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Abstract

The goal of this paper is to propose a globally convergent algorithm for the unconstrained optimiza-
tion problem where highly accurate evaluations of the objective function are computationally expensive.
Specifically, we consider the case where the derivatives of the computed objective function are pro-
hibitively expensive to compute, although the accuracy of the objective function values is controlled by
the user. In fact, it is desirable to keep the accuracy as low as possible to save the computation time.

Carter proposed a trust-region algorithm that controls the accuracy of both objective function and
gradient evaluations. He showed that his algorithm has the global convergence property if the relative
error of the approximate gradient at each iteration is less than some constant. However, it is difficult
to estimate the relative error in our situation, hence Carter’s algorithm is not applicable. On the other
hand, Conn et al. proposed a derivative-free trust-region method for unconstrained optimization. The
method uses model functions constructed from some sample points and their exact function values, and
does not exploit approximate gradients explicitly. Conn et al. showed its global convergence under the
condition that the constructed model functions are fully-linear. Note that this condition can be ensured
more easily than the relative error condition by Carter. However, the algorithm proposed by Conn et al.
needs exact function evaluations.

In this paper, we develop a derivative-free trust-region algorithm that adaptively controls the accuracy
of the objective function evaluations. We first give conditions on sample points and their point-wise
accuracies under which the model function constructed from those points is guaranteed to be fully-linear.
Then we propose a procedure of updating sample points and their accuracies according to those conditions

and establish the global convergence of the proposed algorithm.
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1 Introduction

The goal of this paper is to propose a globally convergent algorithm for numerical optimization of func-

tions that are in general only inaccurately evaluable. Consider the unconstrained optimization problem

o .
minimize f(), (1.1)

where f : R” — R is continuously differentiable with Lipschitz continuous gradient Vf : R® — R". In
this paper, we suppose that exact values of f and V[ are unavailable, although f is smooth. Especially,

we suppose the following situation for the evaluations of f:

(S0) Evaluations of f are computationally expensive.

(S1) Evaluated objective function value f(z) contains a certain amount of error e,
f(®) = fx)+e.

(S2) The upper bound of the error in the function evaluation is controllable, that is, we can
compute f(a:) at any « so that |e| < e for any accuracy e.
(S3) The more accurate f is sought, the more computation time is required.

(S4) Derivatives of f are not available analytically, or it is not easy to compute.

Situation (S0)-(S4) often arises when a function value is evaluated by executing some complex computer
simulation, such as numerically solving a system of partial differential equations, governing underlying
the physical phenomena or numerically calculating the integrations by a Monte Carlo method. Examples
of these types of problems can be found in [2, 15].

In the situation (S0)-(S4), derivative-based optimization algorithms (e.g. steepest descent method,
Newton method, quasi-Newton method) cannot be applied to problem (1.1) directly. Indeed, derivative-
based methods require the exact gradient and (approximate) Hessian of f to build a model function
of f at each iteration x;. We note that the finite difference approximation based on inexact function
evaluations is unreliable, and calculating it with high accuracy requires a lot of computation time [8].

Until now, a lot of algorithms that do not use the exact gradient information have been proposed.
Those methods can be categorized into two classes. One is to use approximate gradients and (exact)
function values, the other is to use function values only.

The well-known algorithms that use approximate gradients are the trust region algorithm using inexact
gradient information by Carter [1, 2], and the implicit filtering by Kelley [9]. Carter considered the case
where approximation of V f(xy) is available at each iteration. He proposed the trust region algorithm
using an approximate gradient, say g, to build a quadratic model function my at each iteration. In [1],

he proved the global convergence of his algorithm under the following conditions:

e Evaluations of f are exact,

e The error between the gradient of the model and that of the objective function satisfies

IVf(@r) = Vg ()] < O [V (2) (1.2)
for all k£ and for some constant © (independent of k) which satisfies 0 < © < 1.

Note that the latter condition states that, the absolute error on the gradient must tend to zero when the

gradient of the model itself converges to zero. Unfortunately, it is difficult to ensure this condition under



(S3)-(S4), and Carter’s algorithm is not suitable for our situation. In addition, the implicit filtering also
requires a similar condition for global convergence [12].

In fact, there exist many methods that do not use approximate derivatives explicitly, such as direct
search methods, meta heuristics and derivative-free trust region methods [8]. In this paper we are inter-
ested in derivative-free trust region algorithms, which use model functions based on sampling. The term
derivative-free means that these methods maintain model functions which are based only on the evalu-
ated objective function at some sample points (i.e., not based on the approximate gradient). Moreover,
various model functions have been proposed for these algorithms —such as linear models or quadratic
models ([14], [4], [10], [16]), RBF models ([13], [19]) and so on. The corresponding model functions can be
constructed by means of interpolation or regression or any other approximation technique. In this paper,
these model functions are used to call by derivative-free model functions, or, derivative-free models*!, in
short.

Derivative-free trust region algorithms have been much studied recently, and some benchmark tests
(e.g. [11]) report their efficiency when compared against other derivative-free methods (such as direct
search method and meta heuristics). Moreover, some of the derivative-free trust region methods have a
global convergence property when f is evaluated exactly [5, 8]. However, it is difficult to establish global
convergence of these algorithms under our situation (S0)-(S4). Moreover, since most of these methods
are constructed without taking into account (S2) and (S3), they are supposed to use a highly accurate
function values, which causes a lot of computation time under (S3).

Under (S2) and (S3), since there is a trade-off between the function evaluation time and its accuracy, it
would be reasonable to set a lower accuracy level when a point is far from a solution, and to set it higher
at a point in the neighborhood of a solution, for saving computation time. Based on this idea, Conn et
al. [3, Section 10.6] proposed a trust-region algorithm with dynamic accuracy using inexact gradients.
They proved that their algorithm has a global convergent property if the following conditions are both
satisfied: a) the algorithm updates the evaluation accuracy at the current point, say 7", so that the
accuracy is less than the reduction of the model function, b) the gradient of the model satisfies (1.2)
at each iteration. However, when we use derivative-free models in their method, we cannot guarantee
its global convergence, since the gradient of the derivative-free model does not necessarily satisfy the
condition (1.2). (Of course, the condition (1.2) can be ensured if f is evaluated with high accuracy at the
sample points. However, it will take a lot of computational time, which is not allowed in our situation.)

In this work, we propose a globally convergent trust region algorithm based on derivative-free models
with dynamic accuracy on function evaluations. At each iterations, the algorithm updates pointwise
accuracy v of the sample points based on the trust region radius A, that is, v = O(A?). Indeed, this idea
was motivated by the algorithm of Takaki et al. [15]. Where, the trust-region algorithm they proposed
uses a quadratic model function constructed by the support vector regression from sample points with
pointwise accuracy, and updates their accuracy by taking into account the current trust region radius.
They reported some numerical results and they concluded that their method is effective in terms of the
total computation time. However, they did not prove its global convergence property. Here, we modify
their algorithm so as to have global convergence. Then we give sufficient conditions on the accuracy
and model functions for the global convergence. Moreover, we discuss how to construct model functions

which satisfy those conditions.

*1 If there is no fear of misunderstanding, we often omit the term derivative-free.



The paper is organized as follows. In the next section, we introduce a framework of derivative-free trust
region method, and the concept of fully-linear model, which is essential for proving global convergence
of the derivative-free trust region methods. In section 3.1, we will discuss the accuracy of the evaluated
function values in order to construct fully-linear models. In section 3.2, we propose an derivative-free
trust-region algorithm with dynamic accuracy on function evaluations, and give all additional conditions
to establish the global convergence property of our method. We will prove the global convergence of
our method in Section 3.3. In section 4, we discuss how to construct model functions which satisfy the
conditions described in Section 3. Finally, Section 5 concludes the paper.

We use the following notations throughout this paper. ||-|| denotes the Euclidean norm (or the matrix
norm induced by the Euclidean norm). For a matrix A = (a;;) € R™*", ||A||» denotes the Frobenius
norm of A, ie., [[All = \/2211 > i1 laij|?. A function h : R™ — R™ is said to be Lipschitz continuous
with constant L in an open convex region Q if |h(x) — h(y)|| < L ||z — y||Vx,y € Q. L(x)) denotes the

level set of a function f at a point &) € R™, that is,
L(zr) ={zeR"|f(z) < f(zx) }

For a set X, |X| denotes the number of elements of X.

2 Framework of derivative-free trust-region algorithm

In this section, we introduce a general framework of derivative-free trust-region method and present
sufficient conditiond for its global convergence.

First, we review the framework of the basic trust-region algorithms (see [3, 12], for more information).
At each iteration k, trust-region algorithms build a model function my(x) around the current iterate xy.
It is assumed that this model approximates the objective function f sufficiently well within a neighborhood

of the current iterate, the so-called trust-region. This region is taken for simplicity as the set of all points

B(wk;Ak):{ZBGRn|HCB—CBkHSAk},

where Ay, is called the trust-region radius.

