Technical Report # 2003-004, May 10, 2003.

Mean Buffer Contents in Discrete-Time Single-Server Queues with Heterogeneous Markovian Sources

TETSUYA TAKINE Department of Applied Mathematics and Physics, Graduate School of Informatics, Kyoto University, Kyoto 606-8501, Japan Tel: +81-75-753-4758, Fax: +81-75-753-4756, E-mail: takine@amp.i.kyoto-u.ac.jp

Abstract. We consider stationary discrete-time single-server queues fed by independent heterogeneous Markovian sources with geometrically distributed idle periods. While being active, each source generates some cells depending on the state of the underlying Markov chain. The purpose of this paper is twofold. One is the derivation of the explicit formula for the mean buffer contents when the underlying Markov chain of each source has finite state space. The other is the derivation of the explicit formula for the mean buffer contents in a queue fed by Markovian autoregressive sources, each of which is characterized completely by the marginal distribution of cells arriving in a slot and its correlation coefficients.

Keywords: Discrete-time queue, Markovian sources, mean buffer contents, Markovian autoregressive sources

1 Introduction

We consider a discrete-time work-conserving single-server queue with K independent heterogeneous sources. Time is divided into slots, and sources can emit some cells to the queue in each slot. Service times of cells are assumed to be constant and equal to one slot.

The purpose of this paper is twofold. One is to derive the explicit formula for the mean buffer contents in a queue with independent heterogeneous Markovian sources with geometrically distributed idle periods. Here we use the word “explicit” to imply that there is no need to solve a system of equations or a fixed-point equation to evaluate the formula, which arises typically in queueing analysis. The other is to derive the explicit expression for the mean buffer contents in a queue with independent Markovian autoregressive sources, each of which is characterized completely by the marginal distribution of cells arriving in a slot and its correlation coefficients.

To obtain the explicit expression for the mean buffer contents, we need some special assumptions. The simplest case is that the numbers of cells arriving from each source are independent and identically distributed (i.i.d.), see, e.g., [15]. The advantage of discrete-time queues over the continuous counterparts is that even when arrivals are correlated, we can derive the explicit formulas for performance measure of interest such as the mean buffer contents. For example, assume that each source is alternately in idle periods during which no cells are generated and in active periods during which exactly one cell is generated at each slot, and that idle and active periods form an alternating renewal process. When both idle and active periods are geometrically distributed, Viterbi derived the explicit formula for the mean buffer contents [17]. This result was generalized by Neuts [14], where active periods follow a discrete phase-type distribution. See [2] also for explicit formulas in other models.

In section 2, we consider the generalization of the result in [14] by allowing multiple cell arrivals from each source during active periods with a discrete phase-type distribution. By doing so, we can model the fluctuation in input rate of each source. Note that any discrete distribution is given by a limit of a sequence of discrete phase-type distributions and the distribution of any bounded discrete random variable is a special case of a family of discrete phase-type distributions. The analytical approach to obtain the explicit expression is very similar to [14]. However, the resulting explicit formula is very useful because it completely reveals the impact of characteristics of heterogeneous sources on the mean buffer contents, and it serves as a unified formula to derive an explicit expression for the mean buffer contents in various queues.

In section 3, we consider a queue fed by independent discrete-time autoregressive sources with heterogeneous characteristics. Discrete-time autoregressive arrival processes have been used to model video traffic [3, 6, 12], and queues with discrete-time autoregressive sources were studied in [8, 9, 10]. In general, a discrete-time autoregressive source is characterized as follows. There exists an increasing sequence of time epochs τ(n) with τ(0) = 0. Let B_n (n = 1, 2, . . .) denote the number of cells generated from a discrete-time autoregressive source at the nth slot. Then B_{τ (m)+1} = B_{τ (m)+2} = · · · = B_{τ (m+1)} = Y_m (m = 0, 1, . . .), where the Y_m is a sequence of i.i.d. nonnegative random variables.

Let D_m (m = 1, 2, . . .) denote τ(m)−τ(m−1). In [8, 9, 10], the D_m is assumed to be a sequence of geometrically distributed i.i.d. random variables, and the resulting arrival process is called a discrete-time autoregressive process of order one (DAR(1)). In [8] and [9], a discrete-time queue with a single DAR(1) source was studied. In [10], the mean and variance of the buffer contents in a discrete-time queue with independent homogeneous DAR(1) sources were derived.

In this paper, we relax the geometrically distributed assumption on the D_m of DAR(1) in the following way. If Y_m ≥ 1, we assume that D_m follows a general distribution with mean d. On the other hand, if Y_m = 0, D_m is geometrically distributed with the same mean d as D_m given Y_m ≥ 1. It is easy to see that the marginal distribution of the B_n is equal to the distribution of Y_m. Further, as you will see later, the correlation coefficient γ(m) of the B_n is given by the complementary distribution of the equilibrium random variable of D_m given Y_m ≥ 1. Conversely, given a marginal distribution of cells arriving in a slot and a nonincreasing and convex sequence of nonnegative correlation coefficients of the number of arriving cells, we will show that a generalized autoregressive source with these features is uniquely constructed.

To obtain the explicit expression for the mean buffer contents in the queue with heterogeneous autoregressive sources, we assume that for each source, the conditional distribution D_m given Y_m ≥ 1 is a discrete phasetype distribution, which we call a Markovian autoregressive source. Then, if the marginal distribution of the B_n of each source has a finite support, the general explicit formula holds. We show that our general formula is also applicable to the unbounded B_n case, by the truncation technique and the monotone convergence theorem.

