w)y + q(w), (3.5)
where N : Q@ — R™*" M : Q — R™*™ and ¢ : Q — R™ are all continuous.
Definition 3.1 We call M € R™*™ an Ro-matriz if
yZO,MyZO,yTMy:0 = y=0.
It is well-known that any P-matrix is an Rg-matrix [6]. We have the following result.

Lemma 3.1 Let {M;} C R™*™ be convergent to M € R™*™ and M be an Ry-matriz. Then,

there exists an integer kg > 0 such that My, is an Rg-matriz for every k > ky.

10



Theorem 3.1 Suppose that the set X := {x € R"| g(x) < 0,h(x) = 0} is nonempty and
bounded, the function f s bounded below on F x Q, and kli)ngo pr = +oo. Let F be defined by
(3.5) and M := fQ w)dp be an Ry-matriz. We then have the following statements almost
surely.

(i) Problem (3.2) has at least one optimal solution when k is sufficiently large.

(ii) Let (z*,y*) be an optimal solution of (3.2) for each k sufficiently large. Then the sequence
{(z*,y*)} is bounded.

Proof. (i) For each k, let My, := %25:1 M (wy). Tt then follows from (3.1) that M = klggo M,
with probability one. Since M is an Rp-matrix, by Lemma 3.1, there almost surely exists an
integer kg > 0 such that M} is an Ro-matrix for every k > k.

Let k > ko be fixed and suppose My, is an Rp-matrix. It is easy to see that F is a nonempty
closed set and the objective function of problem (3.2) is bounded below on F. Then, there exists

a sequence {(z7,y7)} C F such that

. 1k . o
Jm 23 (£ w0 + oluled 2w+ pully’ 0 vla? 7 w)|)
. 1k
= inf_ z( [ (@, o) + o lu(@ g, w2 + prlly o vz, g we)|2). (3.6)
(zy)eF k (=

Since f is bounded below and py is a positive constant, it follows from (3.6) that the sequences

and {% Yo lly? ov(@?, v, we) }

0717 /=1 .720717

L (g i w12
{3 Sl P},

are bounded. This along with (3.4) implies that

(G Sutewn) | and {33007 (Ve + My + gl + e o))}

= G=0,1,-

are also bounded. Note that the latter sequence can be rewritten as

{07 (3 SN@oT M+ oo+ Sul )} e

Z 1 j=0,1,--

Moreover, by the boundedness of the set X, the sequence {27} is bounded. On the other hand,
it is obvious from the feasibility of (z7,%7) in (3.2) and the definition of u that, for each j,

] k . 1 K k .
¥ >0, Z (we)a? + Mgy’ + - > q(we) + Z (27,97, we) > 0. (3.8)

L1
k&= k

?r \

Suppose the sequence {3’} is unbounded. Taking a subsequence if necessary, we assume that

i
o< [|y7]]

=9, |yl =1 (3.9)

lim /]| = +o0, lim
J—0o0

11



Then, dividing (3.7) and (3.8) by ||%/||?> and ||/’ ||, respectively, and letting j — -+o0, we obtain

0<g L Mg>0.

Since Mj, is an Ro-matrix, we have 3 = 0. This contradicts (3.9) and hence {y’} is bounded.

Therefore, {(27,y7)} is bounded. Since F is closed, we see from (3.6) that any accumulation

point of {(z7,47)} must be an optimal solution of (3.2). This completes the proof of (i).

(ii) Let (2*,4*) be an optimal solution of (3.2) for each sufficiently large k. The boundedness

of {*} follows from the boundedness of the set X immediately. We next prove that {y*} is

almost surely bounded. To this end, we choose a vector z € X" arbitrarily. Then, (Z, 0) is feasible

to problem (3.2). Since (¥, y*) is an optimal solution of (3.2), we have
(£® 0%, we) + ollu(a®, g wo)l? + prlly* o v(a®, o, ) 12)

<

el

k
>
/=1
k

z,0,w ollu(z, 0, ws)||?
% (£(@.0.00) + olju(z, 0.0

and, by the definitions (1.4) and (3.5),

£ SNt 4L M+ Sl + 7 Yulaab ) 20, o 20

@ 1

It follows from (3.10) that

ok k o,k 5, Phen g k  k 2
0 < 22 llu(® g% wlll”+ 572 lly" o v(a, y7, wl
/=1 =1
1 & = E ok o & - 2
< G2 (@00~ St w0 ) + T X 0.0
=1 =1