In order to obtain each step, trust-region algorithms seek a solution of the subproblem

minigﬁze mg(xy +s) subject to ||s]| < Ag. (2.1)
seR™

As we describe below, we only need an approximate solution of (2.1) to obtain global convergence.
Given an approximate solution s, to (2.1), the pair (xy, Ax) is updated according to the ratio of actual

to predicted reduction,
flxk) — [k + sk)

mk(mk) — mk(xk + Sk).

Pk = (22)

Given inputs 0 < 79 < 71, 0 < Ydee < 1 < Yine, 0 < Ag < Apax, and &g € R™, a basic trust-region

algorithm proceeds iteratively as follows:

Algorithm 2.1 Iteration k of a basic trust-region algorithm

Step 1: Build model m;, which approximates f in the trust-region B(xy; Ag).
Step 2:  Obtain step s; by approximately solving the subproblem (2.1).



Step 3: Evaluate f(xj + si) and compute p; using (2.2).
Step 4: Update the trust-region and the current iterate:

min {’YincAk; Amau(} if Pk Z m
Agy1 = ¢ Ay ifno <pr <m
Vdec Ak if pr < o,

e zp+sp ifpr>mo
r Ty, if pr < mo-

From the design of Algorithm 2.1, we can say that all iterates xj, belong to the level set L(x(). However,
when we consider models based on sampling, it might be possible (especially at early iterations) that f
is evaluated outside L£(x). Thus, we need to define the region in which f is evaluated rigorously. In this

paper, we assume that f is only sampled within the relaxed level set

Leni(xo) ={y € R"| || — y|| < Anax for some & with f(x) < f(zo) }, (2.3)

where Apax iS a given maximum trust region radius.

2.1 Derivative-free models—Fully-linear models

In situation (S0)-(S4), exact derivatives are unavailable to construct a model my. Thus, we adopt
derivative-free models which are based only on the evaluated objective function at some sample points.
However, since we do not use exact derivatives, smoothness of the function f is no longer sufficient for
guaranteeing that the model mj approximates the function locally. Therefore, it is required that the
derivative-free models, which have a uniform local behavior, similar to what is observed by derivative-
based models. Conn et al. called such models, depending on their accuracy, fully-linear and fully-
quadratic. Here, we focus on a class of fully-linear models, which can be formed using as few as n + 1

function evaluations. The definition of fully-linear model is given below.

Definition 2.1 (fully-linear model, c.f. [8])

Let a function f : R™ — R, that the gradient Vf is Lipschitz continuous on Len(xo), be given. Let
positive constants Kep and Keg be given and fized. Suppose that a model m is continuously differentiable on
R™. For any given A € (0, Apmax) and for any given x. € L(xo), the model m is said to be fully-linear

on B(z.; A) with respect to *? ke and keg if the following inequalities are hold:
e the error between the gradient of the model and the gradient of the function satisfies

(IVf(x) — Vm(z)|| < kegd, V€ B(x;A), (2.4)

and
e the error between the model and the function satisfies
|f(x) — m(x)| < keeA?, Va € Bz A). (2.5)

If the function evaluations are exact, fully-linear models (by means of interpolation or regression) are

defined by geometric conditions on the sample points [6, 7]. For example, let us consider the case when

*2 If there is no fear of misunderstanding, we often omit the term “with respect to ke and Keg .



we construct a linear model function by means of interpolation using the evaluated function values at
n+ 1 sample points. In this case, if the sample points are “well” affinely independent, the resulting model

function is fully-linear.

2.2 A globally convergent algorithm for 1st-order critical points (using exact function values)

Using fully-linear models, Conn et al. [5, 8] have established the global convergence of the derivative-free
trust-region algorithm using exact function values. Their algorithm shares the common features of the
standard (which means “derivative-based”) trust-region methods. However, it differs from the standard
framework in some aspects.

The most remarkable difference is that their algorithm has the “final criticality subroutine”, which
invoked if the gradient of the current model is small. This subroutine ensures that the gradient of the
current model is not too far from the true gradient of the objective function at the current point. For the
purpose of this, this subroutine shrink the trust-region radius and improve the model so that it becomes
fully-linear on the trust-region until a certain stopping criterion is met. Fortunetely, it is proved that this
subroutine will terminate in a finite number of iterations, and this subroutine is well-defined.

The detail of their proposed algorithm [8] is shown in Algorithm 2.2 (main algorithm) and Algorithm 2.3
(final criticality subroutine). Here, the standard trust-region inputs 79, 71, Ydec, Yinc and the additional
constants €qri, 3, iy @, Kmd, Kef, Keg are given and satisfy the conditions 0 < ng < n; < 1 (with m # 0),
0 < Ydee < 1 < Yine, €cri > 0, > >0, @ € (0,1), kma € (0,1), ket > 0 and keg > 0. We also

icb

10(x) around o and a trust-region radius

assume that an initial point xg, Apax > 0, an initial model m

AiOCb € (0, Apax] are given. Let us point out that the model my and the trust-region radius Ay are set
only at the end of the criticality step (Step 1). The iteration ends by defining an incumbent model m'}f_El

and an incumbent trust-region radius Aikcfl for the next iteration, which then might be changed or not

by the criticality step.

Algorithm 2.2  TIteration k of a derivative-free trust-region algorithm [8]

(without error on function evaluations)

Step 1 (criticality step)
If HVmika(a:k)H < €qp5 and either m}fb is not certifiably fully-linear on B(axy; A}fb) or
Al > [V ()|
Obtain 7y and Ay, by executing algorithm 2.3 (described below).
Set my = my and Ap = min {max{Ak,B vak”} ,Aika}.
Otherwise Set my = mi® and Ay = AP
Step 2:  Obtain a step s by approximately solving the subproblem (2.1).
Step 3: Evaluate f(xj + si) and compute p; using (2.2).
Step 4: Update the current point according to the ratio py and quality of the model:

T+ s ifpr>m
Tit1 = Tk + 8, if pr > no and my, is fully-linear on B(xy; Ag)

Ty else



Step 5: Update trust-region radius according to the ratio py and quality of the model:

[Ag, min {YincAg, Amax ] if pr > 71,
{VdecAk } if pr < m and my, is fully-linear on B(xy; Ag)
{Ar} if p, < m and

my, is not certifiably fully-linear on B(xy; Ag).

icb

Step 6: Form a new model mikc}r)l as follows:
If  pr > m or if both pr > 1y and the model is fully-linear on B(xy; Ay):
Include the new iterate into the sample set. Form a new model m'}f}:l.
Else if pr < m and my is not certifiably fully-linear:
Make a suitable improvement steps. Form a new model m'}f}ﬁl.

icb _
Else my}, = my. 1

Algorithm 2.3  Final ciriticality subroutine [8]

Step 1: Set my = m'}fb, Ay = A'}fb. (initialization)
Step 2: Update iy, so that it is fully-linear on B(axy; Ay).
Step 3: While Ay, > pu || Vi (zx)||:
Set Ag — alg
Update 7y, so that it is fully-linear on B(axy; Ay). I

2.3 Assumptions for the global convergence of Algorithm 2.2 with Algorithm 2.3

In [5], Conn et al. proved the global convergence of the Algorithm 2.2 with Algorithm 2.3 to a first-
order critical point. Hereafter are the assumptions for the global convergence of the Algorithm 2.2 with

Algorithm 2.3.

Assumption 2.1 (assumptions for the global convergence of the Algorithm 2.2 with Algorithm 2.3)

Assumptions on the objective function
(AO1) The objective function f is bounded below on Len (o).
(AO2) WV f is Lipschitz continuous on Len (o).
Assumptions on the models
(AM1) For all k, the model my, is twice continuously differentiable on B(xy; Ay).
(AM2)  For all k, the Hessian of the model my, is uniformly bounded on B(xy; Ay).
Assumption on the approximate solution sy, to the subproblem (2.1)
(AD1) For all k,

[V ()

my(xr) — mi(Tr + Sg) > Kma || Vme(xr)| min m,Ak : (2.6)
for some pre-specified constant™ kg € (0,1].
Here, we assume that |Vmg(xy)|| / ||V2mk(a:k)|| = oo when V?my(zy) = 0.

*3 “md” stands for “model decrease”.



Assumption on the fully-linear models

(AF1) If a model m is fully-linear on B(x.;A) with respect to some (large enough) con-
stants Ket, Keg and for some A < Apax, m is also fully-linear on B(x.;A), for any
A€ [A, Amax] , with respect to the same constants ket and Keg.

(AF2)  For any x. € L(xo) and A € (0, Amax], we can obtain a fully-linear model (with respect
10 Kef, Keg) 0n B(xc; A) in a finite, uniformly bounded (with respect to x. and A) number
of steps, say Nmax-

[ |

Note that, (AO1), (AO2) and (AM1) are classical assumptions for ensuring the global convergence
of general trust-region method. While, (AM2) is assumed for simplicity. In fact, it is sufficient to
assume that Vmy is Lipschitz continuous. Under the assumption (AM2), Vmy is Lipschitz continuous
on B(zy; Ag).