Throughout the paper, we use the following conventions. For any function f(z) of z, we denote, by f^{(1)} and f^{(2)}, the first and the second derivatives, respectively, at z = 1−, i.e.,

f^{(1)} = lim_{z→1−} d dz f(z), f^{(2)} = lim_{z→1−} d^2 dz^2 f(z).

This convention applies to vector and matrix functions, too. Further, for any nonnegative integer random variable F , F̃ denotes a random variable that follows the equilibrium distribution of F , i.e.,

Pr(F̃ = n) =

Pr(F > n)

E[F ]

, n = 0, 1, . . . .

In particular, E[F̃ ] = E[F (F − 1)]/(2E[F ]).

2 Queue with Markovian Sources

2.1 Model description

We consider a discrete-time single-server queue with K independent Markovian sources. Formally, this queue is described as follows. Let B_{k,n} (k = 1, . . . , K, n = 0, 1, . . .) denote the number of cells generated from the kth source at the nth slot. We define X_n (n = 0, 1, . . .) as the amount of buffer contents (i.e., the total number of cells in the system) at the nth slot. We assume that the X_n satisfies

X_{n+1} = min(X_n − 1, 0) + B_{n+1}, n = 0, 1, . . . , (1)

where

B_n = K∑ k=1 B_{k,n}, n = 1, 2, . . . .

The kth (k = 1, . . . , K) source is characterized as follows. There exists an irreducible underlying Markov chain with finite state space M_k = {0, 1, . . . , M_k}, which governs the kth source. To avoid triviality, we assume M_k ≥ 1. Let S_{k,n} denote the state of the underlying Markov chain for the kth source at the nth slot. We assume:

Assumption 1 B_{k,n} depends only on S_{k,n−1} and S_{k,n}.

We then define b_{k,i,j}(z) as

b_{k,i,j}(z) = E [ z^{Bk,n} | S_{k,n−1} = i, S_{k,n} = j ] , i, j ∈ M_k.

We further assume: Assumption 2

S_{k,n} = 0 ⇔ B_{k,n} = 0, S_{k,n} ∈ M^+_k ⇔ B_{k,n} ≥ 1,

where M^+_k denotes {1, 2, . . . M_k}.

Accordingly, we assume that the transition probability matrix P_k of the underlying Markov chain for the kth source is given by

P_k = ( p_k (1 − p_k) α_k (I − T_k)e T_k ) , (2)

where α_k and T_k denote a 1×M_k probability vector and an M_k ×M_k strictly substochastic matrix, respectively, and e denotes a column vector with an appropriate dimension, whose elements are all equal to one. In what follows, we denote (I − T_k)e by T^∘_k, the jth (j ∈ M^+_k ) element of α_k by α_{k,j}, and the (i, j)th (i, j ∈ M^+_k ) element of T_k by T_{k,i,j}.

Remark 1 Assumption 2 together with (2) implies the followings: The kth source becomes idle and active alternately, and while being active, it generates some cells at each slot. Idle and active periods constitute an alternating renewal process. The lengths of idle periods are geometrically distributed with probability mass function (1 − p_k){p_k}^{n−1} (n = 1, 2, . . .), and the lengths of active periods follow a discrete phase-type distribution with irreducible representation (α_k, T_k), i.e., its probability mass function is given by α_kT^{n−1}_k (I − T_k)e (n = 1, 2, . . .).

We define B_k(z) (k = 1, . . . , K) as an M_k × M_k matrix whose (i, j)th element B_{k,i,j}(z) is given by

B_{k,i,j}(z) = P_{k,i,j}b_{k,i,j}(z), i, j ∈ M_k,

where P_{k,i,j} denotes the (i, j)th element of P_k. It then follows that

B_k(z) = ( p_k (1 − p_k)α_k(z) T^∘_k T_k(z) ) , (3) where α_k(z) denotes a 1 × M_k vector whose jth element α_{k,j}(z) is given by α_{k,j}(z) = α_{k,j}b_{k,0,j}(z), j ∈ M^+_k , and T_k(z) denotes an M_k × M_k matrix whose (i, j)th element T_{k,i,j}(z) is given by T_{k,i,j}(z) = T_{k,i,j}b_{k,i,j}(z), i, j ∈ M^+_k .

Therefore the probability law of the B_{k,n} is fully characterized by p_k, α_k(z) and T_k(z).

Let π_k denote the steady-state probability vector of the underlying Markov chain for the kth source. Because the underlying Markov chain for each source is assumed to be irreducible, π_k is uniquely determined by π_kP_k = π_k and π_ke = 1, i.e., π_k = (π_{k,0}, π_{k,1}) , where π_{k,0} = 1 1 + (1 − p_k)α_k (I − T_k)^{−1} e , π_{k,1} =

(1 − p_k)α_k (I − T_k)^{−1} 1 + (1 − p_k)α_k (I − T_k)^{−1} e . Let ρ_k denote the traffic intensity of the kth source. We then have ρ_k = π_kB^{(1)}_k e = (1 − p_k) { α^{(1)}_k e + α_k (I − T_k)^{−1} T^{(1)}_k e } 1 + (1 − p_k)α_k (I − T_k)^{−1} e . We define δ_k(z) (k = 1, 2, . . . , K) as the Perron-Frobenius eigenvalue of B_k(z), and let u_k(z) and v_k(z) denote the left and right eigenvectors of B_k(z) associated with δ_k(z). We assume that the normalizing equations, u_k(z)e = 1 and u_k(z)v_k(z) = 1, hold, so that u_k(z) and v_k(z) are uniquely determined. Note here that [13] u_k(1−) = π_k, v_k(1−) = e, (4) and δ^{(1)}_k = ρ_k. (5) In the rest of this paper, we assume Assumption 3 ρ = K∑ k=1 ρ_k < 1, (6)

and the system is in steady state.