Since f is bounded below, we have from (3.1) that

{]1i(f(x,o,uw)_f(xk7yk’wZ)>} and {Zgénu(%()’www}

(=1

are almost surely bounded. In consequence, the sequences
1 & k k 2 PE & kE k 2
{7 Lllu@h,y"wol?} and {25 3 lly* o viak, v, w)l?}
(=1 (=1
are almost surely bounded. By Cauchy-Schwartz inequality, we have
k k& 2 k P 2 )
<ZUZ($ 'Y wa)) S kZ(U’Z(w Y 7wf)) ) Zzl?"'am
(=1 (=1

for each k£ and hence

ok 2 1 m ,k A 2
Hk z",y w)” N ﬁZ(ZUz 72/,0%))
= i=1 “{=1
1ok 2 1 AT
< 222 (W@t yw)) = T X lulh g
kzzlﬁ:l k£:1
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Similarly, we have

1k 2
& SN (Nwoa + Myt +gwn) + ulab w0
=1
1 |m k k 2 m ik 2
- <
kg Z;l[;ysz( 7y wz)‘ — k Zzl<zyzvl( 7y JWE))
m =k 2 m
< T3 Y (vhutt yFw)) = ?zuy’“ovm,yk,mu? (3.13)

I
_

(=

—_

1

It follows from (3.12) and (3.13) that both {% 25:1 u(zk, yk,wg)} and

1 k
{5 2T (Nwa* + Mwy* + alwr) +u(@, g, w0) } (3.14)
ki=

are almost surely bounded. Suppose that the sequence {yk} is unbounded with probability one.

Taking a subsequence if necessary, we assume that

I =too, tim L=p gl =1 (3.15)

Note that the sequences {z*} and {% Z?:l u(z®, y*, wg)} are bounded and, by (3.1),

Q

S M(wp) = M, lim éN(w): /Q N(w)dp, lim ;V]; (wp) = / o(w)dp.

Dividing (3.11) and (3.14) by ||y*|| and ||y*||?, respectively, and letting k& — 00, we obtain
0 <9y L My > 0. Since M is an Rg-matrix, we have § = 0 with probability one. This
contradicts (3.15) and hence, the sequence {y*} is almost surely bounded. This completes the
proof of (ii). [ |

4 Convergence Analysis

In this section, we investigate convergence properties of the Monte Carlo sampling and penalty
method. For each k, we let {wy, - ,wx} be independently and identically distributed random

samples drawn from 2.

Definition 4.1 [20] Let 7 > 0 and x > 0 be constants. We say G : R® — R' is Holder

continuous on K C R° with order 7 and Holder constant « if
[G(u) = G()|| < Kllu—2|"

holds for all v and v in K.

13



This concept is a generalization of the Lipschitz continuity, which is, by definition, Holder
continuity with order 7 = 1. Note that, for two different positive numbers 7 and 7/, Holder
continuous functions with order 7 and those with order 7’ constitute different subclasses. For
example, the function G(u) := \/W is Holder continuous with order 7 = % but not Lipschitz

continuous.

4.1 Limiting behavior of optimal solutions

We first study the convergence of optimal solutions of problems (3.2). Recall that F denotes
the feasible region of problem (3.2).

Theorem 4.1 Suppose that both f and F' are Holder continuous in (z,y) on F with order 7 > 0
and Holder constant k(w) satisfying E[x(w)] < +00. Assume that klingo pr = +oo, (zF,y*) solves
problem (3.2) for each k, and the sequence {(z*,y*)} is bounded. Let (x*,y*) be an accumulation
point of {(z*,y*)}. Then (z*,y*) is an optimal solution of problem (1.3) with probability one.

Proof. Without loss of generality, we suppose klim (zF, %) = (2*,y*).
—00
(a) We first prove that (z*,y*) is almost surely feasible to (1.3). It is obvious that (z*,y*)
satisfies the constraints of problem (3.2). Therefore, it is sufficient to show that there holds

y o F(z*,y",w) <0, we as. (4.1)

In fact, since (2*,y*) is an optimal solution of problem (3.2) and (z*,0) is a feasible point of

(3.2), we have

1 k
2 2 (FR o w0 + ollula®, o wn) P + prly o (et o o))
/=1
1k . . 9
< 22 (fa",0.00) +olula", 0,0)]1?),

~
Il
—-

which yields

f(xk,yk,wg). (4.2)