In order to achieve global convergence to first-order critical point, (AD1) is essential. That is, the
approximate solution sy to the subproblem (2.1) is required to satisfy (2.6). This condition is the so-
called sufficient decrease condition. If my is linear or quadratic, this condition will be satisfied with
kmd = 1/2 by taking sy as the Cauchy step™. Indeed, it is unnecessary to actually find the Cauchy step
to achieve global convergence. It is sufficient to relate the computed step to the Cauchy step.

If my, is not linear nor quadratic, we might also calculate an approximate solution of (2.1) which satisfies
the sufficient decrease condition (2.6) by using a simple backtracking strategy (for instance, by applying
a line search at s = 0 along —Vmy(x)) to the model my(xy + s), and stop when (2.6) is satisfied). For
more detail, see [3, Section 6.3.3].

We now consider the condition (AF1). If a model is fully-linear on B(zx.;A) with respect to some
constants ket and Keg, and for some A € (0, Apax], the model is not necessarily fully linear with respect
to the same constants on B(x.; A) for any A € [A, Apax]. Conn et al. [8, Lemma 10.25] give the sufficient
condition for ensuring this property. If the model is Lipschitz continuous, we can ensure this sufficient
condition by choosing ket and keg to be sufficiently large.

Under Assumption 2.1, Conn et al. [5] proved the global convergence of Algorithm 2.2 with Algorithm
2.3.

Theorem 2.1 ([5, 8]) Suppose that Assumption 2.1 holds. Let {Ay} and {xy} be sequences generated
by Algorithm 2.2 with Algorithm 2.3. Then,
1. lim Ak = 0,
k—o0
2. lim Vf(wi)=0.

Remark 2.1 The first statement of Theorem 2.1 gives a natural stopping criterion for Algorithm 2.2. It

results from the update of the trust-region radius at the criticalirty step.

*4 If we define
¢ = argmin my (e, — tVmyg(zy)),
t>0ix ) —tVmy (zg) EB(xy;AL)

then the Cauchy step is a step given by

s = —tVmy(xp).



3 A globally convergent derivative-free trust-region algorithm using inexact

information on function values

In this section, we propose a globally convergent derivative-free trust region algorithm for problem (1.1)
in the situation (S0)-(S4). The algorithm is an extended version of Algorithm 2.2 with Algorithm 2.3 by
taking into account the case where the objective function evaluation is inexact.

Here, we explicitly express situation of (S1) and (S2) as follows. For a given point € R™ and an
accuracy parameter € > 0 of the function evaluation, we denote an estimation value of the objective value

as f-(x), that is, f-(x) satisfies
fl@) —e < fe(@) < f@) +e. (3.1)

Since there is a trade-off between the function evaluation time and its accuracy, under (S2) and (S3), it
would be reasonable to set a lower accuracy level when a point is far from a solution, and set it higher
at a point in the neighborhood of a solution for saving computation time. Based on this idea, we will
modify Algorithm 2.2 and 2.3 so that ¢ is updated as large as possible while maintaining their global
convergence properties.

First, we will focus on the accuracy of function evaluations in order to construct a fully-linear model,

before we describe the proposed algorithm and show its global convergence.

3.1 Fully-linear model based on inexact function evaluations

In this subsection, we consider the accuracy of the evaluated function values in order to construct
fully-linear models. Since fully-linear models are defined in a neighborhood of the current iterate x., we
may consider the accuracy of the model around x..

Let D, be a set of displacements d’ from a. such that the function value at x. + d’ is evaluated with

accuracy V%, i.e.,
f(mc“i’di)*l/ivai(mc+di)§f(mc+di)+yiv Z.:lv"'a|Dc|' (32)

We assume that there exists at least n + 1 elements of D, such that ||dl|| < A for some A > 0, and we
also assume that d' = 0.

We see that, inequalities (3.2) can be written as
foi@e+d) —v' < f(me+d') < fi(me+d)+ 0", i=1,--,|D,

that is, the true objective values f(x.+d’) lie in [ foi (zc + d’) — ', fei (xc + d') + '], Hence, we impose

the following condition on the model function m.
foi(xe+d) — v <m(z. +d") < fri(xe+d)+v', i=1,---,|D.| (3.3)

Note that, if v* = 0, (i = 1,---,|D.|), then (3.3) is the so-called interpolation conditions at x. + d,
(=1, D).

If the number of elements of D, is greater than that of parameters which specify the model function, it is
difficult to ensure (3.3) for all points @.+d’. In that case, we may choose aset Y = {y' = 0,y?,--- ,y"*'}
of n + 1 elements of (B(z.;A) — x.) N D,, and impose the condition (3.3) only at x. + y* with y* € Y,

that is, . . . 4 4
fai(wc'f'yz)_‘gzSm(mc+yz)§fai($c+yl)+51a 1=1,---,n+1, (34)



where €’ denotes the accuracy parameter at x. + y°.

In what follows, we consider the set ) instead of D.. We show that, if the n+ 1 points in ) are “well”
affinely independent, and if the accuracy at .+ vy’ satisfies a certain condition, then the model function
which satisfies (3.3) is fully-linear on B(x.; A).

Theorem 3.1 Suppose that a model function m satisfies (3.4). Moreover, suppose that the following
conditions hold for given x. € R™ and A € (0, Apax]-

e The objective function f and the model function m are continuously differentiable on B(x.;A),
and that Vf and Vm are Lipschitz continuous on B(xc; A) with Lipschitz constants Ly and Ly,
respectively.

e V={y'=0,9% - ,y""} C (B(xe;A) — x:) N D, is affinely independent.

Let e = max &', and also let A = ||Y’1|| A, where Y is a matriz defined by [yQ, e ,y"+1] € R,
1<i<n+1

Then, we have the following properties:
e The error between the gradient of the model and the gradient of the function satisfies
5
IVf(x) — Vm(z)] < 5\/ﬁA (Uf 4+ Lm) A+ 4y/ne/A, Yz € Bz A), (3.5)

and

e the error between the model and the function satisfies
5 1
|f(x) —m(z)| < vVn(ly+ L) (§A + 5) A? +2(2¢/nA +1)e, Vax € Bz A). (3.6)

Proof. First, we define

é; = f(mc + yz) - fsi(mc + yi)v
e i=m(me +y') — foi(we +y°),

fori=1,---,n+ 1. From the definition of &’ and (3.4), the quantities é; and e; satisfy

|éi|§€ia |ei|§€ia (’L:la;n+1)a
respectively. We also define
Si=x — X,
e?(s) :=Vm(x.+s) — Vf(x.+s),
ef(s) == m(x. +s) — flx.+ 9).

Note that, the left-hand sides of (3.5) and (3.6) are written as ||e9(s)|| and |e(s)]|, respectively. Hence,
we evaluate the upper bounds of ||e?(s)|| and |e/(s)| on B(0,A).
A first-order Taylor expansions around . + s for both f(z. + y*) and m(z. + y*) give

flae+y') = f(me+8) + (V@ +5),y: — 5) +/O (Vf(zet+s+ty —s) —Vi(xe+s)y —s)dt,

m(ze +y') = m(xe + ) + (Vm(we + ),y — s) + /0 (Vm (zc+s+t(y' —s)) — Vm(x. + ),y — s)dt,



fori=1,---,n+ 1, where (-,-) denotes the standard inner product on R™. Using these equalities, we

have
(e9(s),y" — 8) =(Vm(x. + 8) — Vf(x.+5),y" — s)

:/O (Vf(xe+s+ty —s)) = Vf(x.+s),y" — s)dt

— /0 (Vm (zc+ s+ t(y' — s)) — Vm(z, + s),y" — s)dt

+ m(mc + yi) - fsi(mc + yi) + fai(mc + yi) - f(mc + yi)
— (m(xc + s) — f(xc + 5))

1
= [ (f (ot sty ) = Vit )y st
0

1
- / (Vm (zc + 5 +t(y' — s)) — Vm(z. + 5),y" — s)dt +¢; —é; —ef(s), (3.7

0

fori=1,---,n+ 1. Since y' =0, we have
1
(€1(8).~5) = [ (V1 (@0t 5 t5) = Vf{ae + ), -s)it
0
1
- / (Vm (z.+ s —ts)) — Vm(z. + 8), —s)dt + e — é — el (s). (3.8)
0

Subtracting (3.8) from (3.7) yields

(©(s).") = | (91 (@t s+1ly' = 8)) = V(oo + 8" = sl
- /0 (Vm (zc+ s+ t(y' — 8)) — Vm(z. + 8),y" — s)dt
—/O (Vf(xce+s—1ts)—Vf(x.+s),—s)dt

+ / (Vm (x.+ s —ts)) — Vm(x.+ s),—s)dt + (e; — e1) — (é&; — é1), (3.9)
0

for each y*, i =2,--- ,n+ 1.
First, we consider the first right-hand side term of (3.9). For any s € B(x.; A) — ., we have

/0 (Vf(xc+s+ty —s)) —Vf(x:+s),y" —s)dt

1
< [ 195 (oot sty = ) = Vi(ee+ o) "~ 5] e
0
1
< [ bl - s
0
< 20N (3.10)

where the second inequality follows from the Lipschitz continuity of V f, and the last inequality follows

from the fact that ||y’ — s||2 < 4AZ? for s and y' € B(x.; A) — x.. Similarly, we obtain
|the second right-hand side term of (3.9)| < 2/,,A?,

1
the third right-hand side term of (3.9)| < §£fA2, (3.11)

1
[the fourth right-hand side term of (3.9)| < §€mA2.
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On the other hand, it holds that
|(€i —e1) — (éi — é1)| <ey+ei+e+e <de,
and

[¥*eo(o)ll = | mmax (e?(s),5").