2.2 Mean Buffer Contents

Because of (1) and Assumption 1, the multivariate process {(X_n, S_{1,n}, S_{2,n}, . . . , S_{K,n}); n = 0, 1, . . .} forms a Markov chain. We list {S_{1,n}, S_{2,n}, . . . , S_{K,n}} in lexicographic order and denote it by S_n. Note that S_n takes a value in M = {0, 1, . . . , M − 1}, where M =

∏_K k=1(1 + M_k). It then follows from (1) that the bivariate process {(X_n, S_n); n = 0, 1, . . .} forms a Markov chain of M/G/1 type. To see this, we define B(z) as

B(z) = B_1(z) ⊗ B_2(z) ⊗ · · · ⊗ B_K (z),

where ⊗ denotes the Kronecker product [4]. The transition probability matrix of the irreducible Markov chain {(X_n, S_n); n = 0, 1, . . .} then takes the form: B_0 B_1 B_2 B_3 · · · B_0 B_1 B_2 B_3 · · · O B_0 B_1 B_2 · · · O O B_0 B_1 · · · O O O B_0 · · · . . . . . . . . . .. ,

where B_m denotes the coefficient matrix of z^m in B(z). Note that the irreducible Markov chain {(X_n, S_n); n = 0, 1, . . .} is positive recurrent when (6) holds [13].

Let X and S denote generic random variables representing the buffer contents X_n and the state S_n of the product underlying Markov chain, respectively, in steady state. We define x(z) as a 1 × M vector whose jth (j ∈ M) element x_j(z) represents

x_j(z) = E [ z^X 1_{{S=j}} ] , where 1_{{χ}} denotes an indicator function of event χ. It follows from the general theory of Markov chains of M/G/1 type [13], we have

x(z)[I − B(z)] = (1 − ρ)(z − 1) x(0) x(0)e

B(z). (7)

Note that x(0)/x(0)e denotes the conditional probability vector of S given X = 0. Owing to Assumption 2, X_n = 0 only if S_{k,n} = 0 for all k = 1, 2, . . . , K. Thus we have

x(0) x(0)e

= (1, 0, 0, . . . , 0).

In what follows, the 1 × M vector (1, 0, 0, . . . , 0) is denoted by g.

Let δ(z) denote the Perron-Frobenius eigenvalue of B(z), and let u(z) and v(z) denote the left and right eigenvectors of B(z) associated with δ(z), where we normalize u(z) and v(z) to be u(z)e = u(z)v(z) = 1. Note here that

δ(z) = K∏ k=1 δ_k(z),

u(z) = u_1(z) ⊗ u_2(z) ⊗ · · · ⊗ u_K (z), v(z) = v_1(z) ⊗ v_2(z) ⊗ · · · ⊗ v_K (z).

Postmultiplying both sides of (7) by v(z), differentiating them twice with respect to z and taking the limit z → 1−, we obtain

E[X] = ρ + δ^{(2)} 2(1 − ρ)

+ gv^{(1)} − u(1−)v^{(1)},

where we use (4) and (5). It is easy to see u(1−)v^{(1)} = 0 because u(z)e = u(z)v(z) = 1. We denote the jth (j ∈ M_k) element of v_k(z) by v_{k,j}(z). We then have

E[X] = ρ + 1 2(1 − ρ) K∑ k=1 δ^{(2)}_k + 1 2(1 − ρ) K∑ k=1 ρ_k(ρ − ρ_k) + K∑ k=1 v^{(1)}_{k,0}. (8)

Let A_k denote a generic random variable representing the total number of cells arriving from the kth source during a typical active period. Also, let C_k denote a generic random variable representing the length of a typical active period of the kth source.

Lemma 1 δ^{(2)}_k and v^{(1)}_{k,0} (k = 1, . . . , K) are given by

δ^{(2)}_k = 2ρ_kE[Ã_k] − 2ρ_kπ_{k,1}e

E[C_kA_k] E[C_k]

+ 2ρ^2_kπ_{k,1}e ( 1 + E[C̃_k] ) , (9)

v^{(1)}_{k,0} = ρ_kπ_{k,1}e ( 1 + E[C̃_k] ) − π_{k,1}eE[A_k(C̃_k)], (10)

respectively, where A_k(C̃_k) denotes a generic random variable representing the total number of cells arriving from the kth source during the forward recurrence time of a typical active period.

Because the proof of Lemma 1 is straightforward, it is given in Appendix A. Substituting (9) and (10) into (8) and rearranging terms yield the following theorem.

Theorem 1 Under Assumptions 1 to 3, the mean buffer contents E[X] is given by

E[X] = ρ + 1 1 − ρ K∑ k=1 ρ_kE[Ã_k] + 1 2(1 − ρ) K∑ k=1 ρ_k(ρ − ρ_k)

+ 1 1 − ρ K∑ k=1 ρ_k(1 − ρ + ρ_k)π_{k,1}e ( 1 + E[C̃_k] )

− 1 1 − ρ K∑ k=1 ρ_kπ_{k,1}e

E[C_kA_k] E[C_k] − K∑ k=1 π_{k,1}eE[A_k(C̃_k)]. (11)

Theorem 1 can be regarded as a unified formula to derive explicit expressions for the mean buffer contents in specific queueing models with finite sources, which is demonstrate below.