~
M-

Pk &k k k 1 & * * 2 1
T Ll vttt @)l < 30 (60,00 + ollule”, 0.0 ) - 3
/=1 /=1
By the assumptions of the theorem, there hold

£ (z,y.w) = fa",/, 0l < K(W)ll(2,y) = (" ¥

and
HF(az,y,w) - F(x,vylaw)u < ﬁ(W)H(may) - ($/7y,)HT (43)

14



for any (z,y) € F,(2/,y') € F, and w € Q. Therefore, we have from (3.1) that

k

lim 1 > (f(:z:k,yk,wg) — f(:n*,y*,wz)>‘ < k’linolo ||(:Ek,yk) — (=" y)|"

k—oo | k /=1

wM—‘

k
3 ler) =
and hence

hm*Zf( Y we) = hm*Zf Yy, wp) /f "yt w) w.p.1.
k—oo k k—o0

This indicates that {% 25:1 JlCARTS ,Ldg)} is bounded with probability one. Moreover, since (2
is compact, both f(z*,0,-) and u(z*,0,-) are bounded on Q. Thus, we have from (4.2) that
the sequence {% 22:1 lly* o v(zk, 3", wz)HZ} is bounded with probability one. As a result, the

sequence {% Zif:l(yf)z (Fi(xF, y*, we) + ui(:rk,yk,wg))Q} is almost surely bounded for each i
and, since

y* >0,  F(a"y" we) +u(@k gk w) = vk, yF w) > 0

for every k and ¢, {% Z’Zzl(yk)T(F(xk, y*, we)Fu(xk, ", wg))} is almost surely bounded. Noting

that lim pp = +o00, we have
k—o00
I L
lim 72 (yk)T <F(xk’ykaw€) + u(xka yk7w€)> =0 Wpl (44)
k—o0 kf:l

On the other hand, we have from (4.3) that, for any k and ¢,
1(F (2, 4", we) + u(a, ¥, wp)) = (F (2", 5", wp) + ula®, g, wo)|

QHF(.Tk,yk,Wg) - F(x*,y*,Wg)H
< 2k(we)|| (2%, y7) = (&, )|

IN

and then
Jim !k%yk)T((F(xk,yk,wa +ulah, ) — (P00 +ula o 0))
. k k ,k 1 &
e N [CAR D R AN %Z ki (wr)
=0 w.p.1. (4.5)

It follows from (4.4) and (4.5) that

> () (Flab ) + (e, )

i kN\NT * ok *

> () (Fa, ") + ue”, y" )

= /Q(y*)T(F(a:*,y*,w) + u(z*, y*,we))dp w.p.1, (4.6)

15



where the last equality follows from (3.1). Noting that both (y*)” (F(z*,y*,-) +u(z*,y*,-)) and

(y*)Tu(x*, y*,-) are nonnegative on (2, we obtain (4.1) from (4.6) immediately.

(b) Let (z,y) be an arbitrary feasible solution of problem (1.3). It is obvious that (z,y) is
feasible to problem (3.2). Moreover, if y; > 0 for some i, there must hold F;(x,y,w) < 0 for

almost all w € © and so u;(x,y,w) = —Fj(z,y,w) for almost all w € 2. This means
you(r,y,w) =yo (F(r,y,w) +ulz,y,w) =0, wel as. (4.7)

Since (z*,y*) is an optimal solution of problem (3.2), we have almost surely that

1 k
=3 (F@ywe) + ollu(e,y,00)
(=1
1 & 2 2
= 5 L (f@ w0 + ollute, v 0l + prlly o oG v,w0)l?)
1 k
> (SR ot + olulet gt o) P+ el o vt ot ) P)
1 k
> =3 (fah w0 + ollulat, yFwo) )

)
X

As a result, we have

1 k * % * ok 2 1 k 2
=3 (Fatysw) + olula, gt wol?) = - 3 (@) + olule,y,w) 1)
/=1 /=1
1k . . » 1 k
< 3 (fatytw) + olulytwl?) - ¢ 3 (@ yF w) + oluta®, yF w1
/=1 /=1
1 & * ok k k
< EZ(’f(‘T7y7w€)_f(x7yawZ)|
(=1
+olu(a*,y*we) — u(a, g w)l (lu g w)ll + llu@, g5 w0l))  wpd. (48)

Note that the Holder continuity of f yields

khm EZZ ‘f(l’ Y awﬂ) - f(xk’ykaw€)| =0. (49)
—00 1

On the other hand, it follows from (1.4) and (4.3) that

lu(z®, 5 we) = u(z®, y* w)ll - < |F(a",y" we) = Fa®, 5", wp)l|

< w(we)|[ (@, yF) = @y, (=1, k.