It then follows from (3.9)-(3.11) that

Y7o ()] < Vi |[YTed(s)]| . < v <ngA2 20,0 45) .
Since ||Y~7|| = ||[Y 7!|| < & (from the definition of A), it follows that

leo(s)ll < [T [¥TeS(s)]| < 2VAA(Ly + En)A + 4viake/A,

which is the desired inequality (3.5).
Finally, using this inequality and (3.8), we obtain

1 .

e/ ()] < e () sl + 5v/n (€A% + £ A) + Jer + 4]
1

<Vn(ly +4y,) (gA + 5) A% +2((2VnA+1)e

This complete the proof.

From Theorem 3.1, if the accuracies at ¢* @, +y* (i = 1,--- ,n) satisfy
e= max &' <TA?%
1<i<n+1

for some constant I' > 0, then the model function satisfies

I9() - Vim(@)] < (gm (b + ) + MAF) A

@)= m(e) < (Ve + ) (3043 ) +22vm8 + 1) 42

(3.12)

(3.13)

(3.14)

for all * € B(x.;A). Moreover, if the coefficient of A in (3.13) is less than or equal to keg, and if

the coefficient of A2 in (3.14) is less than or equal to kef, then the model function m is fully-linear on

B(z.; A) with respect to ker and keg. The following corollary states this fact.

Corollary 3.2 Suppose that all the assumptions of the Theorem 3.1 are all satisfied, In addition, the

following conditions are assumed.

o Vf is Lipschitz continuous on Leni(xo) with Lipshitz constant Ly.

e The Lipschitz constant Ly, of Vm on B(x.,A) is bounded by a constant L, independent of the

choice of . € Leni(o) and A € (0, Apmax].

e For given constant T' > 0, the accuracy €' of the evaluated function value at x. + y' satisfy

max &' <T.
1<i<n+1

Then, the model m is fully-linear on B(xq; A) with respect to some contants ke and keg such that

Keg > g\/ﬁ/\ (Ly+ L) + 4y/nAT,

ket > Vn(Ly+ L) <gA + %) +2(2y/nA + 1)
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Here, we discuss how to satisfy the assumptions of Theorem 3.1 and Corollary 3.2. Among these
assumptions, the uniformly boundedness of /,, seems difficult to hold. When we consider quadratic
model functions, this assumption is satisfied if the models’ Hessian are uniformly bounded. We will show
how to build a model function which satisfy (3.4) and whose Hessian is bounded in Section 4. By the
way, in order to make fully-linear models, A must be bounded above for a constant independent of Y,

and A. The next lemma gives sufficient conditions on the set ) under which A = HY‘l H A is bounded.

Lemma 3.3 ([19, Lemma 4.2])

Let QR = %Y denote a QR factorization of a matriz %Y whose columns satisfy ‘ % <l,57=1,---,n.
If |Ri;i| >0 >0 fori=1,--- ,n, then HY‘lH < % for a constant A depending only on n and 0:
A=n"z 0" (3.15)

Based on this lemma, Wild et al. [17, 19] proposed the algorithm of generating a set ) of such points

from a given set of candidates D.. The algorithm can be found in Appendix A.

3.2 Proposed derivative-free trust-region algorithm with dynamic accuracy on function eval-

uation

In this subsection, we propose a globally convergent derivative-free trust-region algorithm using inexact
information on function values. The algorithm is a modified version of Algorithm 2.2 and Algorithm 2.3.
Especially, the proposed algorithm updates the accuracy of function evaluations dynamically at each
iteration.

First, we recall that Algorithm 2.2 relies on a ratio pg, which is defined by using f(zx) and f(xx + si).
(See (2.2)). Thus, we need to define the accuracy parameters at the current point xj and at the trial
point x; + s,. We denote the accuracy parameter at x; by €3, and the accuracy parameter at x + sy
by e, Then, from (3.1),

flxr) — g™ < feowr(y) < flzp) + €3,
f(@e+s) — et < fopi(@n + 81) < fmr + s8) + 7

When we construct fully-linear models based on inexact function values, Corollary (3.2) suggests that

eyt and E}Cri should be updated so that

max {ef", sffi} < CA; for all k, (3.16)

where C' < T' is a nonnegative constant.

The proposed Algorithm 3.1, described below, updates the current point @y, the trust-region radius Ay
and the model function my, according to the ratio pg and the quality of the model my. The updates of
the proposed algorithm categorized into the following three types. For each type of updating, we adopt

the same terminology in [8].

1. pk = m;
in this case, the new iterate is accepted and the trust-region radius is retained or increased. Such
iterations are called successful. We will denote the set of indices of all successful iterations by S.
2. pr < m1 and my, is not certifiably fully-linear on B(@xy; Ax) with respect to ker and Keg;
in this case, the model is improved, and the trust-region radius is retained. Such iterations are

called model-improving.
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3. pr <m and my is fully-linear on B(xk; Ax) with respect to kef and Keg;

in this case, no decrease was obtained and there is no need to improve the model. In addition, the

trust-region is reduced. Such iterations are called unsuccessful.

We now formally state our proposed algorithm (derivative-free trust-region algorithm) with dynamic

accuracy on function evaluations. Here, we suppose that the constants for standard derivative-free trust-

region

are given and satisfy the conditions 0 < 71 < 1, 0 < Ydee < 1 < Ydec; Amax > 0, kma € (0, 1),

Kef > 0, Keg > 0, €ci >0, p> 3 >0, a € (0,1). We also suppose that the additional constants C, M,

¢ satis
model

that, t

fy C > 0,M > 0,¢ € (0,1). To simplify the notation, we denote the gradient and Hessian of the
my. at Ty by gr and Hy respectively. That means gx = Vmy () and Hy = VZmy(xx). We note

he true value of the objective function at xy, f(xx), never appears in the algorithm.

Algorithm 3.1

Derivative-free trust-region algorithm with dynamic accuracy on function evaluations

Step 0

Step 1

Step 2:
Step 3:
Step 4:

Step 5:

Step 6:

(initialization):
Choose an algorithm for constructing fully-linear models using inexact function values.
Choose an initial point @g, and an initial trust region radius A" € (0, Apax)-
Give the accuracy parameter at the initial point, ", which satisfies ¢§"" < min {C (ABCb)Q M }
Choose an initial model mifP(z) around =z (with gradient and possibly Hessian at & = x( given
by g(ifb and H(ifb, respectively.)
Set k=0.
(criticality step):
If H g}fbH < eori and either mika is not certifiably fully-linear on B(xy; Ai,fb) or
Alcb > MHg}chH:
Obtain my and Ay by executing Algorithm 3.2.
Set my = my and Ay = min {max {Ak, I} Hng} ,Aika}, Note that the accuracy parameter
of the current point (¢f"*) might have been updated. The resulting accuracy must satisfy
5" < min {C (A}CCb)Q , Mg“k}.
Otherwise Set my = mi® and Ay, = Alcb.
Set el € [O,min {CA%, M§k+1}].
Obtain a step sy by solving the subproblem (2.1) exactly or using any approximation technique.
Evaluate fag‘ (x + si) and calculate
e (@) = fos (@ + s1)

P = mk(mk) 7mk(:13k+8k) ' (317)

Update the current-point according to the ratio pr and quality of the model:

x), + s; if iteration k is successful,
Lr+1 = s . . . .
Ty if iteration k is unsuccessful or model-improving.

Update trust-region radius according to the ration p; and quality of the model:
[Ag, min {Yinc Ak, Amax}]  if iteration k is successful,
A}f}ﬁl € 4 {VdecAr} if iteration k is unsuccessful,
{Ar} if iteration k is model-improving,

13



Step 7:  Update " as follows:

{s“i} if iteration k is successful,
Set &y € g ) b \2 1 o . . . .
[O, min {52‘“, C (Alkchl) , MRt H if iteration k is unsuccessful or model-improving.

tri

If efiy <&y, reevaluate feeur (i)
Step 8 (model building) :
If iteration k is successful:
Form a new model taking into consideration the new iterate. Define m'}f}ﬁl to be the resulting
model.
Else if iteration k is unsuccessful:
If  efr, was updated in Step 7 (ie., 5%, <ef):,
Form a new model taking into consideration the re-evaluated function value
(fegur, (Tr+1)). Define mi?, to be the resulting model.
Otherwise Set mic?, = my.
Else (iteration k is model-improving):
Form a new model, which is fully-linear on B(ws41; Al ). Define mict| to be the improved
model.