Example 1 Sources with i.i.d. arrivals: Suppose the B_{k,n} (k = 1, . . . , K) is an i.i.d. sequence with the probability mass function b_k(m), i.e.,

B_k(z) = ( b_k(0) E[z^{Bk} ] − b_k(0) b_k(0) E[z^{Bk} ] − b_k(0) ) , where B_k denotes a generic random variable for B_{k,n}. We denote the mean buffer contents in this case by E[X_{ΣGI/G/1}]. Note that ρ_k = E[B_k] and π_{k,1}e = 1 − b_k(0). Further, it is easy to see

E[Ã_k] = E[B̃_k] + ρ_k b_k(0)

, E[A_k(C̃_k)] = ρ_k b_k(0) , E[C̃_k] =

1 − b_k(0) b_k(0) , E[C_kA_k] E[C_k] = ρ_k(2 − b_k(0)) b_k(0)(1 − b_k(0)) , and therefore we have

E[X_{ΣGI/G/1}] = ρ + 1 1 − ρ K∑ k=1 ρ_kE[B̃_k] + 1 2(1 − ρ) K∑ k=1 ρ_k(ρ − ρ_k), (12)

which coincides with the well-known result [15].

Example 2 Sources with i.i.d. arrivals in active periods: Suppose the number of cells arriving from the kth source during active periods is independent of the state of the underlying Markov chain, i.e., α_k(z) = E[z^{B+}k ]α_k and T_k(z) = E[z^{B+}k ]T_k for all k = 1, 2, . . . , K, where B^+_k denotes the conditional random variable of B_k given B_k ≥ 1. The special case of homogeneous sources with geometric active periods was studied in [1]. Note that

π_{k,1}e = ρ_k E[B^+_k ]

, E[Ã_k] = E[B̃^+_k ] + E[B^+_k ]E[C̃_k],

E[A_k(C̃_k)] = E[B^+_k ]E[C̃_k],

E[C_kA_k] E[C_k]

= 2E[B^+_k ]E[C̃_k] + E[B^+_k ],

and therefore we have

E[X] = ρ + 1 1 − ρ K∑ k=1 ρ_k ( E[B^+_k ] − 1 + ρ − ρ_k ) ( 1 − ρ_k E[B^+_k ] ) E[C̃_k]

+ 1 2(1 − ρ) K∑ k=1 ρ_k [ 2E[B̃^+_k ] + 1 − 2ρ_k − (1 − ρ + ρ_k) ( 1 − 2ρ_k E[B^+_k ] )] .

Example 3 Sources with constant arrivals in active periods: We specialize the model in Example 2 to be B^+_k = m_k for all k = 1, 2, . . . , K, where m_k is a positive integer. Because E[B̃^+_k ] = (m_k − 1)/2 and E[B^+_k ] = m_k , we have

E[X] = ρ + 1 2(1 − ρ) K∑ k=1 ρ_k(m_k − 1 + ρ − ρ_k) · [ 2 ( 1 − ρ_k m_k ) E[C̃_k] + 1 −

2ρ_k m_k ] . (13)

The special case of K = 1 with geometric active periods was studied in [2]. Further when m_k = 1 for all k = 1, 2, . . . , K, the above formula is reduced to be

E[X] = ρ + 1 2(1 − ρ) K∑ k=1 ρ_k(ρ − ρ_k) [ 2(1 − ρ_k)E[C̃_k] + 1 − 2ρ_k ] , which is equivalent to the result in [14], because γ(k) in [14] is given by 1 − [(1 − ρ_k)(1 + E[C̃_k])]^{−1} in our notations.

3 Queue with Markovian Autoregressive Sources

3.1 Generalized discrete-time autoregressive process

For the kth (k = 1, . . . , K) sources, we first consider the sequence of random variables B_{k,n} (n = 0, 1, . . .) such that

B_{k,n+1} = I_{k,n}B_{k,n} + (1 − I_{k,n})Z_{k,n}, n = 0, 1, . . . ,

where the Z_{k,n} is a sequence of nonnegative i.i.d. random variables and the I_{k,n} is a sequence of i.i.d. Bernoulli random variables, i.e., Pr(I_{k,n} = 1) = 1 − Pr(I_{k,n} = 0) = q_k for all n = 0, 1, . . .. The B_n is called a discrete-time autoregressive process of order one [3, 6, 8, 9, 10, 12].

Yet another view of the B_{k,n} is as follows. There exists an increasing sequence of time epochs τ_k(m) (m = 0, 1, . . .) with τ_k(0) = 0. Then B_{k,τ (m)+1} = B_{k,τ (m)+2} = · · · = B_{k,τ (m+1)} = Y_{k,m} (m = 0, 1, . . .), where the Y_{k,m} is a sequence of nonnegative random variables with the same marginal distribution as the Z_{k,n}, and the D_{k,m} = τ_k(m) − τ_k(m − 1) is a sequence of i.i.d. geometric random variables, i.e., Pr(D_{k,m} = l) = (1 − q_k)q^{l−1}_k for all m = 1, 2, . . ..

We now generalize the geometrically distributed assumption on the D_{k,m} in the following way. If Y_{k,m} ≥ 1, D_{k,m} is distributed according to a general distribution with mean d_k. On the other hand, if Y_{k,m} = 0, D_{k,m} is geometrically distributed with the same mean d_k as D_{k,m} given Y_m ≥ 1. We call this arrival process a generalized discrete-time autoregressive process.