By the boundedness of the sequence {% Zéf:l(Hu(x*, y*,we)|| + [Ju(z®, yk,wg)H)}, we have

. o k * % * ok
Jim @ZHU(w " we) — u(@® gt w)| (Hu(a: " we)|l + HU(w’“,y’“,we)H) =0.  (410)
— —1
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Letting k — +oo in (4.8) and taking (4.9), (4.10) and (3.1) into account, we obtain
Elf(e",y" w) + ollu(@”,y" w)|I"] < E[f(z,y,w) + ollu(z,y,w)[I"]  wp.1,

which indicates that (z*,y*) is an optimal solution of (1.3) with probability one. |

Remark 4.1 In Theorem 4.1, to avoid notational complication, we simply assume that the
functions f and F' are Holder continuous with same order. However, it is easy to see from the
proof that the assumption can be relaxed to allow those functions to have different orders. This

remark also applies to Theorem 4.2 in the next subsection.

4.2 Limiting behavior of stationary points

In general, it is difficult to obtain an optimal solution, whereas computation of stationary points
is relatively easy. Therefore, it is important to study the limiting behavior of stationary points
of problems (3.2). In what follows, we let £ denote the feasible region of problem (1.3). Note
that, for any (x,y) € &, the standard Mangasarian-Fromovitz constraint qualification does not
hold at (z,y) if there holds y; = 0 for some index i. In this paper, we define a generalized

constraint qualification for problem (1.3) as follows.

Definition 4.2 Let (z*,y*) € £. We say the generalized Mangasarian-Fromovitz constraint
qualification (GMFCQ) holds at (z*,y*) if

e the gradients Vh;(x*),i =1,--- , s9, are linearly independent;
e there exists a vector (gz) € R"™ such that

(daz)TVhi(as*) =0, i=1,---,89;
(dx)TVgi(:L'*) <0, i€ ZIy(az");
(dy)TeZ- >0, i € Iy
(gga;)TV(I,y)[y:(Fl(x*7y*7w)] < 07 WS Ql a.S., i = 17 s, MM,

where

0 = {w e

W) + F2(a"y",w) # 0},

QO = {weQ’yfFi(x*,y*,w):O}

for each i.

17



Note that, for i € 3, Q] is equal to €2, and hence Q, equals the set {w e Q| Fi(z*,y*,w) # 0}.

The main convergence result can be stated as follows.

Theorem 4.2 Suppose V(, ) f, F,V (5, F are all Holder continuous in (x,y) on F with order
T > 0 and Hélder constant k(w) satisfying E[rk(w)] < +o00 and klirgo pr = +oo. Let (xF,y*) be
a Karush-Kuhn-Tucker point of (3.2) for each k and (z*,y*) € € be an accumulation point of
{(z*,y*)}. Suppose that the GMFCQ holds at (z*,y*), and for each i € T}, either p(w € Q :
Fi(z*,y*,w) =0) =0 or p(w € Q: Fi(z*,y*,w) > 0) > 0 holds. Then (z*,y*) is a stationary
point of problem (1.3) with probability one.

Proof. Without loss of generality, we suppose that klim (zF, %) = (z*,y*). Since (zF,y") is
—00
a Karush-Kuhn-Tucker point of problem (3.2), there must exist Lagrangian multiplier vectors

ok € j ﬁk € ®*2, and v € R™ such that

k
0 = Z ( f(z k,yk,wg) — 2UVxF(xk,yk,wg)u(xk,yk,wg) (4.11)

?r' \

+ kavxF(CL'k, ykawf)diag(ylfa e 7y7}‘€n)(yk o U("L‘kv yka wf))) + vg(mk)ak + Vh(xk)ﬁka
1 k.
0 = - Z( F@*y* we) = 20V, F(a", 4", wou(a®, y*, w) (4.12)

2pk <va<‘rka yk,wg)diag(y’f, s ay’;z)