Set k < k+1 and go to Step 1. I

The procedure invoked in the criticality step (Step 1 of Algorithm 3.1) is described in the following

algorithm. The algorithm is almost the same one in [5], except for updating £§"".

Algorithm 3.2  Final criticality subroutine c.f. [5]

Note that, this algorithm is applied only if || g}fbH < €qri and at least one of the following conditions
holds: the model mi¢" is not certifiably fully-linear on B(zx; AlP) or AlP > u’
a € (0,1) is chosen at Step 0 of Algorithm 3.1.

gi®||- The constant

Step 1: Set i = 0. Set mé,o) = micP.
Step 2: Repeat
Set i« i+ 1.
If e > O (ai=TAlP)?
Set e € [0, C (ai’lAZ?b)Q] and evaluate fegw ()
Update the previous model m,(;*l) so that it is fully-linear on B(zy; o'~ tAIP).
Denote the new model by mgj).
Set Ay = ai_lAika and my = md.

k
Until Ay <pu ‘ g,(j)H. ]

Algorithm 3.1 is a modified version of Algorithm 2.2 with 7y = ;. Main changes from Algorithm 2.2

are the following two things.

a) Added a mechanism of updating accuracy parameters.
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b) Modified updating rule of model function.

We explain their details below.

cur

First, we discuss the mechianism of updating accuracy parameters. The accuracy parameters €{*" and

et are updated so that (3.16) are satisfied (see Lemma 3.4 below). If the parameters satisfy only (3.16)

and Ay, does not tend to zero , then e§™ and e might be still large. However, when we cannot sufficiently

reduce the (inexact) objective function value, we need to reduce £§™ and ef'.

In order to ensure that
cur tri

e —0, g1—0 (k — 00), (3.18)

cur

Algorithm 3.1 updates £§* and ! so that

e < McF, e < MeHL ¢ e (0,1), (3.19)

at each iteration (see Lemma 3.4 below). From some pilot experiments, we have observed that Ay tends
to zero as Algorithm 2.2. Hence, (3.18) might be guaranteed by only imposing (3.16). However, at this
stage, we need the condition (3.19) to establish the global convergence in the next subsection.

When we reduce 3" and sﬁgi, we need to calculate the objective function value with higher accuracy
at the same point. Fortunately, for some applications, we can evaluate f.(x) by using some products
generated in the previous evaluations. For example, consider the case where f.(x) is computed by some
convergent iterative algorithm. Then, we may simply restart the algorithm from the last iteration of the
previous evaluation in order to get the function value with higher accuracy. Hence, the reduction of 7"
and sﬁgi does not necessarily lead to a large computational expense.

Now, we explain the change b), that is, updating rule of the current model in Step 8. If the k-th
iteration is model-improving, Algorithm 3.1 surely builds a fully-linear model. Practically, we do not
need to build a fully-linear model at each model-improving iteration. However, in this paper, we let
Algorithm 3.1 build a fully-linear model at each model-improving iteration in order to simplify the proof
of the global convergence.

Hereafter, we list the remarks of the final critical subroutine (Algorithm 3.2).

o If Hg}CCbH < &¢i holds and Algorithm 3.2 is invoked, then Ai,fb is shrank. Hence, €{"" has to be
reduced in order to ensure (3.16). Algorithm 3.2 has such mechanism (Step 2).
e At the end of the criticality step, the model my, is fully-linear on B(xy; Ak) it then follows that

IVf (@) = gl < Feplr < Keghtllgi]

from (2.4) and stopping criterion of Algorithm 3.2. Moreover, if (AF1) of assumption 2.1 holds,
then my is also fully-linear on B(xy; Ag) (as well as on B(xg; i1 ||gkl))-

e In Section 3.3, we will prove that, Algorithm 3.2 terminates after a finite number of steps if
(IVf(zr)| # 0. If |Vf(zg)] # 0, then we will cycle in the criticality step until some stopping
criterion is met. Thus, Algorithm 3.1 with Algorithm 3.2 is well-defined.

Finally, we prove that e§* and el satisfy (3.16) and (3.19) at each iteration.

cur

Lemma 3.4 The accuracy parameters e and €4 updated by Algorithm 3.1 with Algorithm 3.2 satisfy

e < OAR e < M, (3.20)
el < OAZ, el < Mgk (3.21)
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for all k.

Proof. The inequality (3.21) directly follows from the update rule of i in Step 2 of Algorithm 3.1.
Thus, we show (3.20). From the mechanism of Step 7 of Algorithm 3.1, we have the following properties

cur

of g1} at the beginning of the k + 1-th iteration. If the k-th iteration is successful, then
g = £t < min {CA%, MCk"'l} < min {C(A}SF’I)Q, MCk"'l} .
Otherwise, that is, the k-th iteration is unsuccessful or model-improving, then
eir < min {C(A)?, MCET
Thus, if the criticality step is not invoked at Stepl of Algorithm 3.1 in the k+1-iterate, then we have
i <min {CA}_,, M¢F .
Otherwise, we obtain
€41 < min {C’Ai_,_l, MCkJrl} < min {C’Ai_,_l, MCkJrl} ,
from Step 1 of Algorithm 3.1. Therefore, it is deduced that

e < CAZ, e < M¢F for all k.

3.3 Global convergence of the proposed method for first-order critical points.

In this subsection, we establish the global convergence of the proposed method. We need the following

assumptions for the global convergence of the Algorithm 3.1 with Algorithm 3.2.

Assumption 3.1 (assumptions for the global convergence of the Algorithm 3.1 with 3.2)

Assumptions on the objective function
(AO1) The objective function f is bounded below on Leni(xo), that is, there exists a constant
K« such that f(x) > ks for all ® € Lo (x0).
(AO2) Vf is Lipschitz continuous on Len(xo).

Assumptions on the models

(AM1)  For all k, the model my, is twice continuously differentiable on B(xy; Ay).
(AM2)  For all k, the Hessian of the model my, is uniformly bounded on B(xy; Ay). i.e., there

exists a constant™ Kppm > 0 such that

meé?ma;;iAk) HVka(:B)H < Kpum for all k. (3.22)

Additional assumption on the models

(AM3) the error between the model and function at the current point satisfies
| () — fecur ()| < (3.23)

Assumption on the approximate solution sy, to the subproblem (2.1)

*5 7"bhm” stands for ”bound on the Hessian of the models”.
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(AD1) For all k,

mk(:ck) — mk(:ck + Sk) > Kmd ||gk|| min |:|||£[kk|| , Ak:| , (3.24)

for some pre-specified constant™® k4 € (0,1].
Here, we assume that ||gi| / || Hg|| = oo when Hjy = 0.

Assumptiona on the fully-linear models

(AF1) If a model m is fully-linear on B(x.; A) with respect to some (large enough) constants
Kef; Keg and for some A < Apax, then m is also fully-linear on B(z.;A), for any A €
[A, Amax], with respect to the same constants ket and Keg.

(AF2) For any x. € L(xo) and A € (0, Apmax], we can obtain a fully-linear model (with respect
10 Kef, Keg) 0n B(x; A) in a finite, uniformly bounded (with respect to x. and A) number
of steps, say Nmax-

[ |

We see that, the assumptions in Assumption 3.1 are the same list in Assumption 2.1, except for (AM3).
Recall that, if £§"* = 0, then (3.23) is an interpolation condition at the current point. We discuss how to
construct model functions which satisfy (AM1)-(AM3) in Section 4. The assumption (AF2) is imposed
in order to prevent the infinite loop in Step 1 and Step 8 of Algorithm 3.1. Under (AM2) and (AM3), it
is not difficult to satisfy the assumption (AF2). In fact, as we described in Section 3.1, if n + 1 points in
the trust-region are sufficiently affinely independent and if the accuracies at these points satisfies (3.12),
then the model function has error bounds similar to (3.13) and (3.14). Moreover, such n + 1 points can

be found by using Algorithm A.1 with at most n + 1 function evaluations.

Now, let us start the main part of the analysis. First, we will show that unless the current iterate is a

first-order critical point, the algorithm will not loop infinitely in the criticality step of Algorithm 3.1.

Lemma 3.5 (c.f. [5, Lemma 5.1]) If Vf(xy) # 0, then Step 1 of Algorithm 3.1 will terminate in a finite
number of improvement steps (by applying Algorithm 3.2).

Proof. Since the proof is almost same as that of Lemma 5.1 in [5], we omit it.

Remark 3.1 Lemma 3.5 states that if an infinite loop occurs within Step 1 of Algorithm 8.1, this must
be because the current iterate is first-order critical. In this case, the number of successful iteration is
finite.

Next, we will give sufficient conditions for the k-th iteration to be successful.

Lemma 3.6 (c.f. [5, Lemma 5.2]) Suppose that Assumption 3.1 holds. If my, is fully-linear on B(xy; Ay)

and

. 1 Hmd(l - 771)
Ay < min ,
e Hng Rbhm 2C + Ref

then, the k-th iteration is successful.