The generalized discrete-time autoregressive process has the following features [16]. Because E[D_{k,m}] = d_k for all m = 1, 2, . . ., the marginal distribution of the B_{k,n} is identical to that of the Y_{k,m}. Further, for n such that τ_k(m) < n ≤ τ_k(m + 1),

E[B_{k,n}B_{k,n+l}] = Pr(B_{k,n} = 0)E[B_{k,n}B_{k,n+l} | B_{k,n} = 0] + Pr(B_{k,n} ≥ 1)E[B_{k,n}B_{k,n+l} | B_{k,n} ≥ 1] = Pr(Y_{k,m} ≥ 1) ( Pr(D̃_{k,m} ≥ l | Y_{k,m} ≥ 1) · E[B_{k,n}B_{k,n+l} | Y_{k,m} ≥ 1, D̃_{k,m} ≥ l] + {1 − Pr(D̃_{k,m} ≥ l | Y_{k,m} ≥ 1)} · E[B_{k,n}B_{k,n+l} | Y_{k,m} ≥ 1, D̃_{k,m} < l] ) = Pr(Y_{k,m} ≥ 1) ( Pr(D̃_{k,m} ≥ l | Y_{k,m} ≥ 1)E[Y^2_k | Y_k ≥ 1] + {1 − Pr(D̃_{k,m} ≥ l | Y_{k,m} ≥ 1)}E[Y_k | Y_k ≥ 1]E[Y_k] ) = Pr(D̃_{k,m} ≥ l | Y_{k,m} ≥ 1)E[Y^2_k ]

+ {1 − Pr(D̃_{k,m} ≥ l | Y_{k,m} ≥ 1)}E[Y_k]^2 = Pr(D̃_{k,m} ≥ l | Y_{k,m} ≥ 1)Var[Y_k] + E[Y_k]^2,

where Y_k denotes a generic random variable for Y_{k,m}. Thus the correlation coefficient γ_k(l) of the B_{k,n} at lag l is given by

γ_k(l) =

Cov[B_{k,n}, B_{k,n+l}] Var[B_k]

= Pr(D̃_{k,m} ≥ l | Y_{k,m} ≥ 1) ≥ 0, (14)

for all l = 1, 2, . . ., because the B_{k,n} and the Y_{k,m} have the same marginal distribution. (14) implies that correlation coefficients of the B_{k,n} are nonnegative and determined completely by the conditional distribution of D_{k,m} given Y_{k,m} ≥ 1. Further they are independent of the conditional distribution of D_{k,m} given Y_{k,m} = 0 and the marginal distribution of the B_{k,n}.

Conversely, it follows from (14) that the conditional probability mass function of D_{k,m} given Y_{k,m} ≥ 1 is uniquely determined by γ_k(l), i.e., with γ_k(0) = 1,

Pr(D_{k,m} = n | Y_{k,m} ≥ 1) = γ_k(n − 1) − 2γ_k(n) + γ_k(n + 1)

1 − γ_k(1) , for n = 1, 2, . . ., if the γ_k(l) is a nonnegative, nonincreasing and convex sequence. Note here that

E[D_{k,m} | Y_{k,m} ≥ 1] = 1 1 − γ_k(1)

, (15)

E[D̃_k] = ∞∑ l=1 γ_k(l). (16)

Thus the geometric distribution of D_{k,m} given Y_{k,m} = 0 is also determined uniquely to be

Pr(D_{k,m} = n | Y_{k,m} = 0) = {1 − γ_k(1)}γ^{n−1}_k (1), n = 1, 2, . . . ,

because E[D_{k,m} | Y_{k,m} = 0] = E[D_{k,m} | Y_{k,m} ≥ 1]. Therefore, once the marginal distribution of the number of arriving cells and its correlation coefficients are given, the generalized discrete-time autoregressive process with those features is uniquely determined, if correlation coefficients are nonnegative and constitute a nonincreasing and convex sequence.

Remark 2 The arrival process with a decreasing and convex sequence of nonnegative correlation coefficients can be modeled by the M/G/∞ input process, too [11]. However, the marginal distribution in the M/G/∞ input process is restricted to a family of Poisson distributions. Thus the M/G/∞ input process is less flexible than the generalized autoregressive process. In particular, the M/G/∞ input process cannot represent the bounded marginal distribution, which naturally arises in telecommunication applications because any transmission channel has finite capacity. In this sense, the generalized discrete-time autoregressive source may be more suitable for teletraffic modeling.

3.2 Mean buffer contents

To obtain the explicit formula for the mean buffer contents in a queue with discrete-time autoregressive sources, we assume that D_{k,m} given Y_{k,m} ≥ 1 follows a discrete phase-type distribution with irreducible representation (η_k, R_k), which we call a Markovian autoregressive source. Note that for n = 1, 2, . . .,

Pr(D_{k,m} = n | Y_{k,m} ≥ 1) = η_kR^{n−1}_k R^∘_k, Pr(D_{k,m} = n | Y_{k,m} = 1) = (1 − q_k)q^{n−1}_k ,

where R^∘_k = (I − R_k)e and q_k is given by

q_k = 1 − 1 η_k(I − R_k)^{−1}e . The kth source is then characterized fully by (η_k, R_k) and the marginal probability mass function b_k(n) = Pr(B_k = n) (n = 0, 1, . . .) of the number B_k of cells arriving in a slot. Note that ρ_k = E[B_k]. Let D_k denote a generic random variable for D_{k,m} given Y_{k,m} ≥ 1.