+ di&g(’l)l (ij? yka wf)v e avm($k7 yka wf))) (yk o v(xka yk7w€))> - ,yka

0 < o L —gz® > o, (4.13)
gk free, h(z*) =0, (4.14)
0 < A 1L 4 > o (4.15)
: k k k 1 k ko, (nk ok L
(i) We first show that the sequences {a”}, {5"}, {7"}, and {k Y1 Py v (2, y ,(.Ug)},l =

1,--- ,m, are all bounded with probability one. To this end, we let

ko k Nk SRk o N~k
T = Z kéZQPkyz vi(@®, ", we) + Yoo + 2B+ Do (4.16)
1 i=1 i=1 i=1

Suppose that there is an unbounded sequence among the above sequences. Then, taking a
subsequence if necessary, we may assume that klirglo T, = +00. Note that, by the definition (3.3),
there holds (v;(z,y,w))? = vi(z,y,w)F;(z,y,w) for any (z,y,w) and any i. Then, we can rewrite
(4.11) and (4.12) as follows:

k
2 (Ven @ oo = 20V F b g wutat )

m k k ,k
ko (kK Y Ve Fi(2%, 4", wp) )
> “oi(x” Yyt w
1i=1 pkyl Z( Y Z) (yzk y yl i($k7yk7w5) + E(xkvyk7w£)ei

o (ngé >) 0 (vmo(x’w) - S (2) | (417)
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Dividing both sides of (4.17) and (4.16) by 7, we get
(—,;k S (Vi [ (@F, 5 wr) = 20V F (2%, wo)u(ah, o, wm)
1

k k ,k
k; N I YV Fi (2%, 9" wy)

2 kY; Uil , We A
> Z(T AL YrVy Fy(a®, yF, we) + Fi(a®, y¥, we)e;

Il
e

=1 " =1 k 1
S1 Ozk ng-(:xk) 52 k Vhi(ack) m ’Yk
() () s
Tk — 7 | . k — T},

i=1 1 i=1 sign(47) i=1

Let B be an arbitrary subset of  with p(B) = 0. We then have

( k1, ZE 1( ( kvykawé) - 20’V(m7y)F(fEk,yk7w€)’u,(ﬂfk,yk,w€))>
1

k k .k
nyFZ(:U 'Y ,Wg)
Z Z 2pryfoi(F, y¥, we 7
- P L Z ) yfvyﬂ(l‘kvykawf) +Fi(1‘k7yk7w5)ei

1<e<k 1
wp€EB

k k ,k
m szFZ(:C 'Y ,UJZ)

1 kaykv wkaykawﬁ L

=7 X ’<T U g0, Bk, o ) £ Bt o wne

=1 'V 1<e<k k 1
wy&B
S1 O[]'C Vgl(xk) S2 ﬁk th(:rk) m 'Yk 0
+y 0 +Yy = 0 D AR (4.18)
im1 Tk 1 i=1 % \sign(6F) =1 Tk \ 1

Note that, by the assumptions, there hold
Hv(x,y)f(x7 y7w) - v(x,y)f(x/a ylv w)” /i(w)H(l', Z/) - (.I'/, y,)HT’
1F(z,y,w) = F(@'.y ,w) < sW)l(z,y) - @,y
Hv(m,y)F(xa y?‘”) - v(m,y)F(x/a ylvw)H < /ﬁ;(w)”(az,y) - (33/7?/)”7—

for any (z,y) € F,(2',y') € F, and any w € Q. Therefore, for each k, we have

IN

k
Jim H% > (V(x,y)f(xk7ykvwf) - V(x,y)f(fv*,y*,We)) H
—© /=1
< thHoloi ZHV 7y 7yk7w€) _v(x,y)f(x*vy*awf)H
< lim It y7) = @yl - X k(w)
0 =1
= 0 w.p.1l.
It then follows that
k ,k *
k;li)n(}o E Zv(:r,y ( Y 7(")5) = klingo E Zv(w,y ( Y 7w£)
= /QV(Ly)f(m*,y*,w) dp w.p.1, (4.19)
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where the last equality follows from (3.1). Moreover, since

k

. 1 k * * *
khm erz (V(x,y)F(xkvykawé)u(xkaykawé) - V(x,y)F(x Y ,wz)u(l‘ Y aw€)>H
—00 -1
< lim — ZHV a:y)F( Y wé)( ( kaykawé) _u(x*ay*awﬁ))
k—oo k /—1
+ (v(z,y)F(xkvyk7w€) - v(z,y)F(x*ay*vwf))u(x*ay*vwf)H
1 T
< lim o 21 (IV @ P w)ll 1P @,y w0) = Fla™, g wo) |
+ Hv(m,y)F(xkyykawf) - v(x,y)F(x*vy*’wf)H ||u(:c*,y*,wg)||)
< lim 20 @) - @) T S m(w)
— (=1