*6 “md” stands for “model decrease”.
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Proof. Since Ay < ﬂf}’“” the sufficient decrease condition (3.24) and the uniformly boundedness of

the model’s Hessian (3.22) imply that

: k
m(k) — mi(@k + Sk) > Kma |G|/ min [%’

m

Ak:| = Kmd Hgkll Ak. (325)

From the definitions (3.1) of fc(x), we have

|[f(@r) = fegor ()] < R,

3.26
‘f T+ Sk) — fam (zp + sk)‘ < Et“ ( )

respectively. Since the current model my is fully-linear on B(xx; Ak), it then follows from (2.5) that
|f(xr + sk) — mg(xr + sik)| < IiefAi. (3.27)
Using (3.26), (3.27) and sufficient decrease condition (3.24), we obtain

1—pi <|px —1]
Jegur (@) = forn @k + S1) ‘

mk(:l:k) — mk(mk + Sk)

fecur (zg) — fszri (g + sg) — mi(xg) + mi(xk + sg)

mk(:ck) — mk(mk + Sk)

fewi(@r + si) — mu(@r + sk) ’ cour (@) — my(Ty)

mk(mk) — mk(mk + Sk)

few (@i + sk) — f(zr + s) + far + s6) — mu (@i + si)
mk(mk) — mk(mk + Sk)

fagi (:I:k + Sk) — f(:l:k + Sk

IN

mk(mk) — mk(mk + Sk)

cour (@) — my ()

‘mk (k) — my(zr + sk)

qur () — My ()

< ’f in-f—Sk) mg(xk + Si) ‘ e
| me(xr) — my(xk + sk) my(xr) — mg(Ty + sk) my (k) — my (K + Sk)
1 tri 2
< ————— X (e + ket A7 + 9
e lgr A (5T rerlb &)
1
< ——— % (CA? 4 kA2 + CA? trl<C’A L eSu < OA2
Kmd Hng Ak ( k e k k) ( kr“k k)
B (2C + Kef) Ag
Kmd |Gk
S 1 - 771;
where the last inequality follows the assumption Ay < ||gk]| - %KT) Therefore, pi, > 11, and the
iteration k is successful. I

Next, we show that if the gradient of the model is bounded away from zero, then the trust region radius

is also bounded away from zero.

Lemma 3.7 (c.f. [5, Lemma 5.3]) Suppose that Assumption 3.1 holds. Also suppose that there exists a

constant k1 > 0 such that ||gx|| > k1 for all k. Then, there exists a constant k2 > 0 such that

A > Ko

for all k.
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Proof. From Step 1 of Algorithm 3.1, we have
Ap > min{g||gr|, A"}  for all k.

Thus, _
Ap > min{ Bk, AP} for all k. (3.28)

Here, let us consider how Ay can be updated at Step 5 of Algorithm 3.1. We consider two cases:

k1 Kmdr1(1—=m1)
Fbhm ’ 2C+Ket

A < Ry and A > Ko, where ko = min [

First, suppose that Ay < Rq. Since ||gk|| > k1 for all k, the k-th iteration is successful by Lemma 3.6
(if my, is fully-linear, or my is not certifiably fully-linear but py > 11), or model-improving (if my, is not

certifiably fully-linear and py < 71). Thus, in either case, we have
AP, > Ay
Next, suppose that A > Ro. Then, the mechanism of the algorithm (Step 6) makes

icb
A}CC.H > VdecAk-

Combine the results for both cases, it results

Ai,f}r’l > min {Ag, YdecR2} for all k. (3.29)

It then follows from (3.28) and (3.29) that

Aji1 > min {6/11, Aikcfl} > min {Bk1, Ak, Ydecke} for all k.
Using this inequality recursively, we obtain Ay, > min{B8k1, AP ygecka} =: Ka. I

From Lemma 3.7, the trust-region radius cannot become too small as long as a current iterate is
sufficiently far from a critical point.

The above results are sufficient to analyze criticality if the number of successful iterations is finite.

Lemma 3.8 (c.f. [5, Lemma 5.4]) If the number of successful iterations is finite, then x, = @, for k

sufficiently large and V f(x.) = 0.

Proof. Note that, if an infinite loop occurs in Step 1, then the result follows from Lemma 3.5. So,
we must focus on the case in which an infinite loop does not occur in Step 1.

Let us consider iterations that come after the “last” successful iteration. The mechanism of the algo-
rithm 3.1 ensures that x, = @y, 41 = T4, for all j > 0, where kg is the index of the last successful iterate.
Since there are no more successful iterations, then the iterations are unsuccessful or model-improving,
and A}, is never increased.

Indeed, if the k-th iterate is model-improving, then the model mic?; is fully-linear on B(w.; Al ) at
the end of the k-th iterate. Thus, by (AF1), the model myyq is fully-linear on B(x.; Ak11) at the end
of Step 1 in the k+1-iteration, independently of whether Algorithm 3.2 has been invoked. Therefore, the
k+1-th iterate should be unsuccessful from the mechanism of the algorithm. In other words, for every
two iterations, at least one of them is unsuccessful. Since trust region radius is decreased by a factor of
Ydec in the unsuccessful iteration, it follows that Ap — 0 as kK — oo.

Now, for each j, let i; be the index of the first iteration after the j-th iteration for which the model
my; is fully-linear on B(x.;A;;). In our situation, i; = j + 1 or j + 2, since for every two iterations, at

least one of them is unsuccessful.
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Since my; is fully-linear on B(x.; A;,), it holds that

va(m*) — Gi; H < "ﬁegAij- (330)

Let us derive a contradiction by assuming that V f(x.) # 0. Since {Ax} converges to zero, (3.30) implies
that ||gs, || > k1 = 5 [[Vf(2.)|| > 0 for j > ko sufficiently large. But Lemma 3.7 states that this situation
is impossible, and hence V f(x.) = 0. I

Now, we will prove a key property on Ay for the global convergence, which gives a natural stopping
criterion for the derivative-free trust-region method.
Theorem 3.9 (c.f. [5], Lemma 5.5) Suppose that assumption 3.1 holds. Then,

lim Ay = 0. (3.31)

k—o0

Proof. When § is finite, (3.31) is shown in the proof of Lemma 3.8. Let us consider the case when

S is infinite. Since pg > m1 and x4 1 = x) + Sk for k € S, we have
fegur (@k) = fewri(@pt1) = m [me(@r) — me(xk + s)],  for any k € S.

By using the sufficient decrease condition (3.24), we have that

locl 5]

cur (@1) — Founi > 11 km i ,
Jegn (1) = @) 2 e g i [ {2,

Due to Step 1 of Algorithm 3.1, we have ||gx|| > min{eci, u " Ax}. It then follows from ||[Hy|| < Aphm
(AM2) that

(3.32)

min{eci, p Ak} Ak]
RKbhm ’ ’

feour (xr) — fszri (Tpr1) > M1 Fma mineer, o Ay} min {
On the other hand, since feeu (@) and foui (®r11) (= fon (1)) satisfy (3.1), we have
e (®r) = fon (@r1) < f(@r) = f(@ran) + 7 + e

Using this inequality, (3.32) can be rewritten as:

(3.33)

. ) . [min{ees, p7tA
flxr) — f(®pg1) 5 + 52“ > M Kmd mm{ecri,uflAk}mm [ {€eri, p k},Ak] .

Rbhm

To simplify the notation, let us denote the right-hand side of (3.33) by ay.

Note that, @ = xgy1 for k ¢ S, and hence f(xr) — f(xr+1) = 0 for k ¢ S. Now, taking the

summation of both sides of (3.33) over 0 < k < K,k € S for some positive constant K, we have

Z (the left-hand side of (3.33)) = Z {f(zr) — f(pe1)} + Z {f(x) — flxpil)} + Z {eim +ei'}

0<k<K 0<k<K 0<k<K 0<k<K
keS kgS kES kES

K
=S ) — Sl 4 S e el
k=0

0<k<K
keS

K K
< f@o) = f(mryr) + Y ef™ + Y el
k=0 k=0

K K
< f(xo) = fl@rar) + ) M+ M,

k=0 k=0
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where the last inequality follows from (3.20) and (3.21). Since ¢ € (0, 1), it holds that
ZMCk n ZMngrl < ZM& + ZMCkJrl L Mc
C 1-¢

Moreover, since the sequence {f(x)} is bounded from below by (AO1), there exists a constant &, such
that f(xg) > ks, for all k. Then we have
M M

Z (the left-hand side of (3.33)) < f(xg) — ks + —— + —= =: ¢o. (3.34)
0<k<K 1-¢ 1-¢
keSS
On the other hand, from a, > 0, for all &, it holds that
Z (the right-hand side of (3.33)) Z ar > 0. (3.35)
0<k<K 0<k<K
kesS kGS

Define Sk := Z ay, and by using (3.34), (3.35), we have

0<kE<K
keSS

0< Sk <c¢y, forall K.