Theorem 2 If Assumption 3 holds, the mean buffer contents is given by

E[X] = E[X_{ΣGI/G/1}] + 1 1 − ρ K∑ k=1 ρ_k(2E[B̃_k] + ρ − ρ_k)E[D̃_k]

+ 1 1 − ρ K∑ k=1 ρ_k [(1 − ρ + ρ_k){1 − b_k(0)} − ρ_k] · ( E[D̃_k] − E[D_k] + 1 ) , (17)

where E[X_{ΣGI/G/1}] is given in (12).

Before showing the proof of Theorem 2, we provide some remarks.

Remark 3 Suppose that all sources are discrete autoregressive sources of order one, i.e., D_k is geometrically distributed with mean (1 − q_k)^{−1}. Then E[D̃_k] = E[D_k] − 1, so that

E[X] = E[X_{ΣGI/G/1}] + 1 1 − ρ K∑ k=1 ρ_k(2E[B̃_k] + ρ − ρ_k) q_k 1 − q_k

= ρ + 1 2(1 − ρ) K∑ k=1 ρ_k ( 2E[B̃_k] + ρ − ρ_k

) 1 + q_k 1 − q_k

. (18)

Further, if all sources are homogeneous, (18) is reduced to be

E[X] = ρ + ρ 2(1 − ρ) ( 2E[B̃] +

K − 1 K ρ ) 1 + q 1 − q , which is equivalent to the result in [10].

Remark 4 The on-off source model in Example 3 is a special case of a Markovian autoregressive source. Namely, b_k(n) = 0 for all n other than n = 0, m_k. Thus

E[B̃_k] = m_k − 1 2 , b_k(0) = 1 − ρ_k m_k

, E[C_k] = m_k m_k − ρ_k , E[D_k] = (1 − ρ_k)E[C_k], E[D̃_k] = E[C̃_k] − ρ_kE[C_k],

and substituting these into (17) and rearranging terms, we can readily obtain (13).

Remark 5 It follows from (15) and (16) that (17) is rewritten to be

E[X] = E[X_{ΣGI/G/1}] + 1 1 − ρ K∑ k=1 ρ_k(2E[B̃_k] + ρ − ρ_k)Γ_k

+ 1 1 − ρ K∑ k=1 ρ_k [(1 − ρ + ρ_k){1 − b_k(0)} − ρ_k] ( Γ_k − γ_k(1) 1 − γ_k(1) ) , where Γ_k = ∞∑ l=1 γ_k(l).

Thus the mean buffer contents is determined by the first two moments of the marginal distribution of cells arriving in a slot, correlation coefficient at lag one, and the infinite sum of correlation coefficients.

Proof of Theorem 2. When B_k is bounded by n^∗_k, i.e., b_k(n) = 0 for all n > n^∗_k, the matrix probability generating function B_k(z), corresponding to (3), for the number of cells arriving from the kth source in a slot is given by

q_k + q_kb_k(0) zq_kb_k(1)η_k z^2q_kb_k(2)η_k · · · z^{n∗}k q_kb_k(n^∗_k)η_k b_k(0)R^∘_k zS_k(1) z^2β_k(2) · · · z^{n∗}k β_k(n^∗_k) b_k(0)R^∘_k zβ_k(1) z^2S_k(2) · · · z^{n∗}k β_k(n^∗_k) . . . . . . . .. . . b_k(0)R^∘_k zβ_k(1) z^2β_k(2) · · · z^{n∗}k S_k(n^∗_k) ,

where q_k = 1 − q_k and for l = 1, 2, . . .,

β_k(l) = b_k(l)R^∘_kη_k, S_k(l) = R_k + b_k(l)R^∘_kη_k.

Thus Theorem 1 is applicable directly to this bounded case.

To utilize Theorem 1, note first that E [ z^{Ak} ω^{Ck} ]

= ∞∑ n=1 b_k(n) 1 − b_k(0) E [ z^{nDk} ω^{Dk}

]^∞∑ i=0 (_∞ ∑ n=1 b_k(n)E [ z^{nDk} ω^{Dk} ] )_i b_k(0)

= b_k(0) 1 − b_k(0) · E [ z^{Bk Dk} ω^{Dk} ] − b_k(0)E [ ω^{Dk} ] 1 − E [ z^{BkDk} ω^{Dk} ] + b_k(0)E [ ω^{Dk} ] . Therefore taking appropriate partial derivatives of both sides of the above equation, taking the limits z → 1− and ω → 1−, and noting that B_k and D_k are independent, we obtain

E[C_k] =

E[D_k] b_k(0) , E[C̃] = E[D̃] +

1 − b_k(0) b_k(0)

E[D_k],

E[A_k] = ρ_kE[D_k] b_k(0)(1 − b_k(0)) , E[Ã_k] = 2E[B̃_k]E[D̃_k] + E[B̃_k] + E[D̃_k] + ρ_k b_k(0)

E[D_k],

E[C_kA_k] E[C_k] = 2ρ_k b_k(0)

E[D_k] +

2ρ_k 1 − b_k(0)

E[D̃_k] + ρ_k 1 − b_k(0) .

Further, it is easy to see that

E[A_k(C̃_k)] =

E[B_k] 1 − b_0

E[D̃_k] +

E[B_k] 1 − b_0 · 1 − b_k(0) b_k(0)

E[D_k] = ρ_k 1 − b_k(0)

E[C̃_k].

Therefore substituting those into (11) and rearranging terms, we obtain (17).