0 w.p.1,

where C' > 0 is an upper bound of {V, , F(z"*, 4% w/)} and {u(z*,y*, w()}, we have

kli_{go%ezv(w,y)F(xkayk7w€)u(xkayk7w€) = len;oE Zv(x,y ( *7y*7w€)u(x*7y*7w€)

= /V(x’y)F(:c*7y*,w)u(:ﬂ*,y*,w) dp w.p.1. (4.20)
Q

It follows from (4.19) and (4.20) that

lim — ( 7y)f(a:k, yk,wg) — QJV(I,y)F(xk,yk,wg)u@k,yk,wg)) =0 w.p.l. (4.21)
k—o0 ka =

Now let IZ be the cardinality of the sample subset {w, € B| ¢ = 1,---,k}. Since p(B) = 0,

B
there almost surely holds klim % = 0. Therefore, taking into account the fact that the sequence
—00

k "
m & kK nyFz(CU Y ,CUZ)
2 kY; Ui(T, , Wy L
3 20 z(Tk Y590 (kg ok, b, w) + B (o, wres
i—1 1

is bounded, we have

k k .k
yV$E(m 'Y 7w€)
2 k, i
hm - Z Z Pk;ylvz Yk, we) YE  Fi(2®, y% we) + Fy(a*, v we)ei | =0 w.p.1.(4.22)

k—oo k
1<t<k =1 1
wp€EB

Furthermore, taking a subsequence if necessary, we may assume that the limits

a:=lim &, F:=lim—, 5:= lim (4.23)
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exist. Thus, letting &k — +o0 in (4.18), we have

YV Fi(a", y, w)
2 xT 1 ) )
hmZ > ”’“’”’“ RURCN PR S S ST

k—oo
1<e<k 1
wzéB

S1 Vgl(x*) 82 Vhl(l‘*) m 0

— Z & 0 > B 0 +) Fi | e w.p.l.  (4.24)

1 i=1 sign(3F) i=1 1

In addition, in a similar way to (4.19) and (4.20), we can show that, for each 4, there holds

b Fy (2%, yF, wy)
| Qkkv,xkjk’wé Yi Valli\T7, Y™, Wy
lim E Z PRt Z( ) ) yzkvai(xk’ykvwf)+Fi(xkaykawﬂ)ei

1<e<k Tk 1
wng

VaoFi(x*, y*, wy)
1 2 ko (ko k Y, Val'q ; ’
— lm - 2 : PEY; Uz(l’ Y ,WZ) yfvyﬂ(:v*,y*,wg) —I—Fi(x*,y*,wg)ei (4_25)
k—oo k Tk
1<e<k 1
wp¢B

with probability one. Note that y/Fi(z*,y*,w) < 0,w € Q a.s., for each i, since (z*,y*) € £ by

the given assumption. For each ¢ and any € > 0, let

Qf = {w € Q) yi Fi(z™,y",w) < *6}.

If Qf is nonempty for some i, we have F;(z*, y*,w) < —¢/y; < 0 for every w € Q. Since Qf is
a closed subset of the compact set €2, there must exist a neighborhood U* of (z*,y*) such that
the function F; is uniformly continuous on U* x €)f. It then follows that, when k£ is sufficiently

large,

vi(zF, y*, w) = max {Fi(:ck,yk,w), 0} =0 (4.26)

holds for every w € Qf. Therefore, we have from (4.24)—(4.26) that

S1 ng(x* 52 Vh1<x*) m 0
NI I D wa
1 1 sign(BF) i=1 1
m YIV L Fi(2*, y*, wp)
2 v w Tt b)) 9
= lim — E GV yiVy Fi(z*, y* we) + Fi(z™, y*, we)e;
‘ k—oo k‘ Tk
i=1 1<e<k 1
ngB
m y*Vze(x* y* Wg)
2pryfoi(a®, v we) Lo (o k
D i G s

wgiB,wéiﬂg
y;kerl(x*7 y*7 w)
cone yIVyFi(z*, y*,w) + Fi(z*,y*,w)e; | | w e Q\ (BUQ) w.p.1.
1

m
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The arbitrariness of B and ¢ yields
S1 ng(a:*) S92 Vhl(l‘*) m 0