Since ap > 0, for all k, then the sequence {Sk} . is monotonic increasing and bounded from above.
Thus, the sequence {Sk } -~ converges to some constant S*, which means

Z ap = S*.

keS

Since we assumed that S is infinite, it follows that

hm ar = 0.
k— oo

keS

Kbhm

Recall that ay = 71 Kma min{eei, p~ 1 Ag} min [w Ak}, it follows that

lim Ak =0.

k— oo

keSS
Note that Ay can increase only during successful iterations. Let £ ¢ S be the index of an iteration
(after the first successful one). Then Ay < 7incAs, , where sy is the index of the last successful iteration

before k. Since A, — 0, then Ay — 0, for k£ ¢ S. Hence, A — 0 along all iterations. I

Since we have proved the global convergence property for the case where S is finite, then we now restrict
our attention to the case where S is infinite. First, we will prove that at least one of the accumulation
point of {x;} must be critical when the sequence is infinite. In order to achieve this, the following lemma

is needed.

Lemma 3.10 (c.f. [5, Lemma 5.6, 5.7]) Suppose that Assumption 3.1 holds. Then,

1. {|lgk|l} has a convergent subsequence, i.e.,

1ikminf llgx|l = 0.

2. For any subsequence {k;} C {0,1,2,---} such that
-0,

it also holds that
Tim [V ()] = 0.
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Proof. Since the proof is almost same as that of Lemma 5.6 and 5.7 in [5], we omit it. I

Using this lemma, we obtain the following global convergence result.

Theorem 3.11 Suppose that Assumption 3.1 holds. Then

likminf IV f(xx)|| = 0.
Proof. This follows directly from Lemma 3.10. 1

Finally, we prove that all limit points of the sequence generated by the proposed algorithm are first-

order critical.
Theorem 3.12 Suppose that Assumption 3.1 holds. Then
klim Vi(xzr)=0.

Proof. When § is finite, the theorem follows from Lemma 3.8. So, let us consider the case when S is

infinite. Let us derive a contradiction by assuming that there exists a subsequence {t;},-, C S such that

IV f ()]l = vo >0, (3.36)

for some vy > 0. Here, we have ignored model-improvement and unsuccessful iterations because xj does
not change during such iterations. Note that {;},. is a infinite sequence. From Lemma 3.10 (2), there

exists v > 0 such that
gl = v >0,

for all ¢ sufficiently large. Without loss of generality, we assume

. o
r<min{ ——— €cyj ¢ - 3.37
N { 2(2 + "ﬁegu) } ( )

Moreover, without loss of generality and without change of notation, we can obtain a subsequence of
{ti};>o indexed by {{;} such that

ngi >v and Hglile <v,

for all i. In addition, {/;},-, is also an infinite sequence. Lemma 3.10 (1) ensures the existence for each
¢; of a first iteration u(¢;) > ¢; such that ng(gi)H < v. Denoting u; := u(¢;), we thus obtain that there

exist another subsequence of the indices of iterations indexed by {u;},-, such that

lgrll > v for ¢; <k <wu; and | gyl <v, (3.38)

for all 7.

Now, for each i, we define the set

Ki:={ke{0,1,2,--}||lgkl| > v for l; <k <wu; and |gu,

<v}.

An illustration of the definitions of the subsequences {t;},~q, {fi};>q: {@i};>q, and the sets K; is
presented in Figure 1, which it is similar to the figure in Conn et al. [3, Section 6.4]. Note that, in Figure
1, we have marked position k in each of the subsequences represented in the abscissa when k belongs to

that subsequences. In this example, o =1, up =5, {1 =7, u1 =7, Ko = {1, 2,3}, and so on.
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Figure 1 An example of the subsequences of the proof of Theorem 3.11 (c.f. [3, Section 6.4]).

From the definitions of {gi}izo and {ui}izm u; < f;41 holds for all . Thus, the collection of sets IC;,

1 > 0 are pairwise disjoint. Let us define the set
K:=]JK
i>0
and let us restrict our attention to the iterations whose indices are in the set K.

Since klim Aj = 0 by Theorem 3.9, there exists a constant K such that
— 00

1 md(l —
Ar < v-min ,Kd( m) ,
Kbhm 2C + Kot

for all K > Ky. Now we recall that ||gi|| > v for & € K. From the proof of Lemma 3.7, we can see that,
for all k € K and k > Ky, the k-th iteration is either successful or model improving. Since xj = xj41

for a model improving iteration, we have for all i sufficiently large,

2o, — @ ]| < D oy —znll < Y A (3.39)
JjJEK;:NS JEK;NS
We will show that lim ||xs, — @,,|| = 0. For that purpose, we define
11— 00

JEK;NS

and we will show that lim b; = 0.

1— 00

Since ||gx|| > v for k € K, it holds that for any k € X NS and k > Ky,

fazur (:[:k) — fszri (:Bk+1) >m [mk(wk) - mk(wk + Sk)]

. k
> 71kma [lgi | min [”9 ” ,Ak]
Kbhm

bhm

. v
> M1 Kmd - ¥ - min {—, Ak] = N1 KmdVA.
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Thus, for any £ € X NS and k > K, we have
1

M1 RmaV

Ay <

[fopr (@0) = Fogn(@asn)]

Here, let /;+ be the smallest element of {gi}izo such that ¢; > Ky. Then, for any K > /{;«, we obtain

f@e.) = flmri) = Y {f(n) = f(@e)}

k=t
= Y (@) - f@ren)) (@ = for k€ S)
L <K<K
kes
Z Z {fgcur ((Ek tr] mk+1 } Z {ECUT+€tr1}
Lyx <K<K Gyr <h<K
kes kes
> Z {fa‘,;“f(wk fa"‘ T } Z {MCk —i—MCk'H}
Lw <K<K L <K<K
keKnS hes
> Z {fgcur(a:k m mk+1 } Z{Mé'k +Mck+1}
Lyx <K<K
kekns
M(1+
= > {fs;ur(mk L (Tpr } ( I} (3.41)
Lyn <K<K -

keKnNs

where the second inequality follows from Z {fsg" (k) — form (mk+1)} >0, (3.20), and (3.21). Let

Lix <k<K
kZK, keS

q be any integer such that ¢ > i*. Then, the inequality (3.41) for K = u, — 1 is written as,

M(1+ ()
f(@e.) = f(@u,—1) > MKmae - Z Aj - 1-¢
Lix <j<ug—1
jekns

q
= N1 KmdE - Z Z A; fM_

1 —
i=i* jek;iNS <

Since f(,.) — f(@u,—1) < f(®s,.) — k. by (AOL),

M(1+ .
f(mti*)f’i* annmdy' (Zb> CC)a for aHQZZ .

1=1*

Therefore, the infinite sequence {Z bz} , indexed by ¢, is monotonically increasing and bounded
i=1* q>i*

above. Thus, it converges. Since KNS is the infinite subset, it follows that

lim b; = lim | > A; | =0.

11— 00 i— )
JEK;NS

Then, from (3.39),

lim |‘méi - wuwH =0.
1— 00

Here, using the triangle inequality, we have

IVF(@e)l < IVf(@e) = V(@) | + IV (2u;) = Gui |l + (1l -
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Now, let us investigate the upper bounds of all three terms in the right-hand side seperately. Since V f
is Lipschitz continuous (AO2), the first term tends to 0 as ¢ — oo. Thus, it holds that

V(o) = V(@)

| <v,

for i sufficiently large. From (3.38), the third term is also bounded by v, for ¢ sufficiently large. Finally,
we consider the second term. From (3.37), the mechanism of the criticality step at iteration w;, and

assumption (AF1), the model m,, is fully-linear on B(@,,; it ]|gu,||). Therefore, using (2.4) and (3.38),

we have
”vf(mm) — Gu;

< Keglt ”gm < KeglV,

for ¢ sufficiently large.

As a consequence, we obtain from these bounds and from (3.37) that
1
va(w&)ll < (2 + Heg,u)V < §VO,

for i large enough. But, since {/;},~, is an infinite subsequence of {t;},-, this inequality contradicts

(3.36). Hence, our initial assumption must be false and the theorem follows. I

4 Construction of a fully-linear model from sample points with pointwise

errors

In this section, we consider how to construct a quadratic model m : R™ — R which satisfies the
assumptions of Corollary 3.2. The most simplest way to construct such models is to adopt linear function
as the models. However, it is well known that derivative-free trust-region method with linear function
converges slowly, because the linear function does not involve curvature information on f. Hence, we are
interested in quadratic models.

Let ¢ (x) and ¢g(x) be vectors of monomials such that

or(x) = [1,21,- -, 2] € R™,

i (nt1)
5 n(n
n R 2 ’

1
¢Q($) = 590%,901902, T, Tp—1Tn, 536

where x; denotes the i-th component of a variable € R". And we also define
T 1T
¢(x) = [pr(x) dq(x)']
whose components form a (natural) basis for the linear space of polynomials of degree less than or equal

to 2 in R™. Then, any quadratic models m : R™ — R can be written in the form

m(x) = w' ¢(x) = wér(x) + woeig(w), (4.1)

(n+1)(n+2) )

T . . .
where w = [w] wg] € RV is a coefficient vector with N = 5

If we determine a quadratic model by interpolation, we need at least NV function evaluations in order to
specify the coefficient w completely. Nevertheless, under (S0), it may be too expensive to evaluate f at
N sample points nearby the current trust region. Then, we discuss how to construct fully-linear models

with curvature information on f, based on possibly fewer than N function evaluations.
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4.1 Preliminary: the case when f is evaluated exactly

When f is evaluated exactly, Wild [17, 19, 18] proposed several methods for constructing fully-linear
models using function values evaluated at points fewer than N.
Let D, be a set of displacements d’ from a certain point x. such that f(x. + d’) has been evaluated.