Next we assume that at least one of B_k (k = 1, . . . , K) is unbounded. In this case, we consider a sequence of queues with K independent Markovian autoregressive sources. Recall that the Markovian autoregressive process associated with the kth source is generated by sequences of the D_{k,m} and Y_{k,m}. Thus, given a sample path of the D_{k,m} and Y_{k,m} for the kth source, we consider the associated kth sources in the lth queue, whose dynamics is determined by the D_{k,m} and Y_{k,m}(l), where Y_{k,m}(l) = min(Y_{k,m}, l) (m = 1, 2, . . .). Note here that for all l = 1, 2, . . .

B_{k,n}(l + 1) ≥ B_{k,n}(l), n = 1, 2, . . . , (19)

on a given sample path, where B_{k,n}(l) denotes the number of cells arriving from the kth source in the lth queue at the nth slot.

It is clear that the kth source in the lth (l = 1, 2, . . .) queue is characterized by the following matrix generating function B_k(l, z) for the number of cells arriving in a slot:

q_k + q_kb_k(0) zq_kb_k(1)η_k z^2q_kb_k(2)η_k · · · z^lq_kb_k(l)η_k b_k(0)R^∘_k zS_k(1) z^2β_k(2) · · · z^lβ_k(l) b_k(0)R^∘_k zβ_k(1) z^2S_k(2) · · · z^lβ_k(l) . . . . . . .. . . . b_k(0)R^∘_k zβ_k(1) z^2β_k(2) · · · z^lS_k(l) ,

where b_k(l) = Pr(Y_k ≥ l), β_k(l) = b_k(l)R^∘_kη_k and S_k(l) = R_k + β_k(l). Theorem 2 is then applicable to the lth queue.

Let X_n(l) denote the number of cells in the lth queue at the nth slot. We assume here that X_0 = X_0(l) for all l = 1, 2, . . .. It then follows from (1) and (19) that X_n(l + 1) ≥ X_n(l),

for all n = 0, 1, . . . and for all l = 1, 2, . . .. Let X(l) denote the stationary number of cells in the lth queue. Because X(l) = lim_{n→∞} X_n(l), X = lim_{n→∞} X_n and lim_{l→infty} X(l) = X, the monotone convergence theorem leads to lim_{l→∞} E[X(l)] = E [ lim_{l→∞} X(l) ] = E[X].

Thus Theorem 2 holds for unbounded B_k, too, which completes the proof.

4 Concluding Remarks

We derived an explicit formula for the mean buffer contents in a stationary discrete-time single-server queues fed by independent Markovian sources with heterogeneous characteristics. The essential assumption was that idle periods of each source are geometrically distributed, and from which we can obtain the boundary vector x(0)/x(0)e explicitly. There exists another class of discrete-time queues with finite sources in which an explicit formula can be obtained, i.e., queues with independent periodic sources (e.g., see [5, 7] and references therein).

Further, to obtain the explicit formula, arrivals from each source are assumed to be governed by a finite-state Markov chain. This assumption can be relaxed in some cases, as we showed in section 3 for queues with Markovian autoregressive sources. Another example in which the general formula holds is a discrete-time queue with independent greedy sources, which was introduced in [2]. A greedy source is characterized by for all i = 0, 1, . . ., E [ z^{Bn+1} | B_n = i ] = 1 − r + rz^iE[z^G],

where 0 < r < 1 and G denotes a nonnegative random variable. The dynamics of a greedy source is modeled by a Markov chain with infinite states. Even so, we can show that the general formula is applicable to the queue with independent greedy sources, by the truncation technique as in section 3.

There are two interesting limiting cases: (i) active periods follow a general distribution and (ii) the number of sources goes to infinity under an appropriate normalizing condition. Note that, in each case, it is easy to construct a sequence of queues satisfying Assumptions 1 to 3, whose limits is given by the limiting case. Thus, owing to Fatou’s lemma, the general formula gives the upper bounds of these cases. We are working on these limiting cases in depth and the result will be reported somewhere.

A Proof of Lemma 1 Let u_k(z) = (u_{k,0}(z), u_{k,1}(z)), v_k(z) = ( v_{k,0}(z) v_{k,1}(z) ) . We then have

u_{k,0}(z)p_k + u_{k,1}(z)T^∘_k = δ_k(z)u_{k,0}(z), (1 − p_k)u_{k,0}(z)α_k(z) + u_{k,1}(z)T_k(z) = δ_k(z)u_{k,1}(z), u_{k,0}(z) + u_{k,1}(z)e = 1, from which it follows that

u_{k,0}(z) ( 1 + (1 − p_k)α_k(z) [δ_k(z)I − T_k(z)]^{−1} e ) = 1, (20) u_{k,1}(z) = (1 − p_k)u_{k,0}(z)α_k(z) [δ_k(z)I − T_k(z)]^{−1} , (21) δ_k(z) = p_k + (1 − p_k)α_k(z) [δ_k(z)I − T_k(z)]^{−1} T^∘_k. (22)

Also, by definition, we have

T^∘_kv_{k,0}(z) + T_k(z)v_{k,1}(z) = δ_k(z)v_{k,1}(z), u_{k,0}(z)v_{k,0}(z) + u_{k,1}(z)v_{k,1}(z) = 1,

from which it follows that

u_{k,0}(z)v_{k,0}(z) ( 1 + (1 − p_k)α_k(z) [δ_k(z)I − T_k(z)]^{−2} T^∘_k ) = 1. (23)

Note here that E [ z^{Ak} ω^{Ck} ] = ωα_k(z) [I − ωT_k(z)]^{−1} T^∘_k.