Zaz 0 -> B 0 +> i e

1 1 i=1 sign(ﬂi ) i=1 1
€ Z ﬂ cone y;kVyF( ,y w)—i—F( Lyt w)e; weQ\B w.p.1.
= szBC)ZD 1

In consequence, as shown in Section 2, there almost surely exist some finite-valued nonnegative

measurable functions d;,7 = 1,--- ,m, defined on 2 such that

S1 ng(a:*) 52 th(x*) m 0

Zaz 0 -> B 0 + 7| e

1 1 i=1 sign(BF) i=1 1
m (TAY F( Lyt w) )
= Y [ (VB o)+ B | @,
i=1 7% 1

which is equivalent to

< YV, Fi(z*,
" ;/Q;<y:v F(2*,y" w(>+3? w,y w) > 1
+§:dz (vg’ > Zﬁ@ <Vh ) Em:% <£> : (4.27)
i=1 i=1 !
1 = i /Q Si(w)dp+zdi+2’5i|+27i~ (4.28)
i=1 i i=1 i=1 i=1
Note that, by (4.13) and (4.15), there hold
a =0, i¢I,(a"), (4.29)
¥ =0, i¢Iy. (4.30)

By taking into account the definition of Q; along with (4.29) and (4.30), we may rewrite (4.27)

as

Z / (yZV Fi(z Z/FW() J;gg,((;za y*ﬂw)6i> Oi(w)dp
+ Z (ng > Zﬂz<Vh > Z’Yz(i)

1€Zy(x*) i€l

Since the GMFCQ holds at (z*,y*), it follows that
a; =0, i€ Ty(x"),
Yi =0, (S Iik/a
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and

Silw) =0, Ywe (4.31)

where the second equality follows from the fact that € \ Q; must be empty when i ¢ Iy

Therefore, there exists an index ig € Zy- such that
/ Sy (w)dp > 0. (4.32)
A\

This indicates that p(€, \ Qi) = plw € Q: Fy,(z*,y*,w) = 0) > 0. Then, from the assumptions
of the theorem, p(w € Q;, : Fi, (z*,y*,w) > 0) is positive. We further can choose a number & > 0
such that the probability measure of the set Q;, := {w € Qy, | Fi, (z*,y*,w) > €} is also positive.
Note that both \ Qy, and Q;, are compact. It follows from the definition (3.3) that, when k

is sufficiently large,

’Uio(xk7yk7w) <€ex<w ( k7yk7w”>

holds for any w' € Q} '\ Q;, and any w” € Q;,. Let k be sufficiently large. Noting that both
p(€%, \ €;,) and p(€,) are positive, we may choose independently and identically distributed
random samples, denoted by {wy, -+ ,w;} and {w{ - -+ ,w}}, respectively, from €} \ 4, and Q.
Since yk > 0, it then follows that

QPkyfovio (xk7 yk7 wz)

/=1 Tk

k k .k , 1
2pkyiovi0 (I‘ Yy Y, Wy )
Th '

1 k.
k4
Letting k — 400 and taking into (3.1) account, we have

| Sawips [ dw)dp=o0
QQO\QiO QiO

with probability one, where the equality follows from (4.31). This contradicts (4.32). Hence,

the sequences {o*}, {#*}, {#*}, and {% Zif:l pkyfvi(xk,yk,w)},i =1,---,m, are all bounded
with probability one.

(ii) We next show that there exist multiplier vectors o € R, 5* € %2 +* € R™, and a
multiplier function 6* : & — R™ such that there hold (2.6)—(2.11) with probability one. First of
all, without loss of generality, we may assume that the following limits exist:

a*:= lim of, B*:= lim ¥, ~*:= lim ~*.
k—o0 k—o0

k—o0
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Recall that the sequences {% Z]Z:l pkyfvi(xk, Yk, (,Ug)},i =1,---,m, are all bounded with prob-
ability one. In a similar way to (4.27) and taking (4.19)—(4.20) into account, we can get
from (4.17) that there almost surely exist some finite-valued nonnegative measurable functions