Wild [18] proposed constructing the model by solving the following quadratic programming problem:

1
minimize woll® (4.2)

subject to w' ¢(x. +y') — f(x. +y') =0 forally® €,

where, Y = {yl =0,y2,--- ,y'y‘} C D. is a set of distinct data points such that n+1 < |Y| < N.

The problem is to find a model function m whose Hessian is smallest in terms of Frobenius norm
subject to the interpolation conditions on @, + y*, y* € Y, since |wq|| = ||V*m@)|| . If |Y] =n+1,
then we have wg = 0, and hence the model m is a linear function. Let us consider the case where
n+1<|Y| < N. In this case, if n + 1 points (include 0) in Y are sufficiently affinely independent, then
the resulting model m is certifiably fully-linear on B(z.; A) with respect to some constants ket and Keg,
where A is the maximum norm of the n + 1 sufficiently independent points.

Moreover, the model’s gradient Vm is Lipschitz continuous on R™ with Lipschitz constant ||wgl|. In
addition, if the all points in ) satisfy some geometric conditions, then the Lipschitz constant can be

bounded by some constant independent of ) and A.

4.2 The case when f is evaluated inexactly

Now, we explain how to construct a quadratic model function which satisfies (3.3), using inexact
function values with different accuracies.

Let D, be the same set defined in Section 3.1. We replace the constraints of problem (4.2) with
V' Sw dlxe +y") — fuilze +y) <V (4.3)

for all y* € Y, where Y C D, and ¥ denotes the accuracy parameter at .+ y*. Then the problem (4.2)

turns to

mimize  [lwg?
minimize = ||w
2" | o | (4.4)
subject to  — 1! <w' Pp(x. +y') — fi(x. +y') <P forall y' € Y.

First, we consider the case n+1 < |Y| < N. We see that the feasible region of (4.4) is larger than that
of (4.2). In fact, the optimal solution of (4.2) is a feasible solution of (4.4). This is because the optimal
solution of (4.2), say w € R", satisfies

w' oz +y') — flxe+y') =0, forally’ e,
and it then follows from (3.1) that
v’ Sw—rd)(mc‘i’yi)*fvi(mc‘i’yi) < Viv for all yi €.

Since any optimal solutions w* of (4.4) satisfy HwZ‘QH < ||lwg||, the resulting model function with the

solution of (4.4) also has a Lipschitz continuous gradient. Moreover, as we described in section 3.1,
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if n + 1 points (include 0) in (B(x.;A) —ax.) NY are “sufficiently” affinely independent, and if the
accuracy parameters v of the corresponding points satisfy (3.12), then the resulting model is fully-linear
on B(x; A). (Note that, (3.4) are satisfied from the constraints of (4.4)).

Now we consider the case where |Y| > N. Then, it might become difficult to satisfy all constraints of
problem (4.4). In that case, we may construct fully-linear models as follows. By introducing the artificial

variables £+,&~ € RIYI, problem (4.4) can be rewritten as follows:

|V
minimize 3 [[wol* + 3O (e +E),
subject to f' —w ' ¢(x. +y*) < v+ &h (t=1,---,|)), (4.5)
wid(.+y')— f<vi+g (=1, V),
;_,fi_zo (izla"'vly')a

where f! = f,i(z. +y') and C! is penalty parameters corresponding to the constraints (4.5) for each
x. + y'. For some index i, the bigger penalty parameter C* makes the constraints (4.5) for i the more
satisfied. Especially, if C* is taken as oo for some i, then the constraints (4.5) for i are surely satisfied.
Here, we assume that there exist n+1 points (include 0) in (B(x.; A) — 2.)NY which are “sufficiently”
affinely independent on R”™. Without loss of generality, we denote such points as {y* =0,3%,--- ,y" " }.

We take C* = oo for i = 1,--- ,n+ 1. Since £ and ¢, must be zero for i = 1,--- ,n+ 1, the constraints
of (4.5) fori =1,--- ,n+1 are equivalent to (4.3). The rest C*, i =n+2,---,|Y|, are adjusted by using
some suitable techniques. (For example, by adjusting the values of C%, i =n +2,---,|)|, we can weight

a high-accuracy sample more than low-accuracy sample in the problem (4.5)).

This approach is similar to the one proposed by Takaki et al. [15]. They proposed the method to
construct a model via support vector regression (SVR). In their method, the coefficients of the model
(4.1) are defined as a minimizer of the following problem:

|V
N 2 1 2 i, T i i
minimize o lwr|” + 3 lwoll” + E C ‘w p(xe+y') — f

wr,,w -
i=1

(4.6)

pi

where |-|, is the so-called the linear v-insensitive loss function defined by

||, = max {0, [« — v},

fi=fui(xc+y"), and C%, (i =1,---,|)|) are non-negative parameters. If we delete 3 |w | from the
objective function in (4.6), then we obtain

oo -
lwel*+>_C' lwé(ze +y) - f*

i=1

L 1
minimize —
wg ERN(n+1)/2 2

i) (4.7)
which is equivalent to (4.7).

The merit of using (4.5) is that we can change the number of points in the data set ) dynamically
throughout the optimization algorithm, and can exploit a large amount of information on the objective
function that is obtained through the execution of the algorithm. Of course, we must maintain the set )
so that it satisfies some geometric conditions, in order to ensure the fully-linearity of the model and the

boundedness of the Lipschitz constant of the model’s gradient.

27



5 Concluding Remarks

In this paper, we have developed a derivative-free trust-region algorithm that adaptively controls the
accuracy of the objective function evaluations. We have given conditions on sample points and their
point-wise accuracies under which the model function constructed from those points is guaranteed to be
fully-linear. These conditions are imposed only for the current point and its n nearby points. Then, we
have proposed a procedure of updating sample points and their accuracies according to those conditions,
and established the global convergence of the proposed algorithm. To our knowledge, the proposed
algorithm is the first globally convergent algorithm based on derivative-free trust-region algorithm with
dynamic accuracy.

For the proof of the global convergence, we have needed the technical conditions (3.19) on £{*" and
szri. From the practical point of view, this condition might be satisfied in most cases if we take M to
be sufficiently large and ¢ to be close to one. However, from the theoretical point of view, it is an open
problem whether one can delete the condition (3.19) or replace it with a weaker condition.

This work has focused only on the theoretical property of the derivative-free trust-region method for
the problem we consider. We have not verified whether the proposed algorithm is practical, i.e., whether
it can find an approximate optimal solution with small computational costs. We hope that this work

contributes to future development of efficient algorithms.
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A Algorithm for obtaining " well affinely-independent” sample points in the
trust-region
Wild [19] proposed the algorithm of generating a set of points Y = {y' = 0,y?,--- ,y" ™'} from given

set of candidates D, such that the matrix Y defined by [y?,--- ,y" 1] € R"*" satisfies Lemma 3.3. The

detail of the algorithm is shown below.

Affpoints(D,, 6, A) [19]:

Algorithm for obtaining ”well affinely-independent” sample points in B(x.,A) — .

Step 0: Input D. = {d',--- and d/P</} ¢ R", constants § € (0,1] and A € (0, Apay].
Step 1: Initialize Y = {0}, W = (spamy)L =R"™.
Step 2: For all d’ € D, such that HdJH < A:
If Hprojw(%dj)H >0,
Y —Yyu{d},
Update W = (span))".
Step 3a: If | V| = n + 1, then exit.
Step 3b: If || <m+ 1, then
Calculate an orthonormal basis for W, where {zl, ., zdim W} stands for the resulting
orthogonal basis.
Evaluate f(z.+ Az%),i=1,---,dim W,
Yy—J)yu {Azl, e ,Azdimw}, and exit.

Here, we have used the following notations.

e For a vector d € R™ and a subspace W of R", projy, (d) denotes the orthogonal projection of d
onto W.

e For a set of vectors S = {dl, e ,dm} C R™(1 <m < n), span S denotes the subspace spanned by
S.

o W' denotes the orthogonal complement of a subspace W of R, i.e., W is the set of all vectors

in V that are orthogonal to every vector in R™.

When the above algorithm exited with |Y| = n + 1, the points in ) satisfy HY‘lH < %, where the
constant A is defined by (3.15).

Remark A.1 If A in Corollary 3.2 (or Lemma 3.3) is chosen to be the current trust-region radis
A, then there might be very few points within B(x.;A.) at which f has been evaluated. For this
reason, Wild et al. [19] also propose to make my fully-linear within an enlarged region defined by

{xeR"|||lx— x| <bA:} for a constant 6y > 1.
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