Thus (22) is rewritten to be

δ_k(z) = p_k + (1 − p_k)E [ z^{Ak} δ_k(z)^{−Ck} ] . (24)

Differentiating both sides of (24) and taking the limit z → 1−, we have

δ^{(1)}_k = (1 − p_k) ( E[A_k] − E[C_k]δ^{(1)}_k ) , from which (5) follows, because

ρ_k =

(1 − p_k)E[A_k] 1 + (1 − p_k)E[C_k] . Further, differentiating both sides of (24) twice and taking the limit z → 1−, we have

δ^{(2)}_k = (1 − p_k) ( E[A_k(A_k − 1)] − 2E[C_kA_k]δ^{(1)}

+ E[C_k(C_k + 1)] ( δ^{(1)}_k

)_2

− E[C_k]δ^{(2)}_k ) , from which (9) follows.

Next, differentiating both sides of (20) and taking the limit z → 1−, we have

u^{(1)}_{k,0} [ 1 + (1 − p_k)α_k(I − T_k)^{−1}e ] + u_{k,0}(1−)(1 − p_k)α^{(1)}_k (I − T_k)^{−1}e − u_{k,0}(1−)(1 − p_k)α_k(I − T_k)^{−1}(δ^{(1)}_k I − T^{(1)}_k )(I − T_k)^{−1}e = 0.

Also, differentiating both sides of (23), taking the limit z → 1−, and utilizing the above equation, we obtain

v^{(1)}_{k,0} = u_{k,0}(1−)(1 − p_k)α_k(I − T_k)^{−2} ( ρ_kI − T^{(1)}_k ) e, and with (21), the above equation is rewritten to be

v^{(1)}_{k,0} = ρ_kπ_{k,1}(I − T_k)^{−1}e − π_{k,1}(I − T_k)^{−1}T^{(1)}_k e, (25)

where we use u_{k,1}(1−) = π_{k,1}.

On the other hand, because E [ ω^{C̃k} ] = π_{k,1} π_{k,1}e

[I − ωT_k]^{−1}T^∘_k, E [ z^{Ak(C̃k )} ] = π_{k,1} π_{k,1}e

[I − T_k(z)]^{−1}T^∘_k,

it is easy to see that

E[C̃_k] = π_{k,1} π_{k,1}e

(I − T_k)^{−1}e − 1, (26)

E[A_k(C̃_k)] = π_{k,1} π_{k,1}e

(I − T_k)^{−1}T^{(1)}_k e. (27)

Thus, (10) follows from (25), (26) and (27).

References

[1] H Bruneel, Queueing behavior of statistical multiplexers with correlated inputs, IEEE Transactions on Communications, 36 (1988) 1339–1341.

[2] H. Bruneel and B. G. Kim, Discrete-Time Models for Communication Systems Including ATM (Kluwer, Boston, 1993).

[3] A. Elwalid, D. Heyman, T. V. Lakshman, D. Mitra and A. Weiss, Fundamental bounds and approximations for ATM multiplexers with applications to video teleconferencing, IEEE Journal on Selected Areas in Communications, 13 (1995) 1004–1016.

[4] A. Graham, Kronecker Products and Matrix Calculus with Applications (Ellis Horwood, Chichester, 1981).

[5] J. He and K. Sohraby, On the queueing analysis of dispersed periodic messages. in: Proc. IEEE INFOCOM 2000, 2000, pp. 1046–1054.

[6] D. Heyman, A. Tabatabai and T. V. Lakshman, Statistical analysis and simulation study of video conference traffic in ATM networks, IEEE Transactions on Circuits and Systems for Video Technology, 2 (1992) 49–59.

[7] P. Humblet, A. Bhargava and M. G. Hluchyj, Ballot theorems applied to the transient analysis of nD/D1 queues. IEEE/ACM Transactions on Networking, 1 (1993) 81–95.

[8] G. U. Hwang, B. D. Choi and J.-K. Kim, The waiting time analysis of a discrete-time queue with arrivals as a discrete autoregressive process of order 1, Journal of Applied Probability, 39 (2002) 619–629.

[9] G. U. Hwang and K. Sohraby, On the exact analysis of a discretetime queueing system with autoregressive inputs, Queueing Systems, 43 (2003) 29–41.

[10] G. U. Hwang and K. Sohraby, On the queueing behavior of multiple first-order autoregressive sources, in preparation.

[11] M. M. Krunz and A. M. Makowski, Modeling video traffic using M/G/∞ input processes: A compromise between Markovian and LRD models, IEEE Journal of Selected Areas in Communications, 16 (1998) 733–748.

[12] D. M. Lucantoni, M. F. Neuts and A. R. Reibman, Methods for performance evaluation of VBR video traffic models, IEEE/ACM Transactions on Networking, 12 (1994) 176–180.

[13] M. F. Neuts, Structured Stochastic Matrices of M/G/1 Type and Their Applications (Marcel Dekker, New York, 1989).

[14] M. F. Neuts, On Viterbi’s formula for the mean delay in a queue of data packets, Stochastic Models, 6 (1990) 87–98.

[15] H. Takagi, Queueing Analysis, Vol. 3, Discrete-Time Systems (North- Holland, Amsterdam, 1993).

[16] H. Toyoizumi, private communication, where the D_{k,m} was a sequence of i.i.d. random variables.

[17] A. M. Viterbi, Approximate analysis of time-synchronous packet networks, IEEE Journal of Selected Areas in Communications, SAC-6 (1986) 879–890.