07,i=1,---,m, defined on 2 such that

_/Q <v(x,y)f($*7 y*a w) - 2Uv(x,y)F(m*7 y*?w)u<$*a y*7w)> dp

- i /; (yZV Fi(x ZFw() +%(;)yw)€z> R
+§;a§6 <ng‘ >+Zﬁ (Vh ) Z% <Z>

For each 4, we define ¢} (w) := 0 for w € Q\ Q.. It then follows that

_/Q <v(z,y)f(x*7 y*a w) - 20v($,y)F($*, y*vw)u($*> y*7w)> dp

m

_ Z/ <yZVF VyF;)JF%(;)yw)ez) 5% (w)dp
+;a;‘ (ng >+Zﬂ (Vh ) Z% (z) oo

Taking (2.25) and (2.26) into account, we obtain (2.6) and (2.7) from (4.33) with probability
one. Moreover, (2.8)—(2.10) follow from (4.13)—(4.15) immediately. In addition, it is obvious
that ¢} (w) > 0 for any w € Q. Since yF;(z*,y*,w) < 0 is equivalent to w € Q \ €} for each 1,
(2.11) is also valid.

Therefore, (o, 5*,~v*,0%(-)) satisfies (2.6)—(2.11) with probability one and hence (z*,y*) is

almost surely a stationary point of problem (1.3). This completes the proof of the theorem. M

5 Conclusions

We have presented a new formulation (1.2) of the SMPECs with recourse and shown that the
new formulation is actually equivalent to a smooth semi-infinite programming problem. We have
deduced the optimality conditions for the problems and investigated the connections among the
conditions. Then, we have employed a Monte Carlo sampling method and a penalty technique to
get some approximations to the problem. Under appropriate assumptions, we have established
convergence of the proposed method. Recall that the sample space 2 is assumed to have infinitely
many elements. Actually, if Q has only a finite number of elements, we may present a similar

method without resort to a Monte Carlo sampling approximation technique.
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Appendix: Equivalence between problems (1.2) and (1.3). If (z*,y*) solves prob-
lem (1.3), then (z*,y*,u(z*,y*,-)) is an optimal solution of problem (1.2). Conversely, if
(x*,y*, 2*(+)) is an optimal solution of problem (1.2), then (x*,y*) solves problem (1.3).

Proof. (i) Suppose that (z*,y*) is an optimal solution of (1.3). We then have from (1.4) that
F(a"y"w) +u(@",y"w) 20,  YweQ

Note that, if y7 > 0 for some ¢, there must hold Fj(z*,y*,w) < 0 for almost all w € 2 and so

ui(x*, y*,w) = —Fj(z*, y*,w) for almost all w € Q. Therefore, we have
(y*)T(F(x*ay*aw) +u(z*,y",w)) =0, weN as.

This indicates that (z*, y*, u(x*, y*, -)) is feasible to problem (1.2). Let (z,y, z(-)) be an arbitrary
feasible point of problem (1.2). It then follows that, for almost every w € Q,

z(w) —u(z,y,w) = min{F(z,y,w) + z(w), z(w)} >0

and hence z(w) > u(x,y,w) > 0. This implies that E[||z(w)]|? — ||u(x,y,w)||?] > 0. On the other
hand, it follows from the feasibility of (x,y, z()) in problem (1.2) that

yoF(z,y,w) = —-yoz(w) <0, weQ as,

and so the point (x,y) is a feasible point of problem (1.3). Thus, we have from the optimality
of (z*,y*) in (1.3) that

Elf(z,y,w) +olu(z,y,w)|’] > E[f(z",y"w) +olu(z*, y*,w)|?.
Therefore, there holds

Elf(z,y,w) + ollz)[I”] = E[f (z", 5", w) + ollu(z", ", w)||]

= E[f(z,y,0) +ollulz,y,w)|’] - E[f(z",y",w) + oflu(z", y*, )] + oE[[|2(w)]|* ~ [[u(z,y,w)]?]

> 0.
This indicates that (z*,y*, u(z*,y*,-)) is an optimal solution of problem (1.2).
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(ii) Suppose that (z*,y*, 2*(-)) is an optimal solution of (1.2). It is not difficult to see that
2*(w) = u(z*,y*,w) for almost all w € Q. Let (x,y) be an arbitrary feasible point of (1.3).
In a similar way to (i), we can show that (x,y,u(z,y,-)) is feasible to problem (1.2). Since
(z*,y*, z*(+)) solves (1.2), there holds

Elf(z,y,w) +olu(@,y,w)l’] > E[f(z",y",w)+olz"(@)|’]
= E[f(z",y"w) +olulz",y", w)|].

This implies that (z*,y*) is an optimal solution of problem (1.3). [

